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1. INTRODUCTION

ABSTRACT

Kinematic dimensional synthesis is one of the essential steps during the process of design. It
is classified into three tasks: function generation, path generation, and motion generation. In
this paper, a design method is presented to solve the synthesis of the slider-crank mechanism
for function generation based on a closed-form solution with five design parameters. The
success criterion of a method used for function generation depends on the structural error
function within an operational domain of the slider-crank mechanism. The structural error
reduction is related to the number of design parameters utilized in mechanism synthesis, and
the effective maximum number of design parameters for the slider-crank mechanism is five.
In this study, the closed-form synthesis is found using three methods: precision point method,
sub-domain method, and galerkin method. The system of equations is reduced to a twelfth-
degree univariate polynomial equation, and thus all the available solutions are obtained. The
effectiveness of this design method is tested with some examples of commonly used test
functions, namely e¥, sin(x), tan(x) and In(x), using a developed computer program. This
design method gives lower structural error than traditional methods in kinematics literature.

express the desired function. Therefore, the structural
error function which is the difference between the

In kinematic synthesis, the shape and size of
mechanical elements are determined to develop a flow of
power through the system between the input and the
output links, according to the desired performance
(McCarthy and Joskowicz 2009; Soylemez 1985). The
motion equation of the output link is to be a function of
the input link's motion or a function of time, and it is
formed from nonlinear algebraic and/or high order
equations (Dhingra et al. 2000a; Wampler et al. 1990;
Wampler et al. 1992; Almadi et al. 1996; Dhingra et al.
2001a; Dhingra et al. 2000b; Dhingra et al. 2001b; Akg¢ali
1984). These mathematical relationships between the
input and output links are so complex; hence, graphical
approaches are commonly utilized in solving such
problems  (Shigley 1961). However, graphical
approaches are time-consuming and lack accuracy.

With the evolution of computers, many analytical
methods have been developed, and they approximately

desired function and the function produced by a
mechanism is taken into account and minimized using
mathematical approaches depending on iteration such as
the precision point method (Ak¢ali and Dittrich 1989),
sub-domain method (Dhingra et al. 2000a), galerkin
method (Hartenberg and Denavit 1964) and the least-
squares method (Nolle 1997; Singh et al. 2005). Here, the
most important factor in minimizing the structural error
is the excess number of unknown parameters of a
mechanism.

However, since the aforementioned methods are
based on iteration, the excess number of unknown
parameters causes great difficulties, and thus the
solution may be impossible. For instance, in the solution
of the precision point method of synthesis applied to nine
positions in reference (Almadi et al. 1995), the Newton-
Raphson technique was used in a solution strategy called
‘Bootstrap.” And, due to the complexity of the equation,
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the drawing for each initial value does not exist. Even if a
solution exists, different results are obtained from
different initial values.

For kinematic synthesis problems, the precision point
method and the least-squares method are extensively
used to minimize the structural error (Singh et al. 2005;
Tinubu and Gupta 1984). In this way, the structural error
is zero at the given precision points while, at the mean
values, it is small as possible. When the number of
precision points increases, the structural error decreases
at the mean values. The number of points that can be
selected depends on the number of kinematic
dimensions of the active mechanism in the design.
However, when the number of parameters used in the
design increases, it becomes difficult to obtain a closed-
form solution. And if the number of unknown parameters
exceeds five, the direct application of closed-form
solutions to mechanism designs will probably lead to
undesirable results (Akcal1 1984; Ozkul and Mutlu 2018).

In this study, given five design parameters as a
maximum, the design of the slider-crank mechanism for
function generation with minimum error has been
presented. The system of equations has been reduced to
a twelfth-degree univariate polynomial equation, and in
this way, all the possible solutions have been obtained.
Because three methods (precision point method, sub-
domain method, and galerkin method) are used in the
solution, the designer has been provided with alternative
solutions. Additionally, the effectiveness of the presented
mathematical model is tested on some commonly used
test functions by using a developed computer program.
Accordingly, we found that our design method gives
lower structural error than traditional methods in
kinematics literature.

2. FUNCTION-GENERATING SLIDER-CRANK
MECHANISM

For creating a required function using the sliding-
crank mechanism, first, Fig. 1, which shows the
mechanism's design parameters, is given. Here, x, is the
crank length, x, is the connecting rod length, and x5 is the
vertical distance (AO;).y,is the angle when the crank
starts rotating and s, is the distance (AC), vertical on the
AO; line, at the starting position when the angle
occurs. While designing a function-generating slider-
crank mechanism, two different functional relationships
can be considered. The first functional relationship is
between the crank rotation angle (y) and the linear
horizontal displacement of the piston (s). The second
functional relationship is between the crank rotation
angle (y) and the angle of the connecting rod with the
horizontal line (§).

If the wy-s functional relation is taken into
consideration, the vector expression written from the
closed-loop AO;BC in Fig. 1 is squared and added side by
side, and the angle of the connecting rod with the
horizontal line (§) is eliminated, the following motion
equation, Eq. (1), is generated.

x? — 2sx,Cosy + 2x,X5SinP + x4 +s2 —x5 =0 (1)
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Figure 1. The design parameters of a function-
generating slider-crank mechanism

Also, the following linear relations of the slider-crank
mechanism, the angle (1) with the independent variable
(x) of the desired function and the piston displacement
(s) with the function’s dependent variable (y), can be
established as in expressions (2) and (3), respectively.

Y =1+’
Y =R (x — xp) (2)
Ay

= I

s=5y+s’
s"=Ry(y —¥0) (3)

Here, the operational domains of the crank link and
piston, determined by the designer, are(4y =y, —
Yo)and(4s = s, — sy), respectively. Also, the change
amounts of the independent variable and dependent
variable of the generated function are (4x = x,, — x;)
and(4y = y, — ¥o), respectively. IfEq. (2) and Eq. (3) are
written in Eq. (1), the motion equation can be obtained in
the shape of G(sg, ¥, X1, X2, X3,%,¥) = 0 as shown in Eq.

(4).

25'sy + "% + Z3(sinpycosy’ + cospysiny’)
+ Z,(—sycosypycosy’
+ spsiny,siny’ (4)
— s'cosy, cosy’
+ s'sinpgsiny’) +Z, =0

where,

Zy =2x;

Zy = x12 + x32 + 502 — x,°
Z3 = 2X1x3

For solving the unknown parameters
(S0, Yo, X1, X3, x3) in Eq. (4), a nonlinear equation with
five unknowns is obtained as shown in Eq. (5).
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(aiso + 9i) + Z3(¢;Sing + b;Cosyhy)
+ Z1(—cisoCosypy + b;sySiny,, (5)
—d;Cosyy + e;Siny, + fiZ,
=0i=1,234,5

The coefficients (a; b; c; d; e; fi, gi) in Eq.(5) can be
solved using the three methods: precision point method,

sub-domain method, and galerkin method.

Precision Point Method:

a; = 2s;
bi = Slnlp{
¢; = Cosy;
d; = s'Cosy;
e; = s5;Sinyy (6)
fi=1
12
gi =S
i=12345
Sub-domain Method:
a; = Zf;ii_ls’dx
b; = f;i_lSimp’dx
c; = f;’_l Cosy'dx
d; = f;‘ii_ls’Cosw’dx Vi =1,2,3,4,5 (7)
e = f;‘ 1S’Sim/)’dx
-
fi=J; dx
9i = f,i.i_ls'zdx
Galerkin Method:

a; =2 f;:"s’wi(x)dx
b; = f;}" Sinp'w;(x)dx
c; = f;}” Cosy'w; (x)dx
d; = f;;"s’Coszp’Wi(x)dx Vi =1,2,3,45 (8)
e = f;"s’Sim/)’wi(x)dx
fi = [ wix)dx

g = [ s wi(x)dx

To achieve the closed-form solution, if Z,, Z; and
Z,are eliminated from Eq. (5) and the equation is
rearranged, two nonlinear equations depending on the
unknown parameters tan({y,) and syare obtained, as in

Eq. (9).

ApieS§ + (bpi + Cpi €08 2P + dypy Sin 215,

+ epi + fpr cos 2, )
+ gpk Sin21Py) =0
k=12

The computable coefficients in Eq. (9) are given
below in Appendix A in Egs. (10-16). If the term (so) is
removed using the intersection function mentioned in

(Akcali et al. 2006), the 12th-degree univariate
polynomial equation dependent on t can be obtained as
in Eq. (17).

wo + wit + wot? + watd + wyt + wet®
+ W6t6 - W5t7 + W4t8 - W3t9 (17)
+ Wztlo - Wltll + Wotlz = 0

where, t = tan % (18)

The coefficients of Eq. (17) are given also in Appendix
Ain Egs. (19-25). As a result of finding all the roots of Eq.
(17), a set of 12 solutions (real or complex) for the y

angle is found as given in Eq. (26).
Yoi =2 arctan t; i=12....,12 (26)

For calculating the other kinematic quantities (so, x1,
x2, x3) of the function-generating slider-crank
mechanism, firstly, if the term so? is removed from Egq.
(9), so will be found as in Eq. (27).

aplepz - apzepl +
(ap1fpz — Apafp1) €OS 21g; +
_ (aplng - angpl) sin 2y,

S . =
ot aplbpz - apszl +
(aplcp2 — apchl) cos 2y; +
(ap1dp2 - apdel) sin 2y,
i=1,....,12 (27)

And, for calculating the other three dimensional
parameters (x1, x2 and x3), the following path in Egs. (28-
33) is followed.

2cos o (—difa91 + d2fx g1 + dif192 —
d1figz — d2f19x + d1fogi) +

2sinvo; (exfo91 — €2fx91 — exfrgz +
e1fx9z2 + e2f19k — e1fa9x) +

So(2sing; (aresfi — azerfi — axes fr +
aerf; + azeify — aexfi +

brf291 — b2frgr — befigz + b1fegz +
byfigx — bifogx) +

2cos o (—agdyfi + azdy fi + ardyfy —
aydi fr — azds fi + a1da fi —

cef291 + C2figr + ckfrgz — c1fi g2 —
C2f19k + ¢1f29%)) +

s§(2sino; (axbofy — azbyfi — agbs f; +
arbif, + azb, fi — a1by fi) +

2 cos o (—axcafi + azerfi + agerfz —
A6 fy — axCifi + aiCafi)) +

—byd,fy + bydi fi + creafi — coerfi +
brdif; — bidyf; — cresfo +

crefz — bady fi + bidy fi + ceq fi — crexfi +
sin2yoi(—crdafi + c2difi + bresfy —

byeyfi + cxdrfz — c1difo — breifo +

biexfo — c2dyfi + ¢1da fi + boey fy — biez fi) +
cos 2o (—bydyfy + badifi — creafi +

czerf1 + bdy fo — bydyfr + creifo —

crerfz — badyfie + bidy fi — c2ea fi + cre2fi) +
250;(=bycofy + bocifi + byeyf, —

bickfz — bacifi + bicofi)

(28)
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f19k—fr91+sei(akfi—a1fr)+
Z3jcos Poi(brfi—bifr)+

_ _ \Zzisingi(ckfr—c1fi)
2y = (cos Poi(soi(c1fr—Crfi)+) (29)
{dlfk—dkfl)‘* }
sinoi(soi(brfi—b1fK)+
exfi—eifk)
i=1,..,12
k=1234,5 (30)
o
x1i=% i=12....,12 (31)
Xay = Zai 1,2,...,12 (32)
¢ lei

Xy = \/xlzi +xZ +sE—Zy i=1,2,..,12  (33)

The structural error (e) is given in Eq. (34) to
determine the accuracy of the actual solutions (x1j, X2j, X3;,
soj, Woj), j=1, 2, ..., 12, in the solution set.

€ = Sth — Sac (34)

where sw is the theoretical piston displacement
calculated in Eq. (3), and sac represents the actual piston
displacement calculated from Eq. (35) below. Finally only
one solution from Eq. (35) will correspond to the desired
function.

2x;y cos(Po +P')
(2x1 cos(Po + ")) —
(xlz +x— x5+ ) (35)
2x1%3 sin(Yy + )

Sac+ =
acxt 2

The compatibility of the designed slider-crank
mechanism to the desired function is determined by the
distribution of the structural error function in Eq. (34).

3. NUMERICAL EXAMPLES

The above-mentioned design approaches were
employed using a developed computer program for
generating commonly used functions such as e*, sin(x),
tan(x), and In(x) by the slider-crank mechanism. Taking
into consideration the structural error values of the real
solutions from among the various solutions obtained as
well as the compatibility of the aspect ratios with
manufacturing, the structural error functions of the three
approaches are presented. Here, four examples of test
functions generated by the slider-crank mechanism are
given.

3.1. Example A

In this example, the desired function is y=ex over
0<x<1. The design results of the slider-crank mechanism
that produces this function while the input link rotates
AP =90° and the output link moves 4s = —1.0
(dimensionless, as a scale) have been obtained according
to the three different methods as shown in Table 1.

Table 1. The design results for y=e* over 0<x<1 using
three methods
Precision Point Method
Precision points

xpi, (i=1, .., 5) = 0.0, 0.2,

0.5,0.8,1.0
Mechanism dimensions x1=-1.241043
x2=2.123150
x3=-0.814295
Po=150.324°
so=-0.492244
Maximum absolute error  0.00027071

Sub-domain Method
Sub-domains

xsi, (i=1, .., 6) = 0.0, 0.2,
0.4, 0.6, 0.8, 1.0

Mechanism dimensions x1=-1.223522
x2=2.119717
x3=-0.820609
Po=150.6590°
so=-0.506569

Maximum absolute error  -0.00069492

Galerkin Method

Weighting functions wi, (i=1, ..., 5)=1, x, X2, x3,
X4

Mechanism dimensions x1=-1.240452
x2=2.137685
x3=-0.824552
Po=149.7941°
so=-0.499602

Maximum absolute error  -0.00037269

The structural error distribution for this example is
shown in Fig. (2).

0.0006
0.0004

0.0002
Errorg

-0.0002

-0.0004
-0.0006 A

-0.0008 -

—#— Sub-domain —#®— Galerkin —&— Precision Point
Figure 2. Structural error curve for e*
3.2. Example B

The desired function of this example is y=sin(x) over
0° < x < 90°The design results of the slider-crank
mechanism that produces this function while the input
link rotatesAy = 80° and the output link moves As =
—1.0 have been obtained according to the three different
methods as shown in Table 2.

The structural error distribution for this example is as
shown in Fig. (3).
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Table 2. The design results for y=sin(x) over 0° < x <
90° using three methods

Precision Point Method

Precision points xpi, (i=1, .., 5) = 0.000,
0.436,0.873,1.309,1.571
x1=-1.086305
x2=7.310604
x3=0.917419
Po=-73.7607°
so=-7.346641
-0.00014533

Mechanism dimensions

Maximum absolute error

Sub-domain Method

Sub-domains xsi, (i=1, .., 6) = 0.000,
0.349, 0.698, 1.047,
1.396,1.571
x1=-1.088700
x2=7.504273
x3=0.941629

Wo= -73.7607°
so=-7.541173
0.00025793

Mechanism dimensions

Maximum absolute error

Galerkin Method

Weighting functions wi, (i=1, .., 5) =1, x, X2, %3,
X4—

x1=-1.077320
x2=7.185135
x3=1.089057
Yo=-72.5057°
so=-7.190281
-0.00010383

Mechanism dimensions

Maximum absolute error

Table 3. The design results for y = tan(x) over 0° < x <

45° using three methods
Precision Point Method
Precision points

xpi, (i=1, .., 5) = 0.000,
0.175, 0.349, 0.524, 0.785
xi=3.002218

x2= 2.470431

x3= -0.531810
Po=92.8363°
so=-0.013371
-0.00011431

Mechanism dimensions

Maximum absolute error
Sub-domain Method
Sub-domains

xs, (i=1, .., 6) = 0.000,
0.175, 0.349, 0.524,
0.698, 0.785

x1= 3.458880

x2= 2.928213

x3= -0.530865

Yo= 94.2682°
s0=-0.019198
-0.00102642

Mechanism dimensions

Maximum absolute error
Galerkin Method
Weighting functions

wi, (i=1, ..., 5) =1, x, X2, X3,
x4

x1=3.278928
X2=2.747495
x3=-0.531536
Po=93.7131°
so=-0.017070
-0.00053734

Mechanism dimensions

Maximum absolute error

0.0002
0.00015 "
0.0001
0.00005 :
Error0 &
-0.00005
-0.0001
-0.00015
-0.0002
-0.00025

-0.0003
—#— Sub-domain —®— Galerkin —&— Precision Point

Figure 3. Structural error curve for sin(x)
3.3. Example C

In this example, the desired function is y=tan(x) over
0° < x < 45°The design results of the slider-crank
mechanism that produces this function while the input
link rotates Ay = 80" and the output link moves 4s =
—0.5 have been obtained according to the three different
methods as shown below in Table 3.

The structural error distribution for this example is as
shown in Fig. (4).

0.0002
Error o
-0.0002
-0.0004
-0.0006
-0.0008

-0.001

-0.0012

—#— Sub-domain —8— Galerkin —#&— Precision Point

Figure 4. Structural error curve for tan(x)

3.4. Example D

Finally, in this example, the desired function is y=In(x)
over 1sx<2. The design results of the slider-crank
mechanism that produces this function while the input
link rotates Ay = 90° and the output link moves 4s =
—0.1 have been obtained according to the following three
different methods shown in Table 4.

The structural error distribution for this example is as
shown in Fig. (5).
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Table 4. The design results for y=In(x) over 1< x <2 using
three methods
Precision Point Method
Precision points

xpi, (i=1, ..., 5) = 1.00, 1.20,

1.50, 1.80, 2.00

Mechanism dimensions x1=1.505762
x2= 2.608397
x3=-1.094561
Po=151.2138°
so=1.262414

Maximum absolute error  0.00025632

Sub-domain Method

Sub-domains xsi, (i=1, .., 6) = 1.00,
1.200, 1.40, 1.60, 1.80,
2.00

Mechanism dimensions x1=1.475092
x2=2.590246
x3=-1.105152
Po=151.1454°
so=1.268790

Maximum absolute error -0.00080016

Galerkin Method

Weighting functions w;, (i=1, ..., 5) =1, x, x2, X3,
X4

Mechanism dimensions x1=1.507783
Xx2=2.620459
x3=-1.103462
P0=151.8690°
s0=1.261505

Maximum absolute error  -0.00055926

0.0006
0.0004
0.0002
Erroro
-0.0002
-0.0004

-0.0006

-0.0008

-0.001 -

—#— Sub-domain —®— Galerkin —&— Precision Point
Figure 5. Structural error curve for In(x)

4. DISCUSSION AND CONCLUSION

During the examination of the abovementioned
examples, the achieved maximum values in the structural
error distributions of the three methods (precision point
method, sub-domain method, and galerkin method) are
compared with the results discussed in kinematics
literature as given in Appendix B. Accordingly, our
results demonstrated in this paper were found to be
much better.

The structural error distributions of the three
methods are given as shown in Figs. (2-5) and,
accordingly, it can be said that there is no clear

superiority of one method over the others. However, in
the sub-domain and the precision point methods, the
structural error distribution is greatly influenced by the
arbitrarily selected sub-domains and precision points,
whereas in the galerkin method, the error distribution is
not affected by the weighting functions selected
arbitrarily. In this case, the galerkin method has
superiority over the other two methods. Finally, the
design algorithm discussed in this study can be applied
to different types of mechanisms and also for path and
motion synthesis, as well.
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APPENDIX A. Computed
abovementioned equations

coefficients of the

api= 2akbscafi- 2asbkcafi- 2akbacsfi+ 2azbkesfi+ 2asbackfi-
2azbsckfi- 2axbscif:+ 2asbrcif:+  2axkbicsfz-  2aibicesfe-
2asbickf2+ 2aibsckfz+ 2arbzcifs- 2azbrcifs- 2axkbicefz+
2aibkcafs+ 2azbickfs- 2aibackfs- 2asbzcifi+  2azbszcifit
2asbicafi- 2a1bscafi- 2azbicsfi+ 2a1bacsfic

i=1,2 k=i+1 (10)

bpi =akbsdzfi- asbkdzfi- akbadsfi+ azbrdsfi+ asbadkfi-
azbsdifi- akcsexfi+ asckezfi+ axczesfi- axckesfi- asczexfi+
azcsexfi- akbsdif2+ asbrdifz+ akbidsfz- aibrdsfz- asbidkfa+
aibsdifz+ axcseifz- asckeifz- axciesfz+ aickesfz+ asciexfz-
aicsexfz+ akbadifs- azbrdifs- akbidzf3+ aibrd2f3+ azbidxfs-
aibadifs- akczeifs+ azckeifs+ axciexfs- aickexfs- azciexfs+
aiczexfs- asbadifi+ azbsdifk+ asbidefk- aibsdafi- azbidsfk+
aibadsfi+ asczeifk- azcseifi- asciexfi+ aicsexfk+ azciesfi-
aiczesfk- 2bkesfogi+ 2bsckfogi+ 2bkcafzgi-  2backfzgi-
2bscafikgi+ 2bacsfikgi+ 2biesfige- 2bsckfigz- Zbkcifzge+
2bickfsga+ 2bscifigz- 2bicsfugz- 2bkcafigs+ Zbacifigs+
2bkcifags-  2bickfags- 2bacifugs+ 2bicafkgs+ 2Zbscafigk-
2bzcsfigk- 2bscifagi+ 2bicsfagit 2bacifsgk- 2bicafsgk

i=1,2 k=i+l (11)

cpi=akbsdafi- asbkdofi- axkbadsfi+  azbkdsfi+  asbadkfi-
azbsdifi+ axcsezf1- asckezfi- axcaesfi+ azckesfi+ ascaexfi-
azcsexfi- akbsdif2+ asbrdifz+ akbidsfz- aibrdsfz- asbidkf2+
aibsdkfz- akcseif:+ asckeif2+ axciesfz- aickesfz- asciexfa+
aicsexf2+ akbadifs- azbkdifs- akbidafz+ aibrdafs+ azbidkfs-
aibadkfz+ akczeifs- azckeifs- akciexf3+ aickeafz+ azciexfs-
aiczexfs- asbadifi+ azbsdifi+ asbidefk- aibsdafi- azbidsfk+
aibadsfk- asczeifk+ azcseifi+ asciexfk- aicsexfk- azciesfu+
aiczesfk

i=1,2 k=i+l (12)

dpi =akcsdofi- asckdzfi- akcedsfi+  azckdsfi+  ascadkfi-
azcadifi- akbzexfi+ asbrexf1+ axbzesfi- azbresfi- asbzexfi+
azbsexfi- akcadifz+ asckdif2+ akcidsfz- aickdsfz- ascidifz+
aicadifz+ axbseifz- asbreifz- axbiesfz+ aibresfz+ asbiexfe-
aibsexf2+ akcadifs- azckdifs- axcidofz+ aickdzf3+ azcidfs-
aiczdif3- axbzeifs+ azbreifs+ axbiexfs- aibrexfs- azbiexfs+
aibzexfs- aszcadifi+ azcsdifi+ ascidefi- aicsdofi- azcidsfi+
aic2dsfi+ asbzeifi- azbseifk- asbiexfk+ aibsexfk+ azbiesfi-
aibzesfi

i=1,2 k=i+l (13)

epi =-bkdsf2g1+ bsdkf2gi+ ckesfagi- csexfagi+ bidafsgi-
badkfzgi- ckeafzgi+ czexfzgi- badafkgi+ badsfkgi+ cseafkgi-
czesfkgi+ brdsfigz- badifigz- ckesfige+ csexfigz- brdifzge+
bidkfzga+ ckeifsgz- ciexfsga+ bsdifkgz- bidsfigz- cseifkga+
ciesfkgz- brdafigs+ badifigs+ ckeafigs- czexfigs+ brdifags-
bidkf2gs- ckeifzgs+ ciexfzgs- badifkgs+ bidafkgs+ caeifigs-
cie2fkgs+ bsdafigk- badsfigk- cseafige+ czesfigk- bsdifagi+
bidsfagk+ cseifzgk- ciesfagr+ badifsgk- bidafzgk- caeirfsgi+
cieaf3gk

i=1,2 k=i+1 (14

foi=-brdsf2g1+ bsdifzg1- ckesfzgi+  csexfagi+  brdafsgi-
badkfsgi+ ckeafsgi- caexfsgi- badafkgi+ badsfkgi- cseafkgi+
czesfkgi+ brdsfigz- bsdifigz+ ckesfiga- csexfigz- brdifsgz+
bidkf3gz- ckeifsgz+ ciexfsga+ bsdifkgz- bidsfigz+ cseifige-

ciesfkgz- brdafigs+ badkfigs- ckez2figs+ czexfigs+ birdifags-
bidkf2gs+ ckeifzgs- ciexfzgs- badifikgs+ bidafigs- caeifigs+
ciezfkgs+ bsdafigk- badsfigk+ cseafigk- c2esfigk- badifagk+
bidsfzgk- cseifagr+ ciesfogk+ badifsgk- bidafzg+ czeifsgk-
cieaf3gk

i=1,2 k=i+1 (15)

gpi=-ckdsf2g1+ c3difagi+ bkesfzgi- bsexfzgi+  ckdafsgi-
c2dxkfsgi- breafzgi+ baekfzgi- cadafkgi+ cadsfkgi+ bseafigi-
bzesfkgi+ ckdsfigz- csdkfigz- bresfigz+ bszexfigz- ckdifsga+
c1dxfsga+ bxeifsgz- biekfsgz+ csdifkgz- cidafkgza- bseifkgz+
biesfikgz- ckdafigs+ cadifigs+ brezfigs- baexfigs+ ckdifzgs-
c1dxfzgs- breifags+ biexfags- cadifkgs+ cidafkgs+ baeifigs-
bieafikgs+ csdafigk- cadsfigk- bseafigi+ baesfige- cadifagi+
cidsfogkt bseifogk- biesfagr+ cadifsgk- cidafsgk- baeifsge+
bieaf3gk

i=1,2 kei+l (16)

0=—4ap,by1bysep + 4apblye,; — 4ap,byycpien; —
4ap,by cppepy + 8ap bpycpaen — 4ap,cpiCpaepr +
4ap chrepy +4abeh; +4ay,blien, — 4apbyibyyen, +
8ap,,bp1 Cprepz — 4ap1bpyCpiep, + 4ap,chien, —
4ap1bp1Cpr€p2 — 4ap1Cp1Cp2€p, — Bapiapzepiepy +
4at,e}, — 4ap2bp1bp2fp1 + 4ap; b2, f,
4ap,byycpfp 4ap2bp1cp2 + 8ap1bp2cp2fp1
4ap,Cp1Cpafpt + 4aplc o1 + 8ap2ep1f
8apiapyepafpy + 4ap,fl + 4ap, bl fy, —
4ap,bp1bpafps + 8ap,bpCpify, — 4apbpacpifps +

4ap,chif, — 4ap1byi Cpafiy — 4a,1Cp1Cp21H2
8a,1ap,€p1fp + 8adiep,fh, — 8apiap,fyify, +4as;f,
(19)

wi=—16ap,b,,dy €51 — 16ap,Cp,d1€p1 —

16a,,bp1dp eps + 32ap,bpydpzep — 16ap,¢51dp2€p1 +
32ap,Cppdpaepy + 32ap,bpdp €, — 16ap,bpydpiep, +
32ap,Cp1dpr€p2 — 16ap1Cpadpiep, — 16a,,bydpsep, —

16ap1Cp1dp2ep2 - 16ap2bp2dp1fp1 - 16apch2dp1fp1
16ap2bp1dp2fp1 + 3Zap1bp2dp2fp1 - 16ap2Cp1dp2fp1 +
32ap1cp2dp2 + 32apsz1dpl 16ap1bp2dp1

32ap,Cp1dpfpy — 16ap,Cpadpfp, — 16ap,by dpafp, —
16ay,cp1dp,fy, — 16ap,b,1bpagps + 16ap1bp2gp1
16ap2bp2cp1gp1 — 16ap;bp1Cp28p1 + 32ap1bp5Ch28p1 —
16ap;Cp1Cp28p1 + 16ap1Chr8p1 + 32a5,€,18p1 —
32apiap2€p28p1 + 32ap2fp1gp1 — 32apjap,fpa8pr +
16a11,2bp1gp2 16a,,bp1bp28p2 + 32ap,bp1Cp18p2 —
16ap,bpaCp18p2 + 16ap,¢h18p2 — 16a,1bp1Cpr8p2 —
16ap,Cp1Cp28p2 — 32ap1ap2€p18p2 + 32251 €528 —
32ap1apafh18p2 + 3Zap1fp2gp2 (20)
w2=—24ap,b,1bpep + 72a%,bisen; + 8ap,bpacpiepy +
8ap,bpiCpaepr — 16ap1byscp5e,, +40ap,Ch1Cp0€p1 —
40a,,clyep — 64a,,dp dyzep; + 64a,,d3se; +
24ap2e + 24ap2b 1€p2 — 24ap by bpre,, —
16ap;bpicpiep, + 8apbpycpiep, — 40ap,c5 e, +
8ap1bp1 Cprepr + 40ap;CphiCpaep, + 64ap,d3 e, —
64ap,d,dpze; — 48ap a,e51€p; + 8ap,bpibpofpg

24ap1bp2fp1 + 40ap;bp;Cpefp1 + 40a,,by Cpafpy
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80ap1bpycpafpr + 72ap,Cp1Cpafpy
64ap,d, dy,fy + 64ap1dp2fp
16ap;ap,ep,fy; — 40ad,f5; — 8ap,ba,fi, +
8ap1bp1bp2f - 80apszlcp1fp2 + 40ap, by, Cpifp,
72ap2c 1fp2 +40ap,byqCpafps + 72a5,Cp1Cpafp, +
64ap2dp1fp — 64ap,dydyofp, + 16a,,ap,ep: 6,
16ad;ep,f,, + 80ap;ap,fyyfy, — 40a2,fZ, —
64ap,b,,d, 8p1 — 64a,,Ch,dp18p1 — 64ap,bpidpgpy +
128ap1by,dpo8p1 — 64ap,C,1dp28p1 +

128ap; Cppdpr8p1 + 64ad,851 + 128a,,by,1dp18p, —

- 72aplcp2fp
16ad,ep,fp1

64ap1bp2dp1gp2 + 128ap2Cp1dp1gp2 - 64ap1Cp2dp1gp2 -

64ap1bp1dp2gp2 - 64‘ap1Cp1dp2gp2 -
128ap;ap,8,18p2 + 645,85, (21)

w3=—48a,,b,,dy €51 + 80ap,Cp2dp1€p1 —
483p2bp1dpzep1 + 96ap1bp2dp2ep1 + 803p2Cp1dp2ep1 -

16Oap1Cp2dpzep1 + 96apsz1dp1ep2 - 48ap1bp2dp1ep2 -

160ay,,cpqdpq€p, + 80ap,Cppdpg€p, — 48ap,bpidpaep, +
80apcp1dpzep, + 80ap,bpadyfpy + 208a,;¢,,dp g +
80ap, by dpafp — 160a,,by,dp,fyy + 208a,,c,,dp,fpe
416ay,cppdp,fy — 160ap,bp dpy £y, + 80ap,byody, £y,
416ap,cp1dp1fh, + 208ap, cprdpy fp, + 80ap by dpafy, +
208ap,; Cpydp,fy, — 48ap,by1bp,gp1 +48a,,b5,8,1 +
80ap,bp2Cp18p1 + 80ap,by Cpagn — 160ap,bpaCpagpr +
208a,Cp1 Cpa8p1 — 208ap1Chy8p1 — 256ap,dp1dp28p1 +
256a,,,d2,8,1 + 96a%,€,18p1 — 96a,18p2€p28p1 —
160a3,f,1851 + 160ap1a,,f,,8,1 + 48a,,b318,, —

4’83p1bp1bp2gp2 - 16Oap2bp1Cp1gp2 + Soaplbpchlgpz -

208ap2c12,1gp2 +80ap,, b1 Cp28p2 +208apCp1Cpa8p2 +
256ap2dglgp2 - 256ap1dp1dngp2 96aplap2eplgp2 +
96:;1f)1engpz + 160ap;ap,f,18p2 — 160ap1fp2gp2 (22)

wi=—60ap, b, bprepy + 60a,,blen +

68ap,byycpi€p1 + 68ap,byqCpep1 — 1362, bpycpaep; —
60a,,,Cp1 Cpz€p1 + 60ap;Chre,; + 60ad, e, +
60a,,,b2;e,, — 60a,,byibpse,, — 136a,,bp1cp1€p, +
68ap,1b,,Cp1ep, + 60ap,chi e, + 68ap1bp1cp2e
60ap,Cp1Cpa€epy — 120a,,ap,ep1€p, + 60ap1e
68ap;b,1bpafpe 68ap1bp2fp
60ap;byqCpafpr + 120a,,bpycpafpy 444ap2cp1cp2f
444ap1cp2 p1 T 512a,,d,,dp,fpq — 512:;1p1dp2 p1—
136ap,ep:fy1 + 136apapep,fy; + 60ap,f5 —
6Sap2bp1fp2 + 68ap,by1bpyofp; +120ap,bycpy £y
60ap1byycpifp + 444ap2cp1fp — 60ap, by Cpafp,
444ag,CpCpofp, 512ap2d fy + 512a,,dp, dp,fp, +
136ap1ap2ep1fp2 - 136211231ep2fp2 — 120ap;ap,fpifpe +
60a%;fZ, + 512ap,Cppdp18p1 + 512ap,Cp1dpa8p1 —
1024ap1cp2dngpl — 1024a,,¢,,dp18p2 +
512ap;Cpadp18p2 + 512ap,Cp1dp28p2 (23)

pz
p2 T

— 60ap;bp;Cpefpy

ws=—32ap,b,,dp €51 + 96ap,Cp2dp1€p1 —
32ap,b,1dpzep, + 64ap,bpodyseps +96a,,c,,dp e,
192ap,¢podpz€pq + 64ap,bpidyep, — 32a,,bp,dpep,
192ap;¢p1dpr€pz + 96ag, Cprdpiep, — 32a,, by dpsep, +
96ap,1Cp1dpzepy + 96a,,bp,dpf — 800ap,cp,dpfr +

96ap;b,1dpafp — 192ap,by,dy,fp — 800ap;¢,,dpafyy +
1600ap;Cpodpafp — 192ap,byqdp £, +
96ap,b,,d,fp, + 1600ap,C51dp fp,

800ap Cprdpyfpz + 96ap,by dp,fp, — 800a,,cpydp,fy,
32ap;by1bpagpr +32ap1b5,8p1 + 96a,,bp2Ch18p1 +
96ap,b,1Cp28p1 — 192ap,bp5Cp08p1 —

800ap,Cp1Cpa8p1 + 800ap;Chr8p1 + 768a,,dp1dp28p1 —
768a1[,1df,2g131 + 64ap,e,18p1 — 64ap1ap2€p28p1 —
192a3,f,18,1 + 192ap ap,fy28p1 + 32a,bp18p2 —
32a1[,1bp1b1[,2g1[,2 — 192ap;bp1Cp18p2 + 96ap1bprCp18p2 +
800ap,C518p2 + 96ap1bp1Cp28p2 — 800a,1Cp1Cp28pa —
768ap,d2,8,, + 768ay,1dp;dyp8p2 — 64ap1ap,€p18p2 +
64aZ,e,,8,, + 192ap1a,6,18p, — 19235, f,8,,  (24)

6=—80ap,b,;bprep1 + 80a,,b3e,; +
112ap,bpycp €p1 + 112ap,bpCpoep1 —
224ap,by,cp0ep1 — 208a,,C,1Cpep, + 208apc5ze,, +
128ay,,d,1dpzep — 128ay,,d5,e,, + 80a,e5; +
80ay,,bp ey, — 80ay,,by bpse,, — 224a,,bpicp ep, +
112ap;bpycprepz + 208ap,c31ep, + 112ap, by cppep, —
208ap,;Cpy Cpaep, — 128a,,d2; e, + 128a,,dpdpzep, —
160ap;ap,ep1ep, + 80a%,e2, + 112ap,by1bpofyy
112<?1p1b132 p1 — 208a,,bp,cp1fh — 208ap,bpq Cpofpy +
416ay,,bp;Cpofly + 1008ap,¢p1 Cpafis — 1008ap,ch, 1y
896ap,,dy;dp,fp; +896ap,d5,f, — 224a3,e,, £, +
224ap;ap,ep,fy; +208ah,f5 — 112a,,b3,f,, +

1123p1bp1bp2fp2 + 416ap2bp1Cp1

208ap;bp,Cpefp, — 1008ap2cp1f — 208ap, by cpofyy +
1008ap;Cp1Cpafp, + 896ap2dp1 —896ay,,dpdp, f,, +
224aplap2ep1fp2 - 224af)1ep2fp2 - 416aplap2fp1fp2 +
2083p1f§2 + 128ap2bp2dp1gp1 - 896apch2dp1gp1 +

128a;,,b,1dp28p1 — 256ap,bpd 801 —

89632 Cp1dp28p1 + 17922p1 Cpadp28pr — 12852851 —
256a,,b,1dp18p2 + 128ap,by,d 182 +
1792a,,¢p1dp18p2 — 896a,1Cpadp18pa +
128a;,,b,1dy28p2 — 896ap;cp1dp,8p, +
256aplap2gplgp2 - 1283%1g12)2 (25)
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APPENDIX B. Comparison of the absolute maximum error with available literature

Reference Mechanism Function Input Range Maximum Error (in absolute value)
configuration
Our study Slider-crank y = sin(x) 0°<x<90° Precision Point:  -0.00014533
mechanism Sub-domain: 0.00025793
Galerkin: -0.00010383
y = tan(x) 0° < x < 45° Precision Point:  -0.00011431
Sub-domain: -0.00102642
Galerkin: -0.00053734
y = eX 0<x<1 Precision Point:  0.00027071
Sub-domain: -0.00069492
Galerkin: -0.00037269
y =In(x) 1<x<2 Precision Point:  0.00025632
Sub-domain: -0.00080016
Galerkin: -0.00055926
Singh et al. 2005 Four-bar y =sin(x) 0°<x<90° -0.012573
mechanism y = tan(x) 0° <x < 45° -0.004634
y = ex 0<x<1 -0.000489
y =In(x) 1<x<2 0.002359
Akcgali and Dittrich Four-bar y =sin(x) 0°<x<90° -0.0630
1989 mechanism y = tan(x) 0° <x <45° -0.0015
Jaiswal and Jawale Four-bar y = sin(x) 0° <x<90° 0.002666
2018 mechanism y = tan(x) 0° <x <45° 0.000821
y = ex 0<x<1 0.000203
y =1In(x) 1<x<2 0.000046
Mehar et al. 2015 Four-bar y = tan(x) 0° <x <45° 0.0010
mechanism y = ex 0<x<1 0.00094218
y =In(x) 1<x<2 0.000059580

192



