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Abstract

The main purpose of this paper is to define a class of contraction-type pair of mappings, called ¥-Geraghty-
Jungck contraction pair, which consists in a Jungck pair of mappings satisfying the Geraghty condition
and, furthermore, its contractive inequality is controlled by an altering distance function. For this class of
mappings, we discuss the existence and uniqueness of its common fixed points under the weakly compatibility
property. These mappings are defined in the setting of the so-called Branciari b-metric spaces.
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1. Motivation and preliminary results

In 1922, S. Banach introduced his famous result, the Banach Contraction Principle, (in short (BCP)), in
the metric fixed point theory. It is well know that the BCP has been generalized in different directions, some
of them are: to modify the structure of usual metric space in order to pose this principle in more general
spaces, and to extend the contractive inequality for include large classes of mappings. In this work we will
follow these two directions of research by extending the BCP to pair of mappings and posing it in the setting
of the so-called Branciari b-spaces, which are a combination of b-metric spaces.

More precisely, we want to discuss the existence and uniqueness of common fixed point for a pair of weakly
compatible selfmaps that satisfying the 1-Geraghty-Jungk contraction condition (see, inequality (2.2)).
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1.1. Branciari b-metric spaces

In this section we define some basic concepts, notions and properties of the so-called Branciari b-metric
spaces, which are going to be used through this paper.

Definition 1.1 ([6]). Let M be a non empty set and s > 1 be a given real number and let p: M x M —
Ry :=[0,00) be a function such that for all x,y € M and all distinct points u,v € M with u,v € M \ {z,y}
the following conditions hold:

Bbl.- p(z,y) =0 is and only if x = y.
Bb2.- p(z,y) = p(y, z).
Bb3.- p(z,y) < s[p(z,u) + p(u,v) + p(v,y)].

Then, p is called a Branciari b-metric on M, and (M, p) is called a Branciari b-metric space, (in short
BbMS) with coefficient s > 1.

Note that every usual metric space is a Branciari metric space ([3]) and every Branciari metric space is
a Branciari b-metric space (with coefficient s = 1). Also, every metric space is a b-metric space (|2]) and
every b-metric space is a Branciari b-metric space, not necessarily with the same coefficient. Moreover, the
converse of all implications are not necessarily true, as it is shown in Examples 1.4, 1.5 and 1.7 in [6], proving
in this way that this notion is a proper generalization.

Example 1.1 ([6]). Let (M,6) be a Branciari metric space and p > 1 be a real number. Let p(x,y) =
[0(z,y)]P. It is clear from the convexity of the function f(t) =P, for t >0, and Jensen’s inequality, that

(a+b+c)P <37 aP 4+ VP + cP)

for nonnegative real numbers a,b,c. Therefore, for all x,y € M and all distinct points and u,v € M with
u,v € M\ {z,y}, we get

plz,y) = [0(z,y)]” (6(x,u) + 6(u,v) +6(v,y))”

<
< 3P [5(x, w)P + 0(u, v)P + (v, y)P]
< 3 (ol u) + plusv) + pl0,9))

Thus, condition Bb3 in Definition 1.1 holds, then p is a Branciari b-metric with coefficient s = 3P~1 > 1.
Therefore, (M, p) is a Branciari b-metric space.

In [14], T. Suzuki prove the following lemma which allows to construct Branciari metric spaces from
bounded metric spaces. Then, from example above, we can construct Branciari b-metric spaces from bounded
metric spaces by letting p(x,y) := [§(z,y)]?, with d(z,y) as in the next result.

Lemma 1.1 ([14]). Let (M,d) be a bounded metric space and let K be a real number satisfying
sup{d(z,y) : z,y e M} < K.

Let A and B two subsets of M with M = AU B and AN B = 0. Define a function § from M x M into R
by

0(x,z) =0
6(z,y) =0(y, ) =d(z,y), ifzeA yeB
0(x,y) =K, otherwise.

Then, (M,0) is a Branciari metric space.
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On a Branciari b-metric space (M, p) we define and denote an open ball of center z € M and radius r > 0
as

B(z,r):={ye M: p(z,y) <r}.

Let 7, be the collection of all subsets U C M with the following property: for each y € U there exists
r > 0 such that B(y,r) C U. Then, 7, defines a topology for the Branciari b-metric space which is not
necessarily Hausdorff. Even more, the open balls are not always open sets as Example 1.2 shows.

The next definition gives the concepts of convergence of sequences, Cauchy sequences and completeness
on Branciari b-metric spaces.

Definition 1.2. Let (M, p) be a Branciari b-metric space with s > 1 and (x,)y s a sequence in M.

1. The sequence (xy)n is said to be BbMS-convergent to x € M if and only if for every e > 0, exists
nog € N, such that for n > ny we have p(x,,x) < €, or equivalently, if im p(x,,z) = 0.
n—o0o
2. The sequence () is called BbMS-Cauchy sequence if and only if for every e > 0 there exists ng € N
such that for n > ng and p > 0 we have d(zp, Tn4p) < €, or equivalently, lim p(xy,,xn4p) =0 for all
n—oo
p > 0.

3. A Branciari b-metric space (M,d) is called complete if every BbMS-Cauchy sequence in it is BbMS-
convergent to some x € M.

The following example shows some properties of Branciari b-metric space which are not shared by the
usual metric spaces. This example appears in [6], however, for the sake of the presentation, here we include
all the missing computations to obtain the conclusions.

1

Example 1.2 ([6]). Let M = AU B, where A = { tne N} and B = Z4. Define p: M x M — Ry
n

such that p(x,y) = p(y,x) for all z,y € M and

0 ifrz=y
20 ifr,ye A

p(x,y) = ; ifx e Aandy€{2,3}
n

« otherwise

where o > 0 18 a constant. Notice that:

1. (M, p) is not a Branciari metric space (hence it is not a usual metric space) since

11 17 1 1
So)=2a> ta=p(2,4 4 2.
p(273) a>pa= p(27 >+p(,3)+p<3,3>
Ly =2a>2 +ta+2 =p(Lu)+puv)+p(v, L) for allu € Z; \ {2,3} and
v € {2,3}. It is easy to check that in the remain cases the inequality p(z,y) < p(x,u)+ p(u,v)+ p(v,y)

holds. Thus, (M, p) becomes a BbMS if 2a0 < s ( ot o ), equivalently, if s >

8
7= mlnn mGN{

Even more, p(

—t . S
. mce
2+l+i

m

571 JriL} then (M, p) is a Branciari b-metric space with coefficient s = & > 1 (cf. [6]).

2. (M, p) is not a b-metric space since for x,y € {2,3} and z € A, p(x,y) = a > & = p(x,2) + p(z,y),
z=1/n, (n > 1). In this situation, inequality Bb3 holds only if there exists s > n for all n € N, which
18 not possible.

3. Taking o = 1, we have that B % %) = {2, 3} and there does not exists any open ball with center 2 and
radius r > 0 contained in B (% %) In fact, notice that

1 z€B
2,2) =<
p(2:2) {i, =le4
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Therefore,
M, r>1

B(Q,’I”): A, %<T§1
{:neN,n>[3]}cd4, 0<r<i

Thus B (%, %) 18 not an open set.

4. The sequence (xyp), = (%)n converges to 2 and 3 in the Branciari b-metric space, hence limit is not

unique. Moreover, p (%, %ﬂ) =2a 4 0 as n — oo, therefore, (zy)n = (%)n is not a BOMS-Cauchy

sequence in (M, p).
5. There are not exist any r1,72 > 0 such that B(2,71) N B(3,72) = 0. In fact,

M, r>a«
(£ :neN,n>[Z]}CA 0<r<a

B(2,r) = B(3,r) = {
Hence, (M, p) is not Hausdorff.

Example 1.3 ([13]). Let A = {0,2}, B = {1: neN} and M = AU B. Define 6 : M x M — R4 as
follows:

0, ifex=y
5z, y) = 1, ife#yand {z,y} C A or {z,y} C B
= y, ifr€Aandy € B

z, ifx € B and y € A.

Then, (M, 0) is a complete Branciari metric space, since if (xy)n 15 a Cauchy sequence in M, for every e > 0
and for all n sufficiently large and p > 0, §(xn, Tnip) < €. By the definition of § in M, this is possible only
if Ty, = Xnyp for all p > 0, that is, x,, is a constant sequence, which converges. Thus, (M,d) is a complete
Branciari space. Now, taking p(x,y) = (5(37,3/))2, according to Example 1.1, we obtain a Branciari b-metric
space (M, p) with s = 3. Moreover, it can be proved that

1. The sequence (xy)n = (%)n converges to both O and 2 and it is not a Cauchy sequence, since
1 1
lim d<,> =1#£0.
n

2. 1i 1—Obtl—l' L1 01 —1'h ‘ 13 7 173
- Jim — =0, but 1= lim p| —, 3 #*p 5 ) =y fence p is no a continuous function.

Regarding to the above facts about the Branciari b-metric spaces, the following results are useful in
proving our main results. As example before shows, a sequence in a Branciari b-metric space may have two
limits. However, there is a special situation where this is not possible.

Lemma 1.2 ([13]). Let (M, p) be a Branciari b-metric space with s > 1 and let (x,), be a BbMS-Cauchy
sequence in M such that x,, # x, for all n # m. Then, (x,), converges to at most one point.

Lemma 1.3 ([5]). Let (M, p) be a Branciari b-metric space with s > 1 and let (x,), be a sequence in M
such that x, # T, whenever n # m and lim p(xn,zny1) =0 and lim p(x,, xni2) = 0. If (z)n is not a
n—o0

BbMS-Cauchy sequences, there exists € > 0 and two sequences (n(k)), and (m(k))r of positive integers with
n(k) > m(k) > k such that

P (l’m(k),wn(k)) > €, and p (»’Um(k),wn(k)q) <¢,
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and p\T x —
< m s l} 9 <

€ .

; < klirlgo sup p (xm(k’)—i-la xn(k)—l) Se
< lim SUP P (T (k) Tn(r)—2) < S€
S k—o0

= < lim sup p (Tm(e)+1, Tnk)) < 5€
S k—o0

™

. 2
-< klggosupp(xm(k;)—l,xn(k)—ﬂ < s%.

2. 1-Geraghty-Jungck contraction pair of mappings

In this section, we introduce a new pair of contractive-type mappings on b-Branciari metric spaces which
generalize the Jungck pair of maps. To define it, we control the contractive inequality with altering distance
functions and we introduce an extra function as Geraghty [7]. These extra functions allows to include large
classes of mappings which we will prove they have common fixed points.

We recall that in 1984, M.S. Khan, M. Swalech and S. Sessa [10] introduced the notion of altering distance
function as follows:

Definition 2.1. A function ¢ : Ry — IRy is called an altering distance function if the following properties
are satisfied:

Pl.- Y 4s monotonically non-decreasing.
P2.- Y is a continuous mapping.

¥3.- Y(t) =0 if and only if t = 0.

In the sequel, we will denote by U the set of all altering distance functions. The class of all functions
B: IRy —[0,1/s], with s > 1, satisfying the following condition:

1
lim B(t,) = 5= lim ¢, =0, (2.1)

n—oo n—o0

for any (t,), C R4, will be denoted by Bs. Note that if we take s = 1 we obtain the Geraghty’s condition
(7).

Now, using the altering distance functions and condition (2.1), we introduce the class of pairs of -
Geraghty-Jungck contraction type mappings as follows.

Definition 2.2. Let (M, p) be a Branciari b-metric space with s > 1. A pair of mappings S,T : M — M
1s called a -Geraghty-Jungck contraction pair if for all x,y € M there exists B € Bs and ¢ € ¥V such that

W [s°p(Sx, Sy)] < B[ (p(Tz, Ty)) ¥ [o(Tx, Ty)]- (2.2)

This class of mappings extend and generalize several classes of mappings of Jungck’s and Geraghty’s
type. See, for instance, 4] and references therein.

We recall that for two self mappings S, T on M, a point x € M is called a coincidence point of S and
T if S =Tx. A point w € M is called a point of coincidence (in short, POC) of S and T if there exists a
coincidence point z € M of S and T such that Sz =Tz = w.

The next result will help us to show the existence of a POC for the class of ¥-Geraghty-Jungck contraction
pairs.

Proposition 2.1. Let (M, p) be a Branciari b-metric space with s > 1 and let S,T : M — M be two
mappings with SM C TM. If the pair (S,T) satisfies condition (2.2), then for any xzo € M, the sequence
defined by y, = Sxp = Taxpy1, withn =0,1,..., satisfies:
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1. lim p(Yn,Yn+1) =0 and lim p(yn,Yyni2) =0,
n—o0 n—oo
2. (Yn)n s a BbMS-Cauchy sequence in M.

Proof. For any arbitrary point xg € M, from condition SM C T'M, we choose sequences (x,), and (y,), in
M as
UYn = Sty =TTp11, n=0,1,...

If y, = yx41 for some k € N| then
STht1 = Yk+1 = Yk = TTp41.
That is, S and T have a POC. Therefore, we suppose that v, # y,11 for all n € N. Putting £ = y,41 and
Yy = yp in (2.2) we obtain
¢ [Szp(ynv yn+1)] = ¢ [52P(5$m S$n+1)]
Bl (p(Txp, Ten+1))] Y (p(Txp, Tnt1))
B W (p(yn—h yn))] ¢(P(yn—1, yn))

%w(P(yn—h yn)) < %Z)(P(yn—la yn))

(0 [p(yn, yn+1)]

VANVAN

A

Since i € W, this implies
P(ym yn+1) < p(ynfla yn)

It follows that 2, = (p(yn,Yn+1)), 1S @ monotone non increasing sequence of positive real numbers, conse-
quently there exists L > 0 such that

Jim p(yn, Ynt1) = L.
Notice that, if L > 0, then
0< 'Qb(L) < ¢(52L) = nh_{god} (SQP(ymynJrl))
< lim sup B [¢(p(yn—1,yn))] im sup(p(yn-1,¥n))
1
< S¥(L) <9(L)

which is a contradiction, therefore, L = 0. Thus,
lim_ p(yn, yn41) = 0.

In a similar way we can prove:
lim p(Yn, Ynt2) = 0.
n—o0

Suppose now that y, = y,, for some n > m, hence yp1x = Ym+x for k € N. Then, from (2.2) we have

G 1pWYms Ymi1)] < Y [ Ymi1)] = ¥ [ p(Yns yni1)] = ¥ [°p(S2n, Si1)]
< g W(p(Txn7Txn+1))] w(P(Tmexn+1))
= B(pWn—1,yn)] Y (P(Yn—1,yn))
< Y(PWYn-1,n)) < Y(*p(Yn—1,Yn))

< B W](p(yrmym-i-l))] ¢(p(ym7ym+1)) < w(p(ymaym-‘rl))

which is a contradiction. Thus, in what follows, we assume that y, # y,, for n # m.
Now, we want to show that (y,), is a BbMS-Cauchy sequence in M. Suppose the contrary. Then, there
exists an € > 0 and sequences (n(k))x and (m(k)), of positive integers such that n(k) > m(k) > k satisfying
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and
PYm(k)s Yn(k)—1) < €.
Now, we substitute = y,,,x) and y = Y1) in (2.2). We have,

O [Py Ynr))] = ¥ [°0(STynry, STur))]
< BY (p(Txmpy, Trnwy))] ¥ (p(TTmmy, Tnk)))
= BY (pWm)—-1:TTn)-1))] ¥ (P =1, TTnik)-1)) -

Taking lim sup as k£ — oo and using Lemma 1.3, we obtain
2 ~ 2
P(s%€) < Jim sup<) [5° P Yy > Yn()))
< klglgo sup B [¢ (P(Wmp)—1: Ty —1)) ] klggo Sup Y (P(Ym(k)—1 TTn()—1))
1
< Zuls2e) < (s,
s
which is a contradiction. Therefore, (y,), is a BbMS-Cauchy sequence in M. O

Proposition 2.2. Let S and T be two self maps on a Branciari-b-metric space (M, p) with s > 1. Let us
assume that the pair (S,T) satisfies condition (2.2). If S and T have a POC in M, then il is unique.

Proof. Let z and w be two POC of S and T. Thus, there exist some x,y € M such that
w=_Sr=Tzrand z = Sy =Ty.

By (2.2), we have

D(p(w,2)) < Y(s”p(w,2)) = (s p(S, Sy))
< B(p(Tz, Ty)] ¢ (p(Tz,Ty))
= BU(p(w, )] ¢(p(w,z))
< Llp(w, 2)) < lp(w, 2)
which is a contradiction. Thus, we conclude that w = z and the POC is unique. O

3. On the existence and uniqueness of common fixed points

In this section we prove our main results concerning to the existence and uniqueness of common fixed
points for ¥-Geraghty-Jungck contraction type mappings defined on Branciari b-metric spaces, without as-
suming continuity requirements. The classical assumptions in this line of research, as the commutativity
property, in this case is reduced to the existence of points of coincidence, and the completeness of the space
is reduced to natural conditions. Even more, we prove that the Jungck-Picard iterative scheme ([8]) converges
to the unique common fixed point of a ¥-Geraghty-Jungck contraction pair.

We recall that S and T are said to be weakly compatible if S and T commute at their coincidence points,
that is, if Sz = Tx then STx = T'Sz ([9]). We would like to point out that weakly compatible is a minimal
requirement for the existence of common fixed points for contractive pair of mappings. For a discussion in
the subject see, e.g., [11, 12].

Lemma 3.1 ([9]). Let S and T be weakly compatible self mappings on a non empty set M. If S and T have
a unique POC, w = Sx = Tx, then w is the unique common fized point of S and T.

Theorem 3.1. Let (M, p) be a Branciari b-metric space with s > 1 and let S, T : M — M two self maps
such that

i. SM CTM.
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. TM C M is a complete subspace.
iii. Suppose that the pair (S,T) satisfies the condition (2.2).
Then,

1. S and T have a unique POC.
2. If § and T are weakly compatible self mappings, then S and T have a unique common fixed point and
the Jungck-Picard iterative scheme

Yp =Sty =Txps1, oM, n=0,1,... (3.1)
converges to the unique common fized point of (S,T).

Proof. Let g € M be an arbitrary point, using the condition SM C T'M we choose sequences (x,), and
(Yn)n in M such that y, = Sz, = Tx,y1, for n = 0,1,... From Proposition 2.1, we have the following
conclusions:

1.
im p(Yn, Ynt1) =0 and  Lim p(yn, ynt2) = 0. (3.2)
n—oo n—oo
2. (Yn)n is BbMS-Cauchy sequence in M.
Since (Txp41)n C TM and TM C M is a closed subspace, there exists z € T'M such that

lim Ta,y1 =2 (3.3)

n—oo

that is, z = T'u for some v € M. Now, we prove that z = Su = Tu.
Suppose that Su # Tu. Then by Lemma 1.2 it follows that y,, differs from Su and Tu for n sufficiently
large. Hence, applying the quadrilateral inequality, we obtain
p(Su, Tu) < s[p(Su, yn—1) + p(Yn—1,Yn) + p(yn, Tu)].
Letting n — oo, and applying (3.2) and (3.3) in the above inequality, we get
p(Su,Tu) =0, so z = Su=Tu.

From Proposition 2.2 we get that z is unique POC of S and T'. Finally, if S and T' are weakly compatible,
by Lemma 3.1 we conclude that z is the unique common fixed point of S and T in M which is the limit of
the Jungck-Picard iterative scheme (3.1). O

Example 3.1. Let M ={0,1,2,3} and define p: M x M — IR as follows:
1. p(z,y) =0 if and only if x =y,
2. p(x,y) = ply,x) for all z,y € M and
3. p(0,3) =p(2,3) =p(0,2) =1, p(1,3) =3, p(0,1) =6, p(1,2) =5.
The authors in [1] proved that (M, p) is a Branciari b-metric space. We define S,T : M — M as follows:
1. T0=0,T1=2,T2=3,T3=1, TM = {0,1,2,3}.
2. 50=51=52=0,53=2, SM ={0,2} CTM.

Hence,
g =1 (5?p(50,53)) < B[ (p(T0,T3))] 9 (p(T0,T3)) = g\/é'
g =1 (s°p(S1,53)) < B (p(T1,T3))] 9 (p(T1,T3)) = gﬁ-

(=}

0 =0 (s%(52,53)) < B (T2, T3))] 6(p(T2,T3)) = § V3.

Therefore, S and T satisfy inequality (2.2). It is clear that SM C TM and TM C M is complete, also S
and T are weakly compatible, thus we can apply Theorem 3.1 to conclude that z = 0 is the unique common

fized point of S and T.
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