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WAVELET PACKETS IN WEIGHTED SOBOLEV SPACE

RAJ KUMAR', MANISH CHAUHAN? §

ABSTRACT. We perform some splitting tricks over wavelets to construct basic wavelet
packets in weighted Sobolev space. MRA based wavelet packet functions and their or-
thogonality at different levels in weighted Sobolev space are presented. Some examples
of wavelet packets in weighted Sobolev space are given.
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1. INTRODUCTION

There has been considerable focus upon wavelet packet analysis as an important gener-
alization of wavelet analysis. Wavelet packet functions consist of a rich family of building
block functions and are localised in time, but offer more flexibility than wavelets in rep-
resenting different kinds of signals. The power of wavelet packets lies in the fact that we
have much more freedom in selecting which basis functions are to be used to represent
the given function. Decomposition of wavelet components by orthogonal wavelet packets
were introduced by Coifman and Meyer [6] (see also [7], [20]). A detailed description
of wavelet packets of L?(R) with dilation 2 is illustrated in [12]. Some good generaliza-
tion of wavelet packets and efficient algorithms for finding best basis in wavelet packets
apply to wavelet frame packets are given in Chen [13]. The concept of wavelet packet
was subsequently generalized to R by taking tensor product version [6] and non-tensor
product version for dyadic dilation by Shen [17]. Other remarkable generalizations are
the biorthogonal wavelet packets [5], non-orthogonal version of wavelet packets [8], the
biorthogonal, orthogonal and wavelet frame packet on R for the dyadic dilation by Long
and Chen [14].

Wavelets and their properties in Sobolev space were explored by Bastin et al. [1, 3, 2],
Dayong and Dengfeng [9], Walter [18, 19] and Pathak [15]. The wavelet packets and their
orthogonal properties in Sobolev space H*(R) were introduced by Pathak and Manish [16].
Han and Shen [11], Ehler [10] introduced a new concept to simplify the construction of
wavelet systems by constructing a pair of dual wavelet frames for a pair of Sobolev spaces.
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An efficient and comparatively low complexity method in the weighted Sobolev space for
the poor resolution text image enhancement has been presented in [4].

In this paper, we present wavelet packets as a generalisation of wavelets in weighted
Sobolev space W (R) [4].

Organization of the paper. Section 2, perform some splitting tricks over wavelets to
construct basic wavelet packets in weighted Sobolev space. In section 3, MRA based
wavelet packet functions and their orthogonality at different levels are presented. Further,
Some examples of wavelet packets in weighted Sobolev space are given.

1.1. Preliminaries. Let us consider the weighted Sobolev space Wi (R). The weighted
Sobolev space is defined with a scalar product of functions as follows:

(F.ohw = (1—B) /R f(@)g(a)de + 8 /R f (2)g (@)de,

where 0 < 8 < 1 is weight. The norms of the function and scalar product in a spectral
domain are defined accordingly as follows:

1 .
Iy = 5= [ (1= 8-+ Bl Fon) P

where | - | denotes the Euclidean norm in R and the corresponding inner product is given
by

Fahw =5 [ (1= 5+ BP) )G

The Fourier transform f, for f € L'(R) is define to be

fn) = /R N f(2)de,

where x.n is the Euclidean inner product of two vectors x and 7 in R.

1.2. Multiresolution analysis in Wi (R). The theory of multiresolution analysis in
Sobolev spaces was developed by Bastin and Laubin [3]. In the present work we extend
the theory over W} (R).

Definition 1.1. A multiresolution analysis of Wy (R) is a sequence V;, j € Z, of closed
linear subspaces of Ws(R) such that

(a) Vj C Vjt,

(b) U= Vi = W3 (R),

j=—0c0

(¢) V=%, Vi = {0}, and

j=—o0

d) for every j, there is a function w(j) such that the distributions 2j/2g0(j) Vae—k , ke
Z, form an orthonormal basis for V.

Proposition 1.2. If pU) € W} (R), s € R and j is an integer, then distributions cpy,z(x) =
2112p0)(272 — k), k € Z are orthonormal in W3 (R) iff

ST (1= B+2% 8y + 2kn]?) [§9) (n + 2km)? = 1 (1)
keZ
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almost everywhere. It follows that we have the bound

60 (27in)| < (1 -+ BInf?) 2.
Proof. See Ref. [[3],p.482-483]. O
Proposition 1.3. Let o), j € Z, be a sequence of elements of WH(R) such that, for
every j, the distributions cpgj,i(:c) = 21200 (27x — k), k € Z, are orthonormal in Wy (R).
If P; is the orthogonal projection from Wy (R) onto V; := > goéj,z, : k€7 <, then, for every
h € W3 (R), we have

. 1 o
lim (HPth%v - /(1 — B+ BIn*)*[h(n)*|29) (2 ]77)|2d77) =0.
Jj—+o0 2 R

Moreover, if there are A, a > 0 such that
=5+ 81600 Py < 4

for every j <0, then ﬂjzoo V; = {0}.

j=—c0

Proof. The proof is similar to proof of ref. [[3] Proposition 2.2, p.483-484]. O

1.3. Construction of wavelets in Sobolev space W, (R). The result of the previous
subsection are the key for the construction of the wavelets.

(1) By definition, Vj is the set of all f € WJ(R) such that
Fny =m (277n) ¢V (279n),

where m € L? (R) is 2m-periodic. This follows immediately from the fact that the
Fourier transform of 27/2p0) (272 — k) is 277/2e=127knp(i) (2-ip).

(2) We have V; C Vj41 for every j € Z iff there are 27-periodic functions mgj ) ¢ L? (R)
such that the following scale relation holds:

2D 2n) = m{™ () U+ ().

Moreover, as ¢ and pU*D satisfy the hypothesis of Proposition 1.2, then these filters
satisfy following condition

m )2 + (0 + m)F =1,

Let W; be the orthogonal complement of V; in Vi, for fix j € Z. We have the
distribution wj(‘jk): (x) := 20729\ (272 — k) € V41 if there is a 27-periodic function mgjﬂ) €
L% (R) such that

P (279n) = mgj-&-l)(Q—j—ln)sb(j-l-l)@—j_ln)‘
The distributions 1[)](42, € W; are orthonormal if

41 41
mi )+ mi "V mf? =1,
and they are orthogonal to V; if

mgjﬂ)(n)mgjﬂ)(n) + mgjﬂ)(n + w)m((]j+1)(77 +7)=0.

It follows that we can define /() by the expression
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6O (@) = e MmN @I ),
where N € L2 (R) is m—periodic and has modulus 1.

2. Some splitting tricks

We consider sequences {a,(gjz : k € Z}, e € {0,1} in [%(Z), to define the functions
f€ € W21 (R)v by
21/2Za (22 — (2)
kEZ

where {pg(-) = ¢(- — k) : k € Z} are orthonormal basis in W4 (R). By taking Fourier
transform both side (2), we get

fem) =mP (27 n)g(271n),

where
G(n) = 22_1/202{26_"”%, e€{0,1}.
keZ
These function are 2m-periodic and are in L*(T) ; T = [~m, 7] , since the sequence

{a } € €{0,1} are in I>(Z) . Next we define the matrix

() m)
V@D = [ ™o () mg (n+m)
(77) (m(])(n) ()(7]—}—7'())’1761&.

Lemma 2.1. Let {¢} : k € Z} be an orthonormal system in W4 (R). Also f. defined by
(2). Then {fex(z) = fe(xr—k), 0 <e <1, k €Z} is an orthonormal system if and only if

S m o+ krmG o+ k) =8, 0, 0< €€ <1 3)
kEZ

Moreover, {fer(z) = f(x — k), 0<e <1, ke€Z} is an orthonormal basis.

Proof. For 0 < €, <1, k €Z we have
(fo gt hw = o) fr (- = k)w

1 ~ =
T om /R(l —f +mm2)fe’,o(n)fe”,k<77>d77
= o [ B+ B )T
- 1/ (1= 8+ Bl ymS @ ym D @) (2 ) ey

/21—6+6!n+2k’w|) (27 (n+ 2k'm))

k'€l

x mG) (271 (n + 2k'm))|p(2 7 (n + 26'm)) P dn

= S N (10— B+ Bln+2um + 22K 7P)mY (27 + e + 2k'7)
Tk’eZ,u€2Z+1
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x m) (271 + 4+ 2K'm)|p(27 (1 + g + 2K'm)) 2™

/ >= mP@ 4 pmym 21y + pr)eTdy.
pEAZA+1

Therefore

<f€/ k"fsu k>W = (5 oy

& Z 2 Yy + pmym (,/)(2—1?7 +pm) =6y for a.e. n € R,
nE2Z+1

& Z 77 + pm)m (3,) (n+ pm) = O o for a.e. n € R.
nE2Z+1

We have proved the first part of lemma.
Now assume that {fcx(z) = fo(zr — k), 0 < e <1, k € Z} is an orthonormal system.
We want to show that this is an orthonormal basis of W} (R). Let f € Wi(R) so there

exist {vl()je)/ : peZ, 0 <€ <1} €1?(Z) such that
_ ol/2 ()
x)=2 Z’ypﬁ,gp@x
kEZ

Assume that f L f for all €, k.
Claim f =0, for all €,k such that 0 < e <1, k € Z, we have

0= (fer, /iw
— 1/2 () 3
= (fers 220 s 022 = p)hw
kEZ
E 2 —ilkn) N ) ip.27!
= /(1—/3+B|77| ym (27 1) | @ (27 1) |2k %,ijelep. Ty
pe
21/2 ' o —
o L0 — B+ B120)m0) () 6D () Pe 520 5740 eipangy
pEZL
21/2 .
/Z L — 3+ BI2(n + 2k'm)|*)m) (n + 2k'm)
Trez
() 1 2e—ilk2n) N L () i
x |@W) (1 + 2k m) |2 k20 =AU ey
PEZL
1/2
2/ /Z —i(k,2m) gip-n
peZ

x {Z(l — B+ Bl2(n + 2K'm)[})|6Y) (n + 21<:'7T)|2} dn

k'€l

1/2
2 / /Z (]) (k,?n)eip.ndn
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91/2 .
_ / S 3 0+ )y O k2l i ki) gy
2-1T

ne2Z+1 peZ

21/2 ) — ‘
- () (4) ilp,(n+pm)) —ik.2n
o Jyoin o) mPn+ pm), e e~ dn,
nE2Z+1 peZ
Since {%eik}} : k € Z is an orthonormal basis for L?(271T), then the above equation
is given by

Z Zm (n+ pm)y (') etp-(ntpm) =0, a.e.
neZ+1 peZ

For 0 <¢ < 1, define
Do) = a0,
pEZ
So we have

S BY g+ pmym (n+ pm) =0, (4)
ne2Z+1

Equation (4) says that the vector
{Be(,j)(n+mr) L 0<é <1, pe 2Z+1}
is zero, because these are orthogonal to each member of
{mgj)(n—k,mr) L 0<€ <1, uGQZ—Fl}.
Therefore, f = 0. g

With the help of above splitting lemma we can define wavelet packets in W4 (R).
Let p(()] ) = o), pgﬂ ) = ). We define the basis Wavelet packets associated with scaling
function ¢\@) recursively as follows:

P (¢ _220‘]“ J (2t — k),
ke

1)
P2n+1 = QZQJ+ TVt - k). (5)
kEZ

The Fourier transform equivalence of the of the scaling relation for the Wavelet packets
is given by

S () = m§ ™ (n/2)p5 D (n/2),
B9 (n) = mP T (/280 (n/2).

mk
Zakoe

We consider

keZ
_ (4) in.k
= o,
keZ

These function are 27-periodic and are in L?(T), since the sequence {ag Z}, e € {0,1} are
in 12(Z).
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Proposition 2.2. Let n be any non-negative integer. Then the Fourier transform of basis
wavelet packet defined by (5) is given by

Hm”q (27)(1 — B+ B2y~

Proof. The proof is similar to proof of ref. [[16] Proposition 2.2]. O

3. WAVELET PACKET FUNCTIONS GENERATED BY MRA IN THE
SOBOLEV SPACE Wj (R)

Suppose that ¢\ (t) generates an orthonormal multiresolution analysis {Vi}jez with
associated wavelet function ¥U)(t) in W3 (R). The wavelet packet functions are defined

by ¢U) = p(()j), pgj) =) and for n =1,2,3,... we define
() =223 ol Vet 2t — k),

keZ
P () =223 e el 2t — k).
kEZ

Let p£5 )(t) be a wavelet function associated with scaling function pU)(t). Here n is a
non-negative integer. For integers j, we define

) (1) = 2979 (2t — k), ke (6)

Theorem 3.1. If pj],:ri (t) € WH(R) and j, k are integers, then the distributions

{20+1D) /prfl;;l])@(]“‘l)t —k)},k € Z, are orthonormal in W (R) iff
2 .
S Bt 20l (1 = B+ 220Dy + 2m) ) = 1.
reZ
Proof. Since p(j+1)(t) € W3 (R), the series

i.kn
2 .
= 1Ty (n+ 27m)[ (1 = B+ 225D (5 + 270)|)
reZ

converges almost everywhere, belongs to L} (R) and 27-periodic. Moreover, for every

loc
l € Z, we have

[ ety
T

2 A A
= Z/ |p[i—/i_2]) (n+2rr) 1-p5+ 22(]+1)6|(77 + 27r7“)|2)6_”7(k_l)d7]

rEZ

(7 2 j —iv(k—
= [ B 1 = 5+ 208l Day
=270 [0 o (1= 5 Bl

—i2= i yka—(i ~(j i
= /]R (1= B+ Bluf?)e2 " ko= UHD/2p0% ) (9=1=1y)

y 6—1‘2—1—1ulgf(j+1)/2ﬁgj21])(2*j*1u)du
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= / (1 - B+ B|u’2)2(1+1)/2}“ [ﬁ[(i'/;l}) (2j+1t _ k):| ( )f [pfj')‘;})(zﬁrlt . l):| (u)du
R
. 1y . IR
— 27T<2(]+1)/2PE272]) (2j+1t _ k), 2(]+1)/2pfi‘/~‘2]) (2j+1t o l)>W

Since {1/2me="k=D} : k | € Z is an orthonormal basis for L?(T), then

1 Cin(h . , .
o M( e ME=Dgp = (2 (]H)/QPE];F;])(WHt k),Q(]H)/QPEfL—/F;])(Q]Ht —D))w = Ok
if M(n) =1. O

Theorem 3.2. Let j and n be the integers with n > 0 and k,l € Z. Then

ORI MOEN
Proof.
(0,051, (0)w

=2 (pi)) (2t - k),p%j)(?t ~D)w

=22 [ e e 0 - g+ gy
= 5 [0 = 5+ 52V uf)a
QW/vnﬁ“umwmizkwmfawW”a—ﬁ+6?WMMu
= 5 [ 1m0 D = 5 20

. 2 . .
-~ [ m*) |p,17;]><u>r e~ 2D (1~ 4 220Dy )y

. 2 . .
= — me v+2rr)| (1 -5+ 52 v+ 2nr|t)e” “dv
= LG S @+ 2l (1= -+ B 2 e 200
reZ
_ / ]—1—1 —i2u(k—l)dy

= (|m<ﬂ+1( ) mG D w4 m)) ey
T J0m

= 1/ e_iQV(k_l)dV = 6k,l-
7T [Ovﬂ')

Thus,
0 (). _ s

Theorem 3.3. For any n € N we have

(Bjihan ()Pl (D) = 0.

Proof. By using change of variable technique and (6), we have

Btk an (). B a (D) = 2 (03200 — ), 51 (D0 — K))w
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2— 7)
271'

/ (1— B+ B2%|ul? ) ( )péﬂ)nﬂ(u)e*i“(k*l)du

(0= B4 B 2 mBE (2 me 4D

= 5 [ tu2mE /20— B+ B2 B 20803 (/20

AR VEN 2 .
27r/m81+1)(y) (J+1)( )( 5+B22 ]+1)|V| )| J-/"gl])(y)’ e—z2u(k—l)dy

— l (J+1 ]+1) Z |p(J+ l/ + 271'7“)‘ (1 - 5 + ﬁ22(j+1)|y + 27r,r_|2)671‘211(kfl)dy
s [n/2]
T reZ
_ 1/m(0j+1)(l/)mgj+1)<y)e—i2u(k—l)dy
TJT
1

— / <méﬂ+1)(v)mgj+1)() +m(w+ 7r)m§j+1)(y+7r)> o—i2v(k=1) g,
T

0

With the help of orthogonal system in L?(R) of wavelet packets, we can achieve or-

thogonality of wavelet packets in W4 (R) at 4™ in an alternative form by the theory of
convolution of Fourier transform.

Theorem 3.4. Let o = F~! [(1 B+ BW)—W] and p¥) (t) = 212 (2t — k). Then

27T<a>x<p(j) a*p(j) YW = 0k 1,

J,k,n? Jln
if
<P§f;3 n p§ In)2 = Ok,
where (-)9 is inner product in L*(R).

Proof. Using the convolution theorem for Fourier transform, we have
(o pY) 0 pﬁjl)n>w
= 5 [0 =8+ BF e« ) F e 00 Jan
Let us choose F(o)(n) = (1 — 8+ B|n|*)~/2, then the above expression becomes

(59 s P = o /R FpY) )F ) )dn.

jln /p]kn j,l,n

= (%) 0% )y

= O,

By Plancherel’s equation, we get

27r<0*p§,2n,0*p
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Now we give an example of wavelet packet by considering the usual spline functions of
order m

g9 = X[o,1] * - - - * X][0,1]
then the Fourier of g is
- +1
3(n) = e~itm+Dn/2 (Sln(n/2)>m .
n/2
For every j € Z, let us define

) = o0 ) =
g] (n)
where
W) = D7 (1= B+ 2%y + 2k ) |g(n + 2km)|.
k=—0o0

It is easy to see that @) € W} (R). By using scaling relation

¢W)(2n) = m§ T ()eU D ()

we get

m(()j+1)(77) — o ilmi)n/2 o mt1 (g)

Let pgj ) = 1) be wavelet function corresponding to scaling function go(j), then the distri-
butions 29/2¢0) (272 — k), j, k € Z, where

P 2n) = 09 (2n) = e D (n + 1)@+ (),

with
mi? () = e~ mi ™+ 7)
— i p—imA) (4T /2 g5 mAL (, (8)
are orthonormal basis for W3 (R). Define functions p§5 ), n > 0, as follows:
o5 (20) = mi ™ (e (),
and
~ i1 N
B5rLa (20) = mi™ B (),
where méjﬂ), mgﬁ ) as given in (7) and (8).
From theorem 3.4, we define wavelet packet in convolution form as
1), (j+1
(04900 = [ olo =200/ ol R0~ ke, ©)

kEZ

where (j) denotes the jth level and if n is even then € = 0 or if n is odd then e = 1. In
figure 1,2, we consider Haar scaling function ¢(z) = xo,1] in (9).
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_ p=01
_p=02 04 B=0.1
05 ‘;Z%_‘g ‘ B=02
=04
£=09
2 4 5

0.2 -0.1 0.1 23

05 -0.2

\J

FIGURE 1. Wavelet packets in W4 (R) for a) n =5, j = —3 and b) n =
4, j=2.
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FIGURE 2. Wavelet packets in W(R) for ¢) n =6, j = —7 and b) n =
4, j=2.
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