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ROBUST STABILITY ANALYSIS FOR FUZZY STOCHASTIC
HOPFIELD NEURAL NETWORKS WITH TIME-VARYING
DELAYS
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ABSTRACT. This paper investigates delay-dependent robust stability problem
of fuzzy stochastic Hopfield neural networks with random time-varying de-
lays. Moreover, in this paper, the stochastic delay is assumed to satisfy a
certain probability distribution. By introducing a stochastic variable with
Bernoulli distribution, the neural networks with random time delays is trans-
formed into one with deterministic delays and stochastic parameters. Based
on a Lyapunov-Krasovskii functional and stochastic analysis approach, delay-
probability-distribution-dependent stability criteria have been derived in terms
of linear matrix inequalities (LMIs), which can be checked easily by the LMI
control toolbox. Finally two numerical examples are given to illustrate the
effectiveness of the theoretical results.

1. INTRODUCTION

In recent decades, Neural Networks (NNs) especially recurrent neural networks
(RNNs) and Hopfield neural networks (HNNs) have been successfully applied in
various fields such as pattern recognition, optimization problems, associative mem-
ories, signal processing, etc., see - . One of the best important works is to
study the stability of the equilibrium point of NNs. Since time delays as a source
of instability and poor performance always appear in many neural networks owing
to the finite speed of information processing, the stability analysis for the delayed
neural network has received considerable attention .
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On the other hand, the stability analysis of stochastic systems with time de-
lays has been investigated by many researchers since stochastic modelling plays an
important role in many fields of science and engineering applications [8H16]. In
a real system, time delay often exists in a random form, that is, some values of
the time delay are very large. However the probability of the delay taking such
large values is very small and it may lead to a more conservative result, only if
the information of variation range of the time delay is considered. In addition, its
probabilistic characteristic such as Bernoulli distribution and the Poisson distrib-
ution can also be obtained by statistical methods. Therefore, it is necessary and
realizable to investigate the probability-distribution delay and therefore in recent
years, the stability problems of NNs with probability-distribution delay have been
widely investigated [17.[18].

It is well known that fuzzy logic theory has shown to be an appealing and efficient
approach to dealing with the analysis and synthesis problems for complex nonlinear
systems. The well-known Takagi-Sugeno (T-S) fuzzy model [19], is a popular and
convenient tool to transform a complex nonlinear system to a set of linear sub-
models via some fuzzy models by defining a linear input/output relationship as its
consequence of individual plant rule. Recently, a lot of research works have been
produced on T-S fuzzy model in the existing available literature [20/22].

Based on the above discussion, we consider the problem of delay-dependent ro-
bust stability analysis for uncertain fuzzy stochastic Hopfield neural networks with
time-varying delays. Some sufficient condition for delay-probability-distribution-
dependent stability criteria of the addressed system have been derived in terms of
linear matrix inequalities by constructing proper Lyapunov-Krasovskii functional
and stochastic theory. Finally, numerical examples are provided to show the effec-
tiveness of the theoretical results.

Notations: Throughout this paper, R” and R"*™ denote, respectively, the n-
dimensional Euclidean space and the set of all n X n real matrices. The superscript
T denotes the transposition and the notation X > Y (respectively, X > Y'), where
X and Y are symmetric matrices, means that X — Y is positive semi-definite (re-
spectively, positive definite). I,, is the n x n identity matrix. || - || is the Euclidean

norm in R™. Moreover, let (Q, F AF: o, P) be a complete probability space with

a filtration {F;}:>o satisfying the usual conditions (i.e. the filtration contains all
P-null sets and is right continuous). Denoted by L' ([-7,0]; R™) the family of all
Fo-measurable C([—7,0];R") -valued random variables £ = {£(0) : —7 < 6 < 0}
such that sup_r<g<oE[£(0)P < oo, where E{.} stands for the mathematical expec-
tation operator with respect to the given probability measure P.

2. PROBLEM DESCRIPTION AND PRELIMINARIES

Consider the following uncertain stochastic HNNs with time—varying delays

de(t) = | = A@)z(t) + B@)f(x(t) + W) f(2(t - T(t)))} dt
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+[Ho@®)(t) + Hy(®)a(t - 7(t)) | du(),
z(t) = o), Vtel[-7,0], (1)

T
where z(t) € R™ is the neural state vector, f(z(t)) = [fl (z1(2),.-., fn(a:n(t))} €
R™ is the neuron activation function with initial condition f(0) = 0. The time-
varying delay 7(t) satisfies

0<rit) <7 H) < (2)
where 7 and p are constants. In (1), A(t) = A+ AA(t), B(t) = B + AB(t),
W(t) =W + AW (t), Ho(t) = Ho + AHy(t) and Hyi(t) = Hy + AH;(t). Further
A = diag{ai,as,...,a,} has positive entries a; > 0, B, W, Hy, H; are connection
weight matrices with appropriate dimensions and AA(¢), AB(t), AW (t), AHy(t)
and AH;(t) denote the time-varying and norm-bounded uncertainties.
Assumption 2.1 The neuron activation function f;(z;) satisfies

filzi) — fi(yi)

Ti—Yi
Assumptions 2.2 Considering the information of probability distribution of the
time delay 7(t), two sets and functions are defined by

Oy ={t:7(t) €[0,70)} and Qo= {t:7(t) € [r0,7]}

() = {T(t), for teQ and To(t) = {T(t), for t € Qo )

T1, for té€ o, To, for te€Qq,

0<

Sli Vﬂ?iyyi ER, T #ylv i= 1a"'an (3)

Ti(t) Sy <1, Taot) S pp <1, (5)

where 19 € [0,7], T1 € [0,79) and T2 € [10,7]. It is easy to know ¢ € £y means
the event 7(t) € [0,79) occurs and ¢t € Qg means the event 7(t) € [7g, 7] occurs.
Therefore, a stochastic variable «(t) can be defined as

0={5 o 1o k
Assumption 2.3 «(t) is a Bernoulli distributed sequence with

Prob{a(t) = 1} = E{a(t)} = o, Prob{a(t) =0} =1 - E{a(t)} =1 — ao,

where 0 < g < 1 is a constant and E{«(t)} is the expectation of «(t).

Remark 2.4 From Assumption 2.3, it is easy to know that

E{a(t) —ap} =0, E{(a(t) — ag)?} = ap(l — ap).

By Assumption 2.2 and 2.3, the system (1) can be rewritten as

da(t) = [ — A@)x(t) + B(8)f(2(t) + a(O)W () f(z(t - 71(1)))
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(1= a)W @) f (x(t — 72(t)))| dt
+ [Ho(t)w(t) +a(t)Hy(t)z(t —71(t) + (1 — () Hi(t)z(t — 72(1)) |dw(t),  (7)

a(t) = &), tel-7,0]

which is equivalent to
da(t) = [ — A(t)x(t) + B(t) f(x(t) + aoW (£) f (x(t — T1(£)))

+(1 = a0)W () (a(t — 72(1)))
+(alt) — ao) (WO fa(t = 71(1)) = WO (alt — (1)) ) |at

+ Ho(t)l'(t) + Oé(]Hl(t).’E(t - Tl(t)) + (1 - Oé())Hl(t)LC(t - Tg(t))
Hat) = ao) (Hi(®)z(t = 1(8) = Hi(t)a(t - 72(1) ) | dwo(t),  (8)

x(t) = g(t)a tG[-’T‘,O].

Remark 2.5 In this paper, the probability distribution of the delay taking values
in some interval is assumed to be known in advance. Further, a new model of the
SNNs (8) has been derived, which can be seen as an extension of the common SNNs
(1). Specially, in the case of a(t) = 1, system (8) becomes system (1). Moreover,
when the probability of time delay taking values is known a priori, the possible
values that the delay takes may be larger than those previously obtained results
based on the traditional methods, which will be illustrated via example later.
In this paper, we consider the following neural network with parameter uncertainties
and stochastic perturbations which is represented by a T-S fuzzy model. The kth
rule of the T-S fuzzy model is of the following form:

Plant Rule k:

IF 01(t) is n¥ and ... and 6,(¢) is 77’;

THEN

da(t) = [ = Ak®)(t) + B f(2(t) + aoWi(t) flw(t = 71(1)))
(1= a0)Wa () f(a(t — 72(1)))
+(alt) = ao) (Wa D) fa(t = 71(6))) = WaO) fa(t = 72(6))) | at
+ [ Hor(0)2(t) + a0 Hyg(D)(t = 71(8)) + (1 = ao) Hix(t)a(t — 72(1))
+(at) = ao) (Hux(a(t = 71 () = Hur(alt - m2(1))) [dw(t),  (9)

x(t) = &@#), te[-7,0,, k=1,2,..,r
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T
where n¥ (i = 1,2,...,p) is the fuzzy set, 0(t) = [91(t),92(t),...,9p(t)} is the
premise variable vector and r is the number of IF-THEN rules. w(¢) is a one-
dimensional Brownian motion defined on (Q, Fi {Fi} >0, P). ¢ e L%, ([-7,0R")

is the initial value of (9). Ay, Bk, Wy, Hor and Hyj are constant known real
matrices. AAg(t), ABy(t), AWg(t), AHox(t) and AH;(t) denote the time-varying
parameter uncertainties and we make the following assumption.

The parameter uncertainties AAg(t), ABg(t), AWk (t), AHox(t) and AHx(t) are
of the form:

[AAk(t) ABL(t) AWi(t) AHo(t) AHlk(t)]
:GF(t)[E;;‘ EP EY EM E,fl}, (10)

where G, E{!, EB, E}V, E,fo and E,fl are known real constant matrices with ap-
propriate dimensions, and F'(t) is the time-varying uncertain matrix which satisfies

FT()F(t) < I (11)
The defuzzified output of the T-S fuzzy system (9) is represented as follows:

dr(t) = 37 w0 [~ A0)2(6) + Bt [ (1) + 00Wi(t) f(a(t — 71(1)))
k=1

+(1 = o) Wi(t) f((t = m2(1)))
+(a(t) = a0) (W0 f@(t = 71(8)) = Wr(D) ((t = 7(1)))) | dt

+ {HOk(t):c(t) + aoHik(O)x(t — 71(2)) + (1 — ao) Hip (t)z(t — 72(1))

+(at) = ao) (Hix()o(t — 71 (1) — Hix(alt — m2(0))) [do ), (12)

where .
i 00) = 2O 60y = T k65 0)
gl v;(0(t)) j=1

in which 7%(0;(t)) is the grade of membership of 6;(t) in 7%. According to the
theory of fuzzy sets, we have

vp(0(t) >0, k=1,2,...,7, > vg(6(¢)) >0 for all ¢. Therefore, it implies
k=1

pe0@) >0, k=1,2,..,r, > ug(0(t)) =1forall ¢
k=1

Let x(t; &) denotes the state trajectory of system (12) from the initial value z(0) =
£(0) on =7 <0 < 0in L%, ([-7,0;;R™). Tt is easy to see that system (12) admits a
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trivial solution z(¢;0) = 0.
The following definition and lemmas are used to prove our main result.

Definition 2.6 [22] For system (9) and every £ € L%, ([—00,0];R"™), the trivial
solution is asymptotically stable in the mean square if

Jim Blz(t; €)|? = 0.
Lemma 2.7 [23] Let D and N be real constant matrices of appropriate di-
mensions, matrix F(t) satisfies F7(¢)F(t) < I. Then (i) for any scalar ¢ > 0,
DF(t)N + NTFT(t)DT < ¢ 'DDT + eNTN.
(ii) For any P > 0, 2a”b < a® P~'a + b Pb.
Lemma 2.8 [24] For any constant matrix M € R™ " M = M7T > 0, scalar

1 > 0, vector function w : [0,7] — R™ such that the integrations are well defined,
the following inequality holds

(/Onw(s)ds)TM(/Onw(s)d5> < 77/07] wl'(s)Mw(s)ds.

Lemma 2.9 [25] Let M, P, @ be the given matrices such that @ > 0, then

P MT

M -Q
Lemma 2.10 [26] Let U, V(¢), W and M be real matrices of appropriate dimen-
sion with M satisfying M = M7, then

M+UVOW +WIVT)UT <0 forall VIV (t) <1,
if and only if there exists a scalar € > 0 such that
M+e'UUT +eW'W < 0.

Lemma 2.11 [27] Assume that a(-) € R", b(-) € R™ and N € R"**™ are
defined on the interval Q. Then for any matrices X € R"a*" Y ¢ R" X" and
Z € R™>™ the following holds

+ fotomsonas [ ] [ 75 ][50 mom [ ¥ 5] 20

3. MAIN RESULTS

] <0 <= P+M'Q'M<O.

In this section, we consider a general stochastic system dxz(t) = f(z(t),t)dt +
g(x(t),t)dw(t) on t > to with initial value x(ty) = zy € R™, where f : R™ x
RT — R" and g : R® x Rt — R™™. Let C>}(R™ x RT;R*) denotes the family
of all nonnegative functions V(z(¢),t) on R™ x RT which are continuously twice
differentiable in  and once differentiable in t. Let V € CZ1(R™ x R*;R*), an
operator LV is defined from R™ x R to R by

ﬁV(l‘(t),t) = Vt(x(t)7t) + Vz(x(t)vt)f(x(t)vt)
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+gtrace[g” (a(), Ve a(0), Dg((1), 1),

where
V. = Dy, = (2000, V0.0),
Veola).t) = (200 gfa(?j 0
Then, by Ito’s formula, one can have
BV (2(t),t) = BV (20, t0) + B / LV (w(s), 5)ds. (13)

Now, we define the following variables:

A+ AA Z“k ) (A + AAL()), B+ AB(t Zuk ))(Bi + AB(t)),
Z“k ) (Wi + AW (1)),
Ho + AHy (1) Zuk )(Hok + AHo(t)),
Hy + AH(t Z 1 (0(8)) (Hup, + AH(L)),

by using the above notations and parameter uncertainties are not taken into ac-
count, then system (12) can be rewritten as

da(t) = [ — Az (t) + Bf(x(t)) + coW f(x(t — 71(1)) + (1 — ao)W f((t — 72(1)))

+(alt) = ao) (W ((t = (1)) = Wf(a(t - 72(1))) ) |dt

T [Hox(t) FapH(t — () + (1 — ag)Hiz(t — 74(1))

+(at) = ao) (Hra(t = 71(8) = Hao(t = 72(1)) ) | deo(2). (14)

Now, we discuss the stability criteria for stochastic neural network (14) without
uncertainties as follows

Theorem 3.1 For given scalars 71, To, 1, Mo, and 0 < ap < 1 satisfying
appy < 1, the SNNs (14) is globally asymptotically stable in the mean square,
if there exist symmetric positive definite matrices P > 0, Q; > 0 (i = 1,2,3,4,5,6),
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Ry >0, Ry >0, Z; > 0, and Z5 > 0, for any matrices X, Y and positive diagonal

matrices K1 > 0, K3 > 0 and K3 > 0 such that the following LMIs

[ X Z ] >0 and { X Z ] >0
Qk 7_'1T]1Z1 0'7_'1772Z1 7_'2771Z2 0'7_'27’]2Z2 191P O"L92P Y
—T121 0 0 0 0 0 0
* —7—'121 0 0 0 0 0
* * —?QZQ 0 0 0 0
T, = * * * —Tolo 0 0 0
* * * * -P 0 0
* * * * * -P 0
* * * * * * —R
* * * * * * * —

hold for k = 1,2, ...,r, where Q; = (Q,]Zj)lgxlg with

~

:UOOOOOOO

[\

—_
=X
~—

—~
—_
ot

=

<0

Of ) = —PAr — AP+ aom1 X + (1 — ap)T2 X +2Y + Q1 + Q2 + Q3 + Qa + Qs + Qs,

O, =0, Qf 3 =—agY, QF, =0, Qs =—-(1 -V, Qf =0, =0,

QY g = PBy + LKy, Qf g = agPWy, Qf 19 = (1 — ag)PWy, Qf 3 =QF 1, =0,

ko ko

92,2 = —(1—aopy)Q1, Q2,3 =0,
k _ok _ok _0ok _ok _ok _ok _ok _ ok _
Q2,4*92,5*92,6*92,7*92,8*92,9*92,10*92,11*92,12*0,

Q§,3 =—(1—py)Q@s, Q§,4 = Q§,5 = Q§,6 = Q§,7 = Qg,s =0,
Q§,9 = LK, Q§,10 = Q§,11 = Q]z«‘f,m =0, 95,4 = —(Q2,

kK _ok _0ok 0ok _0ok 0ok _ok _ ok _
Q4,5—94,6—94,7—94,8—94,9—94,10—94,11—94,12—0a

ng,g) = —(1 — p)Qs, ng,ﬁ =0, ngj = Q§,8 = ng,g =0, Q]g,w = LK,
Q]56,11 = Q]g,u =0, Q]g,G = —Qs, Qéj = Qg,s = Q]g,g =0,

Q]g,lo = Qlé,n = Q]g,m =0, QI?J = —(1 — aopz)Qu,

E _ok _0ok _ok _ ok _ ko
Q7,8 = Q?,g = Q7,10 = Q7,11 = Q7,12 =0, Qs,s = —2Kj,

k _ ok _ok _ ok _ Eo_
Qg9 =18510="511 =512 =0, Qg g=—-2Ko,

k _ok _ ok _ k _ k _ Ok _
Q9,10 = Q9,11 = Q9,12 =0, Q10,10 = —2K3, Q10,11 = Q10,12 =0,
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1-— (&7))]
Qlfl,ll = _( - )Zlv Q1161,12 =0,

T1
k _ Qo
Q12,12 = —(f>Z2,
T2

m=[-A, 00 000 0 By agWe (1—ag)W 0 o]T,

=00 0000000 Wy —W, 0 0,
91 = [Hor 0 aoHix 0 (1—ag)Hiz 0 0 0 0 0 0 0],

9=[0 0 Hy 0 —Hy 0000 0 0 0],

o=+l —ag), P=P+7R +7R;.

Proof: Denoting,

y(t) = —Az(t)+ Bf(x(t) + oW f(2(t — 71(t))) + (1 — ao)W f(a(t — 72(1)))
+(alt) = ao) (WS (w(t = 11 (1) = WF(alt - 72(1)))), (17)
g(t) = Hox(t) + aoHrx(t — 71(t)) + (1 — o) Hyw(t — 72(t))
+(a(t) = ao) (Hia(t = 71(t) = Haw(t = m2(1)) ). (18)
The system (14) can be written as
dx(t) = y(t)dt + g(t)dw(t). (19)

Integrating (19) from ¢ — 71(¢) to ¢, and from ¢ — 72(t) to t, we get the following
equalities

w(t—m() = a(t)— / y(s)ds — / 9(5)du(s) (20)
t—71(t) t—71(t)
st-rat) = a0~ [ wods— [ g @)

t*‘l’g(t) t*Tg(t)

we can rewrite (14) as
do(t) = [ — Ax(t) + Bf(z(t)) + agWG(x(t — 71 (1)) 2(t — 71(1))
+(1 — ag)WG(z(t — (1)) 2(t — T2(t))

+(alt) = ao) (WS ((t = (1) = Wf(at - 2(1))) )| dt
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n [Hox(t) +agH z(t — 71(t) + (1 — ag) Hiz(t — 7o(t))
+(a(t) = ao) (Fra(t - (1))
~Ha(t - 72(75)))} dw(t), (22)

where G(a(t)) = diag(hl(wl(t)), ha(za(1)), oo hn(a:n(t))) and 0 < hy(z;(t)) =
fi(x;(t))/(z;(t)) <lj. Moreover, by substituting (20) and (21) into (22), we obtain

dz(t) = | — Az(t) + Bf(z(t)) + coWG (z(t — 71(¢)))z(2)
—aogWG(z(t — 71(1))) / y(s)ds — agWG(x(t — 71(t))) / g(8)dw(s)
t—71(t) t—71(t)

+(1 = a0)WG(x(t — 72(t))a(t) — (1 — ag)WG((t — 72(1))) / y(s)ds
t—T12o(t)

t

—(1 - ag)WG(a(t — (1)) / 9(5)du(s)

t—7a(t)
+(a(t) = ao) (WS w(t = (1) = Wt - 72(1)))) |t
+ [Erox(t) +agHya(t — m1(8) + (1 — ag)Hya(t — 7o)+
(a(t) — aq) <f_11;v(t (b)) — Hya(t — Tz(t)))} dw(t). (23)

Choose a Lyapunov-Krasovskii functional candidate as follows

t t

V(a(t),t) = 27 () Pa(t) + / 2T (8)01(s)ds + / 27 (5)Qa2(s)ds

t*()éo‘l’l(t) t—To

+ / 2”(5)Qs(s)ds + j o' (5)Qu(s)ds + / 2" (5)Qsa(s)ds

t
+ / 27 (5) Qe (s ds—|—//yT ) Z1y(a dadﬁ—l—// o) Zyy(a)dadp
t*’TQ(t)
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// a)R1g(a dadﬁ—l—// a)Rag(a)dadp. (24)

—T1t+3 —T2t+3

By Ito’s formula, we can calculate LV (x(t),t) along with (24), then we have
dV (z(t),t) = LV (z(t),t) + 227 (t) Pg(t)dw(t), (25)

where

LV (z(t),t) < QxT(t)P[ — Az(t) + Bf(z(t)) + agWG(z(t — 71(2)))x(t)

t

WG (t — (1)) / y(s)ds — aoW G (a(t — 7 (1)) / g(s)duw(s)
t—71(t) t—71(t)
(1 = a0) WG (t — m2(0))2() — (1 — o) WG (@t — 72(2))) / y(s)ds
t—T12(t)

(1= WGalt ~7a(t) [ gls)dls)
t—T2o(t)
+(a(t) — ao) (W f(at = 71(0))) = WS (a(t = 72(8)) )|
+7 (0)Pg(t) + 2" (B)Qra(t) — (1 — aop)a™ (t — aoT1(£)Qual(t — a1 (1))
+a2l (1) Qax(t) — 2T (t — 70)Qax(t — 70) + 27 ()Q32(t) — 7 (t — 7)Q32(t — 7)
+a" (1) Qux(t) — (1 — appy)a” (t — caoT2(t)Quz(t — agTa(t))
2T (0)Qsa(t) — (1 — juy)a” (¢ — 71(1)@sa(t — 71 (1)) + T (1) Qoa(t)
(1= )" (¢t — T2 (t)) Qo (t — (1)

t

020~ [ 7 Z()ds

t—T1

oy (1) Zay () — / yT () Zoy(s)ds + 7197 (D) Rig (t)

P
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— / g7 (s)R1g(s)ds + Tog™ (t)Rag(t) — / 9" (s)Rag(s)ds. (26)

=71 t—72

Define a(-), b(-) and N in Lemma 2.11 as a(a) = z(t), b(a) = y(s), N = PWG(z(t—
71(t))) and using (20), then

t

2002 (t)PW G (2(t — 71(1))) / y(s)ds

t—71(t)

S%H[m [ z(t) r [ X Y—PWG(Z:cl(t—n(t))) ] [ z(t) ]ds

< ao{?le(t)Xm(t) +2eT()[Y — PWG(2(t — 11(t)))] / y(s)ds

t

- / yT(S)Zly(s)dS}

t*‘rl(t)

< apmia? () Xz(t) + 2002t ()Y z(t) — 2002 ()Y 2 (t — 71(2))

“200aT (H)Y / g(5)dw(s) — 20087 () PW G (@ (t — 71.(8))a(t)
t—71(t)

2+ apgx? () PW f(x(t — 71(t))) + 2002 (1) PW G (2(t — T1(1))) / g(s)dw(s)

t—Tl(t)

t
+ag / yT(s)Zly(s)ds. (27)
t*‘f‘l (t)

Define a(.), b(.) and N in Lemma 2.11 as a(a) = x(t), b(a) = y(s), N = PWG(z(t—
72(t))) and using (21), then

“2(1 — ag)aT () PWG(a(t — (1)) / y(s)ds

t—72 (t)
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i ] {;EEHT{X Y—PWG(Z:BQ(t—Tz(t)))}{;((g}ds

t—72o(t)
< (1= a)TorT (1) Xx(t) + 2(1 — ap)zT (1) Yx(t) — 2(1 — ag)z ()Y z(t — 72(t))
—2(1 — a)zT ()Y / g(s)dw(s) — 2(1 — ap)zT (t)PW G (x(t — T2(t)))z(t)

t—Tz(t)

+2(1 — ag)zT (&) PW f(z(t — 72(t))) + 2(1 — a)zT (1) PWG((t — T2(t)))

x / 9(8)dw(s) + (1 — o) / y (5) Zay(s)ds. (28)
Ta(

t) t—T12(t)

Here
flat—m1(t) = Gt —71(1))x(t —71(t)), and
flat—m7a(t) = Gt —72(t))x(t — 72(t))

are used. Using (27) and (28) in (26), we have

LV (x(t),t) < =227 (t)PAx(t) + 22T (t)PBf(2(t)) + coTr2T (t) X a(t)

20zt ()Y x(t — 71(t)) — 200027 ()Y / g(s)dw(s)
t—71(t)

2000 (OPW f(a(t =11 (0) = (1 —a0) [ 4" (5)Zun(s)ds
t—71(t)
+(1 — ap) oz (1) X a(t) + 22T ()Y (t) — 2(1 — ag)a” ()Y x(t — 7o(t))
—2(1 — ap)zT ()Y / g(s)dw(s) +2(1 — ap)a™ (£) PW f(2(t — 12(t)))

t—T2 (t)
t

—ap / yT(s) Zyy(s)ds + 2(a(t) - ozo)
t—T12(t)

xa® ()P (W f(a(t = 71(1)) = Wf(alt = 72(1))))
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+47 (1) (P R+ %2R2) g(t) + 2T (1) Q1 z(2)
7(1 — Ol(),ul)LIZT(t — OloTl(t))Qle(t — Ot()’]'l(t))
+aT (1) Qo (t) — x” (t — 70)Qaz(t — 7o) + 2 (t)Q3x(t) — 2 (t — 7)Qsz(t — 7)
+27 (#)Qux(t) — (1 — apg) 2™ (t — aoT2(£)Qua(t — apT2(t)) + 27 (¢)Qsx(t)
—(1 = )" (t = 71(t)) Qs (t — T1(t))
+a" (1) Qex(t) — (1 — po)a” (t — 72(t))Qez(t — T2(t))
) (%121 + ’I_'QZQ)y(t)

t

- / 47 () Rag(s)ds — / 47 () Rag(s)ds. (20)

t*Tl(t) t*Tz(t)

For symmetric positive definite matrices R;, and Ro, it follows from Lemma 2.7
that

+< / g(S)dw(5)>TR2( / g(s)dw(s))}. (31)

t—Tg(t) t—TQ(t)

It is clear from (3) that

Filas (0) [ £y (1) = i (0)]

AN
jen)
—
(%)
N
—

Fis (b = T ) [ 55t = ma®)) = Ly = 74(0))]

IN
o

, 7=1,2,..,n(33)
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From inequalities (32) and (33), for any positive diagonal matrices K; = diag(k;1, ki2, .-, kin ),
1 =1,2,3, the following inequalities hold

0 < fzzmjfj z;(t [fj wi(8)) — Lz (t ] QZZkW)JfJ i(t —1i(t)))

=1 j=1
X[ ity (¢ = mi(8)) = Lyt = 7a(0))]

= 20T () LK1 f(2(t) — 2f" (a(t)) K1 f (2(t))

+227(t — 71 () LR f (2(t — 71(8))) — 2/ (2(t — 71(2)))

Ko f(x(t —m1(8))) + 227 (¢ — m2(8)) LK3 f (2(t — T2(1)))

=2f T (@t — m2(0) Ka f (x(t — T2(1)))- (34)
where L = diag (ll, loy ...y ln). By Remark 2.4, it is easy to know

B{2(a(t) - a0)a” ()P (W (2t — 71(8)) = W f(w(t = 7)) } =0 (35)

B{y" (1)1 Z1y(t) } = B{ | - Ax(t) + B (@(t) + aoW f(w(t = 71(1))

(1= a)W fla(t — ma(1))]

%7, [ — Az(t) + Bf(x(t) + aoW F(z(t — 71(8)) + (1 — o)W f(x(t — Tz(t)))]
+2(a(t) — ag) [ — Az(t) + Bf(z(t) + aoW F(z(t — 71.(£))) + (1 — ag)W

X f((t = 72(6)| 22 [W (ol = 71(0)) = Wt = 72(8)] + (alt) - a0)”

- _ T
<[ W f(at = @) = W a(t = m20)] 2
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B{y”(0)Zy(t) } = "0 m Zunf + ao(l — a0y Zind (1) (36)
Similarly we have,
B{y"(0)Zay(t) } = T m Zonl + ao(l - a0y Zond (1), (37)

and

B{g"(0)(P+71R1 + 72Ra)g(t) | = ¢ ({01 POT + ao(1 — a0)92P0] }C(2). (38)

8{( [ s@a) m( [ aowe)}=5{ [ o ©moGs)
=71 (8) t—71(8) =71 (f) )
E{( / g(s)dw(s))TRg( / g(s)dw(s))}:E{ / gT(s)Rgg(s)ds}.

t—7a(t) t—7a(t) t—ra(t)
(40)

Using Lemma 2.8 in (29) and substituting (29)-(31), (34) into (25) and taking
mathematical expectation on both sides of (25) then using (35)-(40), we can get

EdV (z(t),t) = B{LV (z(t),1)}

< CT(t){Q + 71 Zant + Trao(l — ao)neZins + Tany Zani
+’7’20&0(1 - OLO)’OQZQ?]g1 + 191?19{ + 050(1 - 050)1921519;

FYRYT 4 YR;lYT}g(t), (41)
where

() = [wT(t) ol (t—aori(t) @' (t—7i(t) 2 (t—70) &’ (t—7a(t))

a(t=7) & (t —aora(t)) f1(x(t) fT(a(t —1(1) [ (a(t —72(1)))

(o) ([ o)
t—r1(t) t—7a(t)

Let us define,

T =Q+7mZint +710(l — ao)naZing + Tamy Zong

+’7’20&0(1 — OLO)T]QZQT]g + 191?19{ + 050(1 — 050)1921519;
+YRTWYT +YR'YT <.
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Considering u;(0(t)) > 0 (k = 1,2,...,7) and T}, < 0 (k = 1,2,...,7) in Theorem
3.1, we have > u,(0(¢))YT; < 0. Noting that > u,(0(¢)) = 1. Where
k=1 k=1

Yi = Q + 71 Zin; + Troao(l — ao)na Zins + Tamy Zong

+7’2040(1 — 040)772Z277§ + ’tglp’ﬁ{
+ap(l — ag)d P93 + YRI'YT +YR'YT <0,

Qk, M1, Mg, Y1, and Y2 are defined as in Theorem 3.1. By Schur complement, we
know that Y, < 0 is equivalent to (16). Let A = min{Anin(—Y%)}, then by the
generalized Ito’s formula [13], we have

EV(x(t),t) — EV(x(0),0) = E/O LV (x(s),s)ds < f)\]E/O |lz(s)||%ds.
Moreover,
]E/O 2(s)|2ds < %EV(x(O),O), £>0.

which indicates that system (14) is globally asymptotically stable in the mean
square. This completes the proof.

In the following part, we extend the above result to uncertain fuzzy stochastic
Hopfield neural network (UFSHNN) (12) and obtain the stability criteria as the
following theorem by means of the feasibility of LMIs.

Theorem 3.2  For given scalars 71, T2, fq, Ho, and 0 < ap < 1 satisfying
appy < 1, the UFSHNN (12) is globally robustly asymptotically stable in the
mean square, if there exist symmetric positive definite matrices P > 0, @Q; > 0
(1=1,2,3,4,5,6), Ry > 0, Ry > 0, Z; > 0, and Z > 0, for any matrices X and
Y, positive diagonal matrices K; > 0, Ko > 0, K3 > 0 and positive scalars ¢; > 0
(j =1,...,7), such that the following LMIs

[X Z]EO and [X 2]20 (42)
[ Y, Iy 7y 73 7Ty 705 T r;
—el 0 0 0 0 0 0
* —T1€2 0 0 0 0 0
* * —T1€3 0 0 0 0
* * * —To€4 0 0 0 <0 (43)
* * * * —To€5 0 0
* * * * * —egl 0
* * * * * * —e7l
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hold for k = 1,2, ...,7, where T; and o are defined as in Theorem 3.1, with
Q]f,1 =—PAy — AP+ aoT1 X+ (1 —ap)TeX +2Y + Q1 + Q2+ Q3 + Qs + Q5 + Qs

+(e1 + 7162 + Toea) (BT (ER) + es(E{) T (B[°), 0 , = 0,

Of 5 = —aoY + ages(B)T(E[), QF , =0,
OF 5 = —(1— ag)Y + (1 — ag)es(E[) " (EL), Qf =0,

Qf . =0, O g = PBy, + LK1 — (€1 + T1e2 + T2ea) (Ef) T (EP),

O g = agPWy, — ag(e1 + 7162 + T2ea) (BT (EY),
Q]f,lo =(1—-ay)PW,—(1- CV(J)(fl +Tie2 + 7_—264)(E;€4)T(EZV)’ Q]f’ll =0

O 15 =0, Q55 = —(1— aopy) Qu,
95,3 = 95,4 = 95,5 = QIQC,G = Q]26,7 = Qg,s = Q’zc,g = Qg,lo =0,
Q126,11 = Q]26,12 =0, Q}g,?) =—(1—py)Qs + 04356(E151)T(E51) + 0257(E1?1)T(E51)’
05, =0, Q55 = e (BT (B + o’er (BT (B,

E _ 0ok _ 0ok _ ko ko k. _ 0ok _
Q3,6 - Q3,7 - Q3,8 =0, Q3,9 - LKQ, Q3,10 =0, Q3,11 - Q3,12 =0,

Eo_ k _ok —_0ok —_0ok —_0ok _0ok _ok _ ok _
Q4,4**@27 Q4,5*94,6*94,7*94,8*94,9*94,10*94,11*94,12*@

V5 = —(1— 1) Qs + (1 — o)’ (BT (E) + o er (BT (B,
ng,ﬁ = 91577 = ng,s = ng,g =0, Q156,10 = LK, ng,n = Q]56,12 =0,

ko E ok —ok —ok ok _ ok _
QG,ﬁ - *Qs, Q6,7 - Qﬁ,s - Q6,9 - Q6,10 - Q6,11 = Q6,12 =0,
ko E ok —ok ok _ ok _

Q77 =—(1—aopg)Qu, W g=0Q79=07 0=, =9 1,=0,

ng,s = 2K, + (61 + T1€0 + 7’264)<E,€B)T(E,€B),
o = anler + Trea + Taea) ()T (B,

OF 10 = (1 — o) (e1 + Trea + Taea) (EF)(BY), Q811 = Q%10 =0,
Qg’g = -2K5 + 04(2) (61 + T1€2 + ?264) (EZV)T<EZV) + 0‘2 (7‘163 + 7’265)(EE/)T(E]ZV>,

QIQC,IO = 0’2 (61 + 7_'162 + 7_'264)(E}€/V)T(E}C/V) — 0'2 (7_'163 =+ 7_'265) X (EIIC/V)T(E}:V),
Qg,n = Q15,12 =0, Q’fo,m =—2K3+ (1 - 0‘0)2(61 +Ti€2 + %254)(EIZV)T(EIZV)

+o? (Tres + ?265)(EZV)T(EZV% Q]fo,n = Qlfo,u =0,
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1—040

Qo
Q]fl,ll = _( — )Zla Qlfl,lQ = 07 QIf2,12 = _(f)ZQ.
T1 T

Proof Replace Ag, By, Wi, Hor and Hig in LMI (16) with Ay + GF(t)Efé,
By +GF(t)ER, Wy+GF(t)EY , Hop+GF(t)EE and Hy,+GF(t) EE* respectively,
we find that (16) for UFSHNN (12) is equivalent to the following condition

Y, + T FOIL, + Ty FT(OTT 4+ 7 Dy F(O)IT], 4 7100 FT (6T

+7 D3 F(OTL, 4+ 71 Mo FT (4T3 + 75Ty F(t)7,,
+ 79I, FT ()T + 7oTs F()T0L,, + 7ollop FT ()T +

Do F ()15, + Hap FT ()T + T7 F(O)S, + My FT(H)TT < 0, (44)

where,

T
rlz[GTPO000000000000000000},
I=[000000000000GT2 000000 0
I's=[0000000000000GT2 00000 0

I,=[00000000000000G 2 0000 0

000000000000000GTZ, 000 0
P6:[0000000000000000GTP000]T,
P7:[00000000000000000GTPOO]T,

Hlkz[—E;;‘OOOOOOE,? aoEY (1—ozo)E,ZVoooooooooor,

H2k=[000000000E,ZV —aE,ZVoooooooooor,

Hgkz{—E,fOanE,fl0(1—a0)E,flooooooooooooooor,

H4k:[000E£{1OaE,flOOOOOOOOOOOOOOO}T.

From Lemma 2.10, (44) holds for all F7(¢)F(t) < I if and only if there exist scalars
g;>0(j=1,2,..,7), such that

T + 51’11“11“{ + €1H1kH{k + 77'162711—‘21—‘5 + %IEQHIkH{k + ?15;1F3Fg

+7’163H2kﬂg]€ + 77'25211—‘4F?; + 7’264H1knfk + 7’285_1F5Fg + 77'2551—12161—13}g
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+eg 'TeT'E + e6llsp 2, + e7 'T7TT + 711y, 11, < 0. (45)

By Schur complement, the Eq. (45) is equivalent to the LMI (43). Then, by
Theorem 3.1, the system (12) is globally robustly asymptotically stable in the mean
square. This completes the proof.

Remark 3.3 In [22], the authors dealt with the problem of delay-dependent
robust stability for uncertain stochastic fuzzy Hopfield neural networks with time-
varying delays. However, the probability distribution delay was not taken into
account in this model. In our paper, we study delay-dependent robust stability
analysis for uncertain fuzzy stochastic Hopfield neural networks with random time-
varying delays. Thus, the results in this paper are lead to an improvement over the
existing ones [|22].

Remark 3.4 In the case of k = 1, the system (12) is reduced to same as in [18]
and the stability criteria for the corresponding reduced system can be obtained by
using Theorem 3.1. Moreover, the traditional assumption such as boundedness,
monotonicity or differentiability on the neuron activation functions [22] have been
removed in this paper.

4. NUMERICAL EXAMPLES

In this section, we will give two examples showing the effectiveness of established
theoretical results.
Example 1  Consider the SNNs (14) without uncertain parameters defined as

30

0.6 —0.4 0.3 04
A=105 ’Bl_{0.5 0.4 } Wl_[o.z —0.5]’

The activation function f(z(t)) = tanh(x(t)), the time-varying delays are chosen
as 71 = 0.4 and 7o = 1. The derivative of time-varying delays 71(t) < p; = 0.9,
To(t) < py = 0.9, ap = 0.2, and using the Matlab LMI toolbox to solve the LMI in
Theorem 3.1, we obtained the following matrices

p _ [ 3274076 24.6582 0 - 29.1065 2.8428
- 24.6582 186.7410 |’ ' T | 2.8428 78.8062 |’
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0, — | 283027 25709 ] [ 283027 25709
27 | 25709 732516 |0 3T | 25709 732516 |°

0s = [ 29.1065 2.8428 Qs — | 1241846 7.8651
7 | 28428 788062 |’ Y | 7.8651 200.4389 |’
Qs = [ 361.9906  25.6513 | [ 53.0635 4.5276
O = | 25.6513 445.1012 |* 7' T | 45276 19.6996 |’
5 _ [ 344196 32734 ] [ 486955 158265
7 | 32734 102579 |* 7' | 15.8265 45.5044 |
_ [ 27.2106 10.5027 e 0.0003  2.3024
Ry = | 10.5027  24.3706 ] X=10"x [ —2.3023  0.0007 } ’
y _ [99647 03887 | [ 139.1778 0
~ | 64928 —22659 | ' 0 139.1778 |’
[ 13.2926 0 33.5343 0
Ky = 0 13.2926 ] » K = { 0 33.5343 } '

Therefore, it follows from Theorem 3.1, that the SNNs without uncertain parame-
ters (14) is globally asymptotically stable in the mean square. The response of the
state dynamics for the SNNs without uncertain parameters (14) which converges
to zero asymptotically in the mean square are shown in Figures 1 and 2.
Example 2  Consider the SNNs (12) with uncertain parameters defined as

30 05 —0.7 04 03
Al_{o 4}’31_{0.3 0.6 }’Wl_[o.zl —0.5]’

0.5 0.7 02 0 30
Hm_[m 0.6}’H11_[0 0.1]’A2_[0 5}’
—04 0.6 02 0.3 0.7 0.5
BZ:{ : }’WZZ[. }’H‘)?:[o.(fs 0.5}’

02 0 10 02 0
Hm_[o 0.1]’L_[0 1]’0_{0 0.3}’

Ef=E)=EP =EP = E)V = EY = pfo = gfo = " = El" = 0.2I.

The activation function f(z(t)) = tanh(z(t)), the time-varying delays are chosen
as 71 = 0.2, 79 = 1.2, The derivative of time-varying delays 71(t) < p; = 0.8,
To(t) < py = 0.8, ap = 0.1 and using the Matlab LMI toolbox to solve the LMI in
Theorem 3.2, we obtained the following matrices

P _ 518.3570  41.1464 0, = 19.7588  —25.7369
B 41.1464 291.9800 |’ '~ | —25.7369 50.5741 |’
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Qy — | 194515 252105 [ 194515 252105
> 7 | —25.2105  49.6365 |’ Y7 | —25.2105 49.6365 |’
0s = [ 13.4952  —17.7217 Qs — | 1241216 —9.4733
Y7 | —1rT217 o 347562 |0 0 T | —9.4733  95.1319 |°

Qs = [970.4180 52.1610 g _ 58.4896  —27.6329
6 = | 52.1610 539.2814 |’ L7 —27.6329 382542 |7

Z, — 21.3870 —12.1165 } Ry —

70.7114  —67.4364
| —12.1165  12.1744 ’

—67.4364 83.8331

R, - | 340450 347188 [ 19.1175  —23.9969
7 | -34.7188 401826 |’ T [ —23.9969 47.1209 |’
vy _ [ 62330 -27589] [ 345.0867 0

~ | —2.7589 36739 |1 T 0 345.0867 |
[ 13.8953 0 111.8889 0

K: = 0 13.8953 ] Ks = { 0 111.8889 } ’
€1 = 2481167, € =167.8423, €3 =492.0111, 4 = 34.7926,
€5 = 150.2244, € =279.6797, €7 = 97.3928.

Therefore, it follows from Theorem 3.2, that the UFSHNN (12) is globally robustly
asymptotically stable in the mean square. The response of the state dynamics for
the UFSHNN (12) which converges to zero asymptotically in the mean square are
shown in Figures 3 and 4.

5. CONCLUSION

The delay-dependent robust stability analysis for fuzzy stochastic Hopfield neural
networks with random time-varying delays has been investigated. By using the
combination of Lyapunov stability theory and stochastic analysis approach, some
delay-dependent criteria have been derived to guarantee that the global robust
asymptotic stability of the system in the mean square. This criteria can be checked
easily by the LMI control toolbox in Matlab. Finally, numerical examples have
been provided to illustrate the advantages and usefulness of the proposed results.
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