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Abstract

In this paper, a version modified of contraction Hardy-Rogers type in a metric space and is proved. Moreover,
we apply this modified version to investigate the existence of unique solution of boundary value problems
for the differential equations and generalized fractional differential equations through help of the properties
of Green function. We also provide an example in support of acquired results. These results extend various
comparable results from literature.
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1. Introduction and Preliminarries

It is well known that the Banach contraction principle plays an important role in various fields of science
especially in functional analysis and applied mathematical. Banach in [20] proved the existence and unique-
ness for a point u € L such that f: L — L is a contraction map, i.e.

6(fu, fv) < <é(u,v). (1)
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where (L,d) be a metric space, for each u,v € L and ¢ € [0,1). Kannan in [27] introduced the same result
by the following

6(fu, fv) < <[6(fu,u) + 6(fv,v)], (2)

for all u,v € L and < € (0, 3).
Chatterjee in [22] modified the equation ([2]) as follows

6(fu, fv) < <[6(fu,v) +(fu,v)], (3)

for all u,v € L and < € (0, 3).
Through the literature, Fisher in [24] developed the equation as follows

o(fu, fv) < <6(fu,v), (4)

for all u,v € L.
Then many attempts were made for expanded and developed equation , for e.g. Reich in [40] obtained
the next result

(fu, fv) < [010(u,v) + €26(fu, u) + €36(fv,v)], (5)

for all u,v € L such that £1 + fo + {3 < 1.
Recently, Shukla in [48] developed the equation as follows

O(fu, fv) < [€16(u, fu) + L26(v, fv) + £30(v, fu)], (6)

for all u,v € L such that £1 + f5 + {3 < 1.
Also, in [25] Hardy and Rogers introduced a generalization of Reich’s fixed point theorem, as in the following
theorem:

Theorem 1.1. Let (L,d) be a metric space and f a self mapping of L. Suppose, l1,0s, 03,04, 05 € RT and
we set, {1+ by + ls + Ly + €5 = < such that

S(fu, fv) < L10(u, fu) + L20(v, fv) + €36(u, fv) + €40(v, fu) + 50(u,v),

Yu,v € L, under the conditions; L is complete and ¢ < 1, then f has a unique fized point.
Or,
5<fu7 f’l)) < Elé(ua fu> + 625(’07 f’l)) + 635(11" f?]) + 645(1}7 fU) + 655(u7 U)v (7)

Yu,v € L, under the conditions; L is compact, f is continuous, ¢ =1 and u # v, then T has a unique fived
point.

Riech’s theory has been extensively studied by many researchers (see [1}, 11}, 18, 19} B32] B3, 35l 44} 52]).
Moreover, many of the studies about the Hardy-Rogers theory have been introduced. Among these studies,
Hardy and Rogers type common fixed point theorem for a family of self-maps in cone 2-metric spaces was
obtained by Rangamma in [39]. In the same way, Chifu in [23] presented some fixed point results in b-metric
spaces by using a contractive condition of Hardy-Rogers type with respect to the functional H. Arshad et
al., in [I7] established common fixed point theorems for mappings fulfilling locally contraction conditions
under a closed ball in an ordered complete dislocated metric space. In [16, 4I] the authors established
common fixed point results for multi-valued mappings via generalized rational type contractions on complete
b-metric spaces. A new direction to the literature of common fixed point theorems related to T-Hardy-
Rogers contraction mappings, Banach pair of mappings, and cone metric space due to Rhymend in[42]. A
modified class of Hardy-Rogers p-proximate cyclic contraction in uniform spaces was introduced by Olisama
in [36]. Abbas in [I] proved some fixed point theorems for a T-Hardy-Rogers contraction in the setting of
partially ordered partial metric spaces. Some fixed point theorems for a generalized almost Hardy-Rogers
type F-contraction in metric like space were established by Saipara in [43].
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On the other hand, fractional calculus has played a very important role in different areas, see [30] and
references mentioned in it. Generalized fractional derivatives with respect to another function v have been
considered in [30] as a generalization of Riemann—Liouville fractional operator. This fractional derivative is
different from the other classical fractional derivative because the kernel appears in terms of another function
1. Recently, Almeida in [13] presented a version generalized of Caputo with some enjoyable properties. The
investigation of the existence and uniqueness of solutions to several fractional differential equations (FDEs)
is the main topic of applied mathematics research. Many interesting results with regard to the existence
and uniqueness of solutions by using some fixed point theorem were discussed in the following references
[5L 6], 17, 8], 41 14l 21, 26), 31, B8].

Fixed point techniques are constantly applied to prove the existence and uniqueness of differential equa-
tions (DEs) and FDEs, see [10} 12} 151 28], 34], 451 [46] [49] [50]. To investigate the existence of unique solutions
for different types of DEs and FDEs, we refer to 2] 3] @, 29, 37, 47, 51].

To our knowledge, a modified contraction Hardy-Rogers type in metric space has not been extensively
studied. Moreover, the fixed point technique based on generalized Hardy-Rogers type contraction mappings
has never been applied on the boundary value problems (BVPs) for generalized FDEs involving -Caputo
fractional operators. For this reason, and motivated by the recent evolutions in ¢-fractional calculus, in this
paper, we introduce a modification of Hardy-Rogers type contraction in metric space and we also apply this
approach to investigate the existence of unique solution of boundary value problems for a classical DEs and
generalized FDEs. The main result of this paper is to study the modified conditions of Hardy-Rogers fixed
point theorem and proved it. Moreover, some applications to justify our results.

2. Main Results

In this part, we shall prove the modified Hardy-Rogers fixed point theorem as following:

Theorem 2.1. Let L be a complete metric space and let f : L — R be a continuous self-mapping on L,
suppose f satisfying the condition (@ for all u,v € Lyu # v and for some £1,09,03,04,05 € [0,1) such that
Z?:l l; =¢ < 1. Then f has a unique fixed point.

Proof. Let up be an arbitrary point in L and {u}32; be the sequence of iterations for f at ug such that
f(un—1) = un. (8)
Consider up—1 # u, for all n € N. Thus, 6(up—1,un) = 0(f(un—2), f(un—1)), by we get

5(un—la un) <£1 (un—2a f(un—Q)) + 625(un—17 f(un—l))+
030 (tn—2, f(un—1)) + £46(tupn—1, f(un—2)) + €56 (tun—2, Un—1).
By we get

5(”7171, un) <€16(un727 Unfl) + 626(un71> un) + fZ’)é(unf% un)“’
L40(Up—1,Up—1) + L50 (Un—2, Upn—1).
From the triangle inequality for some uy,_o < up—1 < uy, we obtain

5(“71—17 un) <l16(up—2, un—l) + 625<Un—17 un) + 635(un—27 un—1)+
63(S Un—1, un) + 655(’&”_2, un—l)

_(s—la—1
= (1 — EQ _ €3> 5(un,2,un,1). (9)

—~~

If we repeat equation @, we arrive to,

¢ —Vly— 1ty

5(Unflaun) < (1 — 62 _£3

)né(uo,ul). (10)
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For some r > n — 1, we have
5(“11717 ur) < 5(un717 un) + 6(”713 unJrl) + ...+ 6(urfla ur)-

It follows from that
S(tn_1,uy) < {&" 4+ &" 4 5} (uo, u1),

where k = (2=l )  Therefore
1—0o—/43 ’
k" — 0 as n — oo.

Hence
0(tup—1,us) >0 s— 0.
Every Cauchy sequence{u,—1}5° ; in L is convergence, since L is complete space, i.e. there exist u; € L such

that w, — w1, also we have a continuous mapping

fCIm wp) = fur), lim w, = us.

Hence, u; is a fixed point of f in L.
Now to prove that up is a unique fixed point of f in L, there exist another fixed point us € L such that
uy # ug, f(u1) =uy and f(uz) = ug. By we have

6(u1,ug) <ld(uy, f(ur)) + €20 (uz, f(uz)) + £30(u1, f(uz)) + £10(uz, f(u1))+
555(u1, 22),
<(¢— 1 — l2)d(u1, uz)
which implies u; = us. So u; is a unique fixed point of f in L. O
Theorem 2.2. Let L be a complete metric space and let f, g are two continuous self-mapping on L satisfy
6(f(u),g(v)) <€1d(u, f(u)) +€26(v, g(v)) + £30(u, g(v)) + Lad(v, f(u)) + €56 (u, v)

for all u,v € L,u # v and for some {1,0o,l3, 04,05 € [0,1) such that Z?Zl l; =¢ < 1. Then f and g having
a unique fized point.

Proof. For ug,vg € L we take f(un—1) = tn, g(vp—1) = vy, it follows that
6 (ug, vg) = 6(f (uk—1,9(vk-1))
< l0(ug—1, f(uk—1)) +£20(vg—1, g(vk—1) + €36 (ug—1, g(vk—1)
+ L40(vg—1, f(up—1 + 56 (up—1,v%-1)),

for k € N. Also, we have

n

Z O(ug,ve) = > O(f1(ur—1, f2(vi-1))
k=1

k=1

< Z[ﬁﬁ(uk_l, ug) + o0 (vg—1,vk) + €30 (up_1, ug) + €46 (vK_1, ug)+
k=1
Csd(up—1,v6-1)];

< [016(uo, un) + L28(v0, vn) + €3 Y 6(up—1,v6) + > Lad(vp_1, up)+
k=1 k=1

Z €55(Uk_1, Uk—l)]v
k=1
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and
Z S(ukr1,vk) < L10(ur, up) + €26(vo, vy) + 3 Z O (up, vg)
k=1 k=1
+ 2545(1%,1, ug) + 2655(1%,1, Vg—1)-
k=1 k=1
Therefore,
D 5(uk, k1) < (G 4 £5)3 (o, un) + (f2 + £3)8(ur, tng1)
k=1
Hence

n
25 (up, up41) < 25 (up, vg) < Z (Ukt1, 1) < 00.
k=

This means ) ,_,; d(uk,uk+1) —0 as k—o0,s0 {ug}isa Cauchy sequence in L.
By the same way, we can show that {vy} is a Cauchy sequence in L. Since L is complete metric space, there
exist a common fixed point in L. To get it, we suppose

up = lim uy,, ug = lim vy, Yuy,ug € L,
n—oo n—oo

Therefore,
6(up,u1) — 0, n — 0o,
6(vn,v1) — 0, n — 00.
Since f and g are continuous mappings, we obtain
dé(f (un), f(ur)) =0,  n— oo,
6(g(vn), g(ug)) =0,  n— oc.
That is,

S(u, f(ur)) = 6(f 1 (f (wr)), f(ur))
< 06(f 71 (f(wn)), fu)) + €26 (ua, f(ur))
+ L36(f(ur), fur)) + €ab(ur, fH(f (1)) + €s0(f (u1), ur)
< (s =Ly = la)d(u, f(wa)),

which implies f(u1) = up. Similarly, we get g(u2) = ua.
Now, we shall prove that u; is common fixed point of f and ¢ in L as follows

O(ur,ug) < £16(u, fr(u1)) + £ad(uz, fo(uz)) + €30 (ua, fo(uz))
+ €40 (u2, f1(wr)) + €56 (u1, u2)
< (¢ =41 —01)0(ug,u2).
To prove the uniqueness of u1, we must suppose another point uz € L such that

f(uz) =u3, and g(u3) = us.

Therefore

6(ur,ug) = (f1(u1), f3(us))
< ld(ur, fi(ur)) + €20(us, f2(us)) + £30(u1, fo(us))
+ £46(us, fi(ur)) + €56(21, 23)
= (¢ — €1 — £2)0(u1,u3).
Hence u; = uz. Thus, uy is the unique fixed point of f and g in L. O
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In next theorem, we will generalize Theorems and 2.2

Theorem 2.3. Let fy be a family continuous self-mapping in complete metric space L, suppose that

6(fo(u), fp(v)) <lrd(u, fo(u)) + £20(v. fa(v)) + £36(u, f(v)) + €a6(v, fo(u))
+ l50(u, v),

for every u,v € L,u # v and Z?:l Ui =¢ < 1. Then fy(u) has a unique fized point u; € L.

Proof. By repeat the same way in Theorem with replacing f and g by fy and fg respectively, we get

fo(ur) = fa(ur) = ur.

We can reformulate the theorem as follows:

Theorem 2.4. Let f* be a self-mappings on a complete metric space L such that f*(u¥) = u*, for all
u, u* € L Yk respectively, such that

O(f*(u), fH(v)) <tard(u, f*(w)) + L28(v, f5(0)) + €36 (u, f¥(v)) + Lad (v, f*(u))
+ 056(u,v).

Yu,v € Lyu # v and Z?Zl& =¢< 1.

Proof. We need to prove that f¥(u;) = ui. Therefore, by same technique used to prove the Theorem ,
Theorem [2.4] can be proven. O

Example 2.1. Assume that L = [0,1] is a complete metric space. Suppose that f(u) = u/3, atu € [0, }) and
fw)y=v/4 atv e (%, 1]. Clearly, f is discontinues, so is not hold. Take ¢ = 1/3. Hence, all conditions
of Theorem is satisfied and a unique fized point is u =0 € L.

3. Applications

3.1. An application without necessary continuity condition
In the next theorem, we can apply our results to study the existence and uniqueness of common fixed
points for mappings without continuity condition.

Theorem 3.1. Let fi,, fi, be two self-mappings on complete metric space L satisfies

5(fl€1 (u)a sz (U)) <€15(u7 fk1 (’LL)) + 625(0’ fk2 (v)) + £36(u7 sz (U))+
046 (v, fiy (u)) + £50(u,v),

Yu,v € Lyu # v and Z?Zl l; = ¢ < 1. Suppose that fy, fr, = fr, fr, @5 continuous then fy, and fi, having a
unique common fized point in L.

Proof. Take up = fi, (Un—1), Unt1 = fr,(un) and fi, (un—1) # fi,(Un—1), Un # Un—1,Yn € N.
Therefore,

d(u2n+1, u2n) = 0(fr, (u2n), fro (U2n—1))
< 010(u2n, Toant1) + 20(Uuan—1, Uzn) + €30(u2n, Uap)
+ 040 (u2n—1, U2n+1) + €56 (U2n, U2n—1).
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So, we have
¢—At1— 13

m)é('dQn,UQn_l). (1].)

O (u2n+1, u2n) < (
From ([11)) we obtain
c—4t — L3

2n6
1— 0, —e4) (u1, u0),

d(u2n+1, u2n) < (

Therefore,
T freo (1) = fro fry (u1) = f, ka(kli_)n;O Up, ) = kli_{go Upy,, = U1

Suppose that u; is a fixed point of fi, fx, in L such that fg, fx,(u1) = u1. Now, we must show that u; is a
fixed point of fi, and fi, in L, i.e.
fkl (ul) = Ul and ka (ul) = Uui.

For that, let
feo(u1) # w1 and  fi,(u1) # ur.

Then by using, we have

d(21, f1(21)) = 6(f2f1(21), f1(21))
< 016(f1(21), fafi(z1) + €20 (21, f1(21)) + £36(f1(21, f1(21)
+ €46 (21, f1(f1(21)) + €56(f1(21),21)

Hence, u; is a fixed point of fi, in L. Similarly, we get fi,(u1) = ui. This indicates that fi, and fi, having
a common fixed point in L. That was proof of existence result.

Again we apply for proving the uniqueness result. Suppose ug € L (u2 # u1) are another fixed points of
fr, and fg, such that

6(u1,uz) = 6(f1(u1), fa(u2))
< L16(uy, fi(ur)) + €ad(ug, fa(uz)) + €30 (u1, fa(uz)
+ 040 (ug, f1(ur) + €50 (u, u2)
= (¢ —¥1 — l2)0(u1,uz).

This means that u; = ug. So, we have proven the uniqueness result. The proof is completed. O

3.2. An application on DEs

Consider the following nonlinear DE

u’(t) = —g(t,u(?), te€l0,1],
{ u(0) = u(!f) — 0, (12)

where the function ¢ : [0,1] x R — R is a continuous.
Now, by using Theorem [2.1] we discuss the existence and uniqueness of the problem ((12]).
Problem is equivalent to the following integral equation

1
u(t) :/0 G(t,7)g(T,u(r))dr, Vt € [0,1], (13)

where G(t,7) is the Green’s function defined by

t—rt, 0<t<t<I,
G(t’T){T—Tt, 0<7r<t<l1.
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Therefore, if u € C?([0,1]), then a solution of it will be w if and only if it is a solution of . Denote
the space of all continuous functions by L = C(]0,1]). Let J satisfying

O(u,v) = ||ullco + ||V]|co + ||t — v]|oo, for all u,v € L

such that ||ullec = mawycp1j|u(t)] for all u € L.

Theorem 3.2. Assume that
i) |g(1,a) —g(7,b)| < 8f1(7)|a—0b|,Va,b e R, 7 € [0,1] such that fi : [0,1] — [0,00] a continuous functions.

ii) |g(1,a)] < 8fa(7)|al,Va € R, 7 € [0,1] such that fa:[0,1] — [0,00] a continuous functions.

el

iii) maz ¢ fi(7) =nk < %, 0<n<

el

iv) maz-cioqf2(T) =nk2 < gf, 0<n<
Then, v € L = C([0,1],R) is a unique solution to problem (19).
Proof. Consider the operator f: L — L defined by

1
fu(t) = /0 G(t,7)g(r,u(r))dr, Yu € L, t € [0,1].

Let u,v € L, we have

1 1
Fult) — fo(t)] = /0 G(t, 7)g(r, u(r))dr — /0 G(t, r)g(r, o(r))dr

1
< / G(t, P)lg(r,u(r) — g(r, v(r))|dr
1
< 8/0 G(t, 1) fr(7)|u(r) — v(r)|dT

1
< Sy Ju — vHoo/ Gt 7)dr
0

< nkaflu = vl

where we used fact that fol G(t,7)dr =L — % for all t € [0,1] and so sup fol G(t,7)dr = §. Therefore,
te(0,1]

[fu = folloe < nkaflu—oll - (14)

On the other hand, we have
1
fult) < \ [ Gt lgtratry]ar

1
G(t, u(m)|dr
§8/0 (t,7) fa () ()]
< ko oo

Then,
[fulloo < nkallul|oo- (15)

Similarly, we get
[folloe < nk2l|v]loo. (16)
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By (14)),(15) and (16]), we obtain

6(fu, fo) = | fulloo + [[fvlloo + [l f1 = folloo
< nkz|lulloo + nk2l|vlloo + k1 llu = vfloo
< 02k + k) (lulloo + [[v]loo + llu = vlloo)
< n(2ky + k7)6(u,v),

where (2ky + k%) < 1. Suppose {1, 45, 03,£4,45 > 0, such that

1
3 < —

1
ly < = 9’

1
0 < = 9’

1 1
5 €4<§,£5<7 and n€|0,1).

9

Then, the following is satisfied
d(fu, fv) < 16(u, fu) + £20(v, fv) + €36(u, fv) + £10(v, fu) + 56(u, v).
Hence, by Theorem the problem has a unique solution v € L. O

3.8. An application on FDEs

More definitions and properties of the generalized fractional calculus can be found in [13] B30].

Lemma 3.1. Let 1 < 6 < 2, h: [0,1] — R" are continuous function and 1 : [0,1] — R" an increasing
function with Y'(t) # 0 for t € [0,1]. Then the function u(t) € C|[0,1] is a solution of the following problem

(17)

{CDgﬁ"u(t)+h(t):0, te0,1]
w(0) = u(1) = 0.

if and only if u € C|0,1] is a solution of the following fractional integral equation

1
u(t) = r(le) /0 W (PGt T)h(r)dr.

where
[0 O [# ()91~ ~ () -]
Gt 7) = (1) g0] y O=s7sts
’ Oy O —(r))
ORI I Ostsrsl

Here G(t,7) is called Green function of BVP (17).

Proof. Applying Ig’f on both sides of the first equation of (,
1Y CDgYu(t) + IV h(t) = 0.
Using Theorem 4 (see [13]) we get
I _
u(t) = co + c[th(t) — ¥(0)] — F(9)/o (D)) = (1)) h(r)dr.

The condition u(0) = 0 means ¢y = 0, and we have

1
u(1) = ex[ih(1) — $(0)] — / $ () (1) — (7)) h(r)dr.
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Since u(0) = u(1) = 0, then

_ —1 1
o= B0 [ i) - vl thiryar

The equation CDOJr u(t) + h(t) = 0 is reduces to the equivalent integral equation

w) = LIS [ - v P hirar
—F(le) /0 W) — o] h(r)dr
which implies
a) = L= [ ) - o) rar
00O L [ yrolitn) - vl hiin
i | OO - v hrn

[
L (D)) = (0] (1) = ()]
), W —vore O
ot
= ) J, ' (T)G(t, T)h(T)dT
O
Now, we consider the following nonlinear FDE
Deﬁj ( ) ( (t>) =0, te [07 1]a

S 1)

where Dgf’ is generalized fractional derivative in the sense of Caputo and ¢ : [0,1] x R — R is a continuous.
Now, by using Theorem we will discuss the existence and uniqueness of solutions for . Problem ([19)
is equivalent to the following fractional integral equation

/ W(r g(t,7)dr, te0,1], (20)

where G(t, 7) defined by (18).
Therefore, if u € C%(]0,1]), then a solution of it will be u if and only if it is a solution of (20).
Denote the space of all continuous functions by L = C([0,1]). Let ¢ a metric like defined on L as

O(u,v) = [Julloo + |V]|oo + [t — v]|oo, for all u,v € L
such that [[ulle = mazejoqj|u(t)| for all u € L.

Theorem 3.3. Assume that

i) ¢ € C10,1] and there exists € > 0 such that sup |¢'(7)| <E.
7€[0,1]
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ii) |g(7,a) —g(1,b)| < ﬁﬁ( T)|a—0b|,Va,b € R, 7 € [0, 1]such thatf; : [0,1] — [0,00) is a continuous

functions.

iii) |g(7,a)| < F 0+1 gfg( )|a|,Va € R, 7 € [0,1] such that f:[0,1] — [0,00] a continuous functions.

iv) mafﬂre[mfl( T)=nki <g, 0<n<jy.
V) mazqepq)f2(T) =nky < g, 0<n <.
Then, the problem (@ has a unigue solution u € L.

Proof. Consider the mapping F* : L — L defined by
/1,!) g(t,7)dr, we L, te]0,1].

Let u,v € L, we have

Pt = Pl < s [ 90606 ot — gl

. [wm—w(on@/o up WOIGET)
max fy () u(r) — v(r)|dr,

< Wﬁk1HU—U”m/ G(t,7)dr. (21)

Since ¢ € C1[0,1], for 0 < 7 < t < 1, we have

) Gl - /0 [(8) = ()] [[9(1) — ()" = [(t) - ¥(n)]"]

(1) — $(0) i

= BO=vOl I i) - wiop= )]~ ar
OO [t — vt ar

< BO—sOL I s - v o] ar

< GO = v - v

< g vy (2

Similarly, for 0 < ¢ < 7 < 1, we have
/01 Cltr)dr = /0 (1) - 1@?1}){1{(2@#(7”0_1 i

= DOV o) - wimi )] ar

< Gl — v — v

< gl = v, 3)
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From and (23), we get

1
/ Gt 7)dr < - [(1) — w(0)]°, for all £ € [0,1] and 1 < 0 < 2.
0

0¢
Hence, the inequality becomes
[1F" 2 = F*ylloo < n71flz = ylloo-

Also, we have from (22)), and the condition (iii) that

()| < Fl\/ G(t.m) o(r. ()| dr

< o, G

< nkz||ul oo
Thus,
[ F*ulloo < nkallullc-
Similarly, we get
1F*0]loo < nk2lv]lco-
By (24).(25) and (26)), we get
S(F*u, F*v) = || F*ul|oo + | F*v[|oo + | F*u — F*v|/
< nkalullec + nka|vllco + nk1flu = vllo
< n(2k2 + k1) ([Julloo + [[v]loo + [[u = vl|oo)
< n(2ky + k%) (u,v)

where (2kg + k?) < 1. Suppose {1, {2, {3, {4, 05 > 0, such that

1 1 1
— Uy < §,€5 <— and nelol).

1
— U3 <
3> 9

1
€1<*,€2<9

9

Then, the following relation is satisfied

O(F*u, F*v) < £10(u, F*u) 4+ 20 (v, F*v) + €30 (u, F*v) + 46 (y, F*u) + €55 (u, v

Hence, by Theorem the problem has a unique solution u € L.
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