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Abstract
Fibonacci numbers and their polynomials have been generalized mainly by two ways: by maintaining the
recurrence relation and varying the initial conditions, and by varying the recurrence relation and maintaining the
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generating function, explicit sum formula, sum of first n terms, sum of first n terms with even indices, sum of
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determinant identities and a generalized identity from which Cassini’s identity, Catalan’s identity and d’Ocagne’s
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1. Introduction
Fibonacci sequence is the most studied sequence in the history of mathematics. In [14], the said sequence is given by A000045.
The sequence is generated by a recursive formula fn = fn−1 + fn−2, for n≥ 3 with f1 = 0 and f2 = 1. The sequence has many

interesting properties. For example, the ratio
fn+1

fn
converges to the golden ratio

1+
√

5
2

as n tends to infinity.

Various generalizations of the aforementioned sequence have been derived since it was first discovered by Fibonacci in
the 13th century. Fibonacci sequence has been generalized mainly by two ways: by maintaining the recurrence relation and
varying the initial conditions [1, 3, 4, 5, 7, 9, 10], and by varying the recurrence relation and maintaining the initial conditions
[2, 4, 8, 9, 11, 13, 12, 15]. Some of the properties that have been obtained by various researchers are not limited to finding a
closed form for the nth term of the sequence, sum of the first n terms of the sequence, sum of the first n terms with odd (or even)
indices of the sequence, explicit sum formula, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity, Honsberger’s identity,
determinant identities, and generating function among many others.

Let fn be the nth term of Fibonacci sequence. Binet’s formula gives a closed formula for fn as

fn =
1

α−β

(
α

n−1−β
n−1) , (1.1)

where α =
1+
√

5
2

and β =
1−
√

5
2

.

Companion to Fibonacci numbers are Lucas numbers with the same recurrence relation as Fibonacci numbers except for

http://oeis.org/A000045
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initial conditions which are 2 and 1. Binet’s formula for Lucas numbers, ln, is given by

ln = α
n−1 +β

n−1. (1.2)

Here, ln is the nth Lucas number.
Some properties of Fibonacci sequences explored in this paper include the sum of the first n terms of Fibonacci sequence,

f1 + f2 + f3 + · · ·+ fn = fn+2−1, (1.3)

and the Honsberger’s identity

fn+m = fn fm + fn+1 fm+1, (1.4)

for all n≥ 1 and n > m.

Definition 1.1. The nth term of r-sum Fibonacci sequence, hn,r, is given by

hn,r = fn + fn+1 + · · ·+ fn+r−1. (1.5)

Using Definition 1.1, it follows that the first term

h1,r = f1 + f2 + · · ·+ fr = fr+2−1

and the second term

h2,r = f2 + f3 + · · ·+ fr+1 = fr+3−1.

As with Fibonacci sequence, the r−sum Fibonacci sequence satisfies the recurrence relation

hn,r = hn−1,r +hn−2,r, (1.6)

for n≥ 3, with initial conditions h1,r = fr+2−1 and h2,r = fr+3−1.
Few entries of hn,r are given in Table 1 below.

Table 1. r-Sum Fibonacci numbers

r h1,r h2,r h3,r h4,r h5,r h6,r h7,r h8,r h9,r h10,r h11,r
1 0 1 1 2 3 5 8 13 21 34 55
2 1 2 3 5 8 13 21 34 55 89 144
3 2 4 6 10 16 26 42 68 110 178 288
4 4 7 11 18 29 47 76 123 199 322 521
5 7 12 19 31 50 81 131 212 343 555 898
6 12 20 32 52 84 136 220 356 576 932 1508
7 20 33 53 86 139 225 364 589 953 1542 2495

When r = 1,2, we get Fibonacci sequence with different initial conditions. For r ≥ 3, we get Fibonacci-like numbers. We
also note that when r = 4, we obtain Lucas numbers.

This paper is organized as follows: Some basic properties of hn,r are given in Section 2. In Section 3, we obtain Binet’s
formula and generating function for these numbers. Further properties of these numbers are presented in Section 4. Moreover,
determinant identities are presented in Section 5. We conclude the paper in Section 6.

2. Preliminary Results
We start off, with these important and interesting properties:

Lemma 2.1. For n≥ 1, we have hn,3 = 2hn,2.
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Proof. From (1.5), we have

hn,3 = fn + fn+1 + fn+2,

= fn + fn+1 + fn + fn+1,

= 2( fn + fn+1),

= 2hn,2.

Proposition 2.2. The nth term of r−sum Fibonacci number, hn,r, can be expressed as hn,r = fn+r+1− fn+1, for all r ≥ 1.

Proof. From recurrence relation (1.6) and equation (1.5), we have

hn,r = hn−1,r +hn−2,r,

= ( fn−1 + fn + · · ·+ fn+r−2)+( fn−2 + fn−1 + · · ·+ fn+r−3),

= [( f1 + f2 + · · ·+ fn+r−2− ( f1 + f2 + · · ·+ fn−2)]+ [( f1 + f2 + · · ·+ fn+r−3)− ( f1 + f2 + · · ·+ fn−3)] .

By equation (1.3), we get

hn,r = [( fn+r−1)− ( fn−1)]+ [( fn+r−1−1)− ( fn−1−1)]
= fn+r− fn + fn+r−1− fn−1

= fn+r+1− fn+1.

Proposition 2.3.

hn,r = fr+1 fn+2 + fn+1

r−2

∑
i=1

fi.

Proof. By Proposition 2.2, we have that

hn,r = fn+r+1− fn+1. (2.1)

Now, by Honsberger’s identity (1.4), we have

fn+r+1 = fr+1 fn+2 + fr fn+1.

Substituting this sum in (2.1), we obtain

hn,r = fr+1 fn+2 + fr fn+1− fn+1

= fr fn+2 + fn+1( fr−1).

Since
n

∑
i=1

fi = fn+2−1, then hn,r = fr+1 fn+2 + fn+1

r−2

∑
i=1

fi.

Theorem 2.4. The numbers, hn,r, can be expressed in terms of Fibonacci and Lucas numbers as:

hn,r =



m

∑
i=1

ln+4i−1 if r = 4m,

m

∑
i=1

ln+4i−1 + fn+4m if r = 4m+1,

m

∑
i=1

ln+4i−1 + fn+4m+2 if r = 4m+2,

m

∑
i=1

ln+4i−1 +2 fn+4m+2 if r = 4m+3.
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Proof. If r = 4m, then

hn,r = fn + fn+1 + · · ·+ fn+4m−1

= fn+2 + fn+4 + · · ·+ fn+4m

= ln+3 + ln+7 + · · ·+ ln+4m−1.

If r = 4m+1, then

hn,r = fn + fn+1 + · · ·+ fn+4m

= fn+2 + fn+4 + · · ·+ fn+4m−2 + fn+4m + fn+4m

= ln+3 + ln+7 + · · ·+ ln+4m−1 + fn+4m.

If r = 4m+2, then

hn,r = fn + fn+1 + fn+2 + · · ·+ fn+4m+1

= fn+2 + fn+4 + · · ·+ fn+4m+2

= ln+3 + ln+7 + · · ·+ ln+4m−1 + fn+4m+2.

If r = 4m+3, then

hn,r = fn + fn+1 + · · ·+ fn+4m+2

= fn+2 + fn+4 + · · ·+ fn+4m + fn+4m+2 + fn+4m+2

= ln+3 + ln+7 + · · ·+ ln+4m−1 +2 fn+4m+2.

Remark 2.5. We note that:

1. For r = 1,2, the r−sum Fibonacci numbers, hn,r, are themselves Fibonacci numbers.

2. We have hn,3 as a sum of Fibonacci numbers for all n≥ 1.

3. The numbers, hn,4, are Lucas numbers for all integers n≥ 1.

4. The numbers, hn,4m, are sums of Lucas numbers for all integers m≥ 1 and n≥ 1.

5. For all m ∈ N and n≥ 1, we have that hn,4m+1, hn,4m+2, and hn,4m+3 are sums of Fibonacci and Lucas numbers.

Proposition 2.6. Let m≥ 1. Then the nth term of 4m−sum Fibonacci sequence, hn,4m, satisfies the equation

hn,4m = f2m+1ln+2m+1.

Proof. By Binet’s formulas for Fibonacci numbers (1.1) and Lucas numbers (1.2) and by equation (2.1), we have

hn,4m = fn+4m+1− fn+1

=
1

α−β
(αn+4m−β

n+4m)− 1
α−β

(αn−β
n).

Since αβ =−1 then, (αβ )2m = 1, and

hn,4m =
1

α−β
(αn+4m− (αβ )2m

α
n−β

n+4m +(αβ )2m
β

n)

=
1

α−β
(αn+4m−β

2m
α

n+2m−β
n+4m +α

2m
β

n+2m)

=
1

α−β
(αn+2m(α2m−β

2m)+β
n+2m(α2m−β

2m))

=
1

α−β
(α2m−β

2m)(αn+2m +β
n+2m)

= f2m+1ln+2m+1.
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Setting m = 1 in Proposition 2.6, we get:

Corollary 2.7. hn,4 = ln+3, for all n≥ 1.

Proposition 2.8.

n

∑
k=2

h2
k,r = hn,rhn+1,r−h1,rh2,r.

Proof. Since hn,r = hn+1,r−hn−1,r then,

h2
n,r = hn,rhn+1,r−hn−1,rhn,r.

Now, we have

h2
2,r = h2,rh3,r−h1,rh2,r

h2
3,r = h3,rh4,r−h2,rh3,r

h2
4,r = h3,rh5,r−h3,rh4,r

...

h2
n−1,r = hn−1,rhn,r−hn−2,rhn−1,r

h2
n,r = hn,rhn+1,r−hn−1,rhn,r.

Adding up these equations, we get

h2
2,r +h2

3,r +h2
4,r + · · ·+h2

n−1,r +h2
n,r = hn,rhn+1−h1,rh2,r.‘

Proposition 2.9. For every positive integer n≥ 2,

h2
n,r−h2

n−1,r = hn+1,rhn−2,r.

Proof. Since

h2
n−1,r = hn−1,rhn,r−hn−1,rhn−2,r

then,

h2
n,r−h2

n−1,r = h2
n,r−hn−1,rhn,r +hn−1,rhn−2,r

= hn,r(hn,r−hn−1,r)+hn−1,rhn−2,r

= hn,rhn−2,r +hn−1,rhn−2,r

= hn−2,r(hn,r +hn−1,r)

= hn+1,rhn−2,r.

3. Binet’s Formula and Generating Function
We start by getting a closed formula for hn,r.

Theorem 3.1 (Binet’s Formula). The nth term of r-sum Fibonacci sequence, hn,r, is given by

hn,r =
1

α−β

[
(h2,r−βh1,r)α

n−1− (h2,r−αh1,r)β
n−1], (3.1)

where α =
1+
√

5
2

and β =
1−
√

5
2

.
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Proof. Let n≥ 2, then r-sum Fibonacci numbers are defined by the recurrence relation

hn,r = hn−1,r +hn−2,r,

with initial conditions h1,r = fr+2−1 and h2,r = fr+3−1, for all r > 0. The characteristic equation of the recurrence relation is
λ 2−λ −1 = 0. We solve this equation to get its roots as

α =
1+
√

5
2

and β =
1−
√

5
2

.

These roots are real and distinct and thus the solution of the recurrence relation is of the form

hn,r = Aα
n +Bβ

n, (3.2)

where A and B are constants.
Setting n = 1 and n = 2 in (3.2), we obtain

Aα +Bβ = h1,r

and

Aα
2 +Bβ

2 = h2,r

respectively. Solving these equations simultaneously, we get

A =
h2,r−βh1,r

α(α−β )

and

B =
αh1,r−h2,r

β (α−β )
.

Thus the result follows.

Corollary 3.2. The nth term of the r−sum Fibonacci sequence satisfies the equation hn,r = h2,r fn +h1,r fn−1.

Proof. From Binet’s formula (3.1), we have

hn,r =
1

α−β

[
h2,r(α

n−1−β
n−1)−h1,r(αβ )(αn−2−β

n−2)
]
,

where α =
1+
√

5
2

and β =
1−
√

5
2

. Since αβ =−1, then

hn,r =
1

α−β

[
h2,r(α

n−1−β
n−1)+h1,r(α

n−2−β
n−2)

]
= h2,r fn +h1,r fn−1.

The following formula is rediscovered immediately upon setting r = 1 in (3.1).

Corollary 3.3 (Binet’s formula). The nth Fibonacci number, fn, is given explicitly as

fn =
1

α−β

[
α

n−1−β
n−1],

where α =
1+
√

5
2

and β =
1−
√

5
2

.
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Corollary 3.4. The sequence of ratio of successive r-sum Fibonacci numbers
hn+1,r

hn,r
converges to the golden ratio, i.e.,

lim
n→∞

hn+1,r

hn,r
=

1+
√

5
2

.

Proof. From Binet’s formula (3.1), we have

lim
n→∞

hn+1,r

hn,r
= lim

n→∞

1
α−β

[(h2,r−βh1,r)α
n− (h2,r−αh1,r)β

n]

1
α−β

[(h2,r−βh1,r)αn−1− (h2,r−αh1,r)β n−1]
,

where α =
1+
√

5
2

and β =
1−
√

5
2

.

Factorizing αn−1, we obtain

lim
n→∞

hn+1,r
hn,r

= lim
n→∞

1
α−β

αn−1
[
(h2,r−βh1,r)α− (h2,r−αh1,r)α

−(n−1)β n
]

1
α−β

αn−1
[
(h2,r−βh1,r)− (h2,r−αh1,r)α−(n−1)β n−1

] ,
which simplifies to

lim
n→∞

hn+1,r

hn,r
= lim

n→∞

(h2,r−βh1,r)α− (h2,r−αh1,r)

(
β

α

)n−1

β

(h2,r−βh1,r)− (h2,r−αh1,r)

(
β

α

)n−1 .

Since | β
α
|< 1, we have lim

n→∞

(
β

α

)n−1

= 0 so that

lim
n→∞

hn+1,r

hn,r
= lim

n→∞

(h2,r−βh1,r)α

(h2,r−βh1,r)
= α =

1+
√

5
2

.

We now obtain the generating function for r-sum Fibonacci sequence.

Theorem 3.5. Let Hr(t) be the generating function for r−sum Fibonacci sequence, then

Hr(t) =
h1,rt + t2(h2,r−h1,r)

1− t− t2 . (3.3)

Proof. Let Hr(t) =
∞

∑
n=1

hn,rtn be the generating function for r−sum Fibonacci numbers, then from hn,r = hn−1,r +hn−2,r, we

have

∑
n≥3

hn,rtn = ∑
n≥3

hn−1,rtn + ∑
n≥3

hn−2,rtn.

This is the same as

∑
n≥1

hn,rtn−h2,rt2−h1,rt = t ∑
n≥2

hn,rtn + t2
∑
n≥1

hn,rtn

or

∑
n≥1

hn,rtn−h2,rt2−h1,rt = t

(
∑
n≥1

hn,rtn−h1,rt

)
+ t2

∑
n≥1

hn,rtn.



On Generalized Fibonacci Numbers — 193/202

Substituting Hr(t) =
∞

∑
n=1

hn,rtn we get,

Hr(t)−h2,rt2−h1,rt = t(Hr(t)−h1,rt)+ t2Hr(t).

Thus,

Hr(t) =
h1,rt + t2(h2,r−h1,r)

1− t− t2 .

4. Properties of r -Sum Fibonacci Numbers
In this section, we obtain further properties of r−sum Fibonacci numbers.

Proposition 4.1 (Sum of first n terms). The sum of first n terms of r-sum Fibonacci numbers is given by hn+2,r−h2,r.

Proof. By Binet’s formula (3.1), we have

n

∑
k=1

hk,r =
1

α−β
[(h2,r−βh1,r)α

0− (h2,r−αh1,r)β
0 +(h2,r−βh1,r)α

1− (h2,r−αh1,r)β
1 + · · ·+(h2,r−βh1,r)α

n−1

− (h2,r−αh1,r)β
n−1]

=
1

α−β

[
(h2,r−βh1,r)

(
1+α + · · ·+α

n−1)− (h2,r−αh1,r)
(
1+β + · · ·+β

n−1)]
=

1
α−β

[
(h2,r−βh1,r)

αn−1
α−1

− (h2,r−αh1,r)
β n−1
β −1

]
.

Since α−1 =−β and β −1 =−α, we have

n

∑
k=1

hk,r =
1

α−β

[
(h2,r−βh1,r)(α

n−1)α− (h2,r−αh1,r)(β
n−1)β

−αβ

]
.

Since −αβ = 1, we get

n

∑
k=1

hk,r =
1

α−β

[
(h2,r−βh1,r)(α

n+1−α)− (h2,r−αh1,r)(β
n+1−β )

]
=

(h2,r−βh1,r)α
n+1− (h2,r−αh1,r)β

n+1

α−β
−

(h2,r−βh1,r)α− (h2,r−αh1,r)β

α−β

= hn+2,r−h2,r.

Proposition 4.2 (Sum of first n terms with odd indices). The sum of the first n terms with odd indices of r−sum Fibonacci
numbers is given by h2n,r−h2,r +h1,r.

Proof. By Binet’s formula (3.1), we have

n−1

∑
k=0

h2k+1,r =
1

α−β
[(h2,r−βh1,r)α

0− (h2,r−αh1,r)β
0 +(h2,r−βh1,r)α

2− (h2,r−αh1,r)β
2

+ · · ·+(h2,r−βh1,r)α
2n−2− (h2,r−αh1,r)β

2n−2]

=
1

α−β
[(h2,r−βh1,r)(1+α

2 + · · ·+α
2n−2)− (h2,r−αh1,r)(1+β

2 + · · ·+β
2n−2)]

=
1

α−β

[
(h2,r−βh1,r)(α

2n−1)
α2−1

−
(h2,r−αh1,r)(β

2n−1)
β 2−1

]
.
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Since α2−1 = α and β 2−1 = β , we have

n−1

∑
k=0

h2k+1 =
1

α−β

[
(h2,r−βh1,r)(α

2n−1−α
−1)− (h2,r−αh1,r)(β

2n−1−β
−1)
]

=
(h2,r−βh1,r)α

2n−1− (h2,r−αh1,r)β
2n−1

α−β
−

(h2,r−βh1,r)α
−1− (h2,r−αh1,r)β

−1

α−β

= h2n,r−h0,r

= h2n,r−h2,r +h1,r.

‘

Proposition 4.3 (Sum of first n terms with even indices). The sum of the first n terms with even indices of r−sum Fibonacci
numbers is given by h2n+1,r−h1,r.

Proof. By Binet’s formula (3.1), we have

n

∑
k=1

h2k,r =
1

α−β
[(h2,r−βh1,r)α

1− (h2,r−αh1,r)β
1 +(h2,r−βh1,r)α

3− (h2,r−αh1,r)β
3 + · · ·+(h2,r−βh1,r)α

2n−1

− (h2,r−αh1,r)β
2n−1]

=
1

α−β
[(h2,r−βh1,r)(α +α

3 + · · ·+α
2n−1)− (h2,r−αh1,r)(β +β

3 + · · ·+β
2n−1)]

=
1

α−β

[
(h2,r−βh1,r)

α(α2n−1)
α2−1

− (h2,r−αh1,r)
β (β 2n−1)

β 2−1

]
.

Since α2−1 = α and β 2−1 = β , we get

n

∑
k=1

h2k,r =
1

α−β

[
(h2,r−βh1,r)(α

2n−1)− (h2,r−αh1,r)(β
2n−1)

]
=

(h2,r−βh1,r)α
2n− (h2,r−αh1,r)β

2n

α−β
−

(h2,r−βh1,r)− (h2,r−αh1,r)

α−β

= h2n+1,r−h1,r.

Proposition 4.4. For every positive integer n,

h1,r +h4,r +h7,r + · · ·+h3n−2,r =
1
2
(h3n,r−h2,r +h1,r).

Proof. By Binet’s formula (3.1), we get

n

∑
k=1

h3k−2,r =
1

α−β
[(h2,r−βh1,r)α

0− (h2,r−αh1,r)β
0 +(h2,r−βh1,r)α

3− (h2,r−αh1,r)β
3

+ · · ·+(h2,r−βh1,r)α
3n−3− (h2,r−αh1,r)β

3n−3]

=
1

α−β
[(h2,r−βh1,r)(1+α

3 + · · ·+α
3n−3)− (h2,r−αh1,r)(1+β

3 + · · ·+β
3n−3)]

=
1

α−β

[
(h2,r−βh1,r)

α3n−1
α3−1

− (h2,r−αh0)
β 3n−1
β 3−1

]
.
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Since α3−1 = 2α and β 3−1 = 2β , the above equation simplifies to

n

∑
k=1

h3k−2,r =
1

2(α−β )

[
(h2,r−βh1,r)(α

3n−1−α
−1)− (h2,r−αh1,r)(β

3n−1−β
−1)
]

=
1
2

[
(h2,r−βh1,r)α

3n−1− (h2,r−αh1,r)β
3n−1

α−β
−

(h2,r−βh1,r)α
−1− (h2,r−αh1,r)β

−1

α−β

]
=

1
2
(h3n,r−h0,r)

=
1
2
(h3n,r−h2,r +h1,r).

Proposition 4.5. For every positive integer n,

h2,r +h5,r +h8,r + · · ·+h3n−1,r =
1
2
(h3n+1,r−h1,r).

Proof. By Binet’s formula (3.1), we have

n

∑
k=1

h3k−1,r =
1

α−β
[(h2,r−βh1,r)α− (h2,r−αh1,r)β +(h2,r−βh1,r)α

4− (h2,r−αh1,r)β
4

+ · · ·+(h2,r−βh1,r)α
3n−2− (h2,r−αh1,r)β

3n−2]

=
1

α−β
[(h2,r−βh1,r)(α +α

4 + · · ·+α
3n−2)− (h2,r−αh1,r)(β +β

4 + · · ·+β
3n−2)]

=
1

α−β

[
(h2,r−βh1,r)

α3n+1−α

α3−1
− (h2,r−αh1,r)

β 3n+1−β

β 3−1

]
.

Since α3−1 = 2α and β 3−1 = 2β , then

n

∑
k=1

h3k−1,r =
1

2(α−β )

[
(h2,r−βh1,r)(α

3n−1)− (h2,r−αh1,r)(β
3n−1)

]
=

1
2

[
(h2,r−βh1,r)α

3n− (h2,r−αh1,r)β
3n

α−β
−

(h2,r−βh1,r)− (h2,r−αh1,r)

α−β

]
=

1
2
(h3n+1,r−h1,r).

Proposition 4.6. For every positive integer n,

h3,r +h6,r +h9,r + · · ·+h3n,r =
1
2
(h3n+2,r−h2,r).

Proof. By Binet’s formula (3.1), we obtain

n

∑
k=1

h3k,r =
1

α−β
[(h1,n−βh1,r)α

2− (h2,r−αh1,r)β
2 +(h2,r−βh1,r)α

5− (h2,r−αh1,r)β
5 + · · ·+(h2,r−βh1,r)α

3n−1

− (h2,r−αh1,r)β
3n−1]

=
1

α−β
[(h2,r−βh1,r)(α

2 +α
5 + · · ·+α

3n−1)− (h2,r−αh1,r)(β
2 +β

5 + · · ·+β
3n−1)]

=
1

α−β

[
(h2,r−βh1,r)

α3n+2−α2

α3−1
− (h2,r−αh1,r)

β 3n+2−β 2

β 3−1

]
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Since α3−1 = 2α and β 3−1 = 2β , we get
n

∑
k=1

h3k,r =
1

2(α−β )

[
(h2,r−βh1,r)(α

3n+1−α)− (h2,r−αh1,r)(β
3n+1−β )

]
=

1
2

[
(h2,r−βh1,r)α

3n+1− (h2,r−αh1,r)β
3n+1

α−β
−

(h2,r−βh1,r)α− (h2,r−αh1,r)β

α−β

]
=

1
2
(h3n+2,r−h2,r).

Proposition 4.7 (Alternating sum formula). For every positive integer n,
n

∑
k=1

(−1)k+1hk,r = (−1)n−1hn−1,r +2h1,r−h2,r.

Proof. By Binet’s formula (3.1), we get
n

∑
k=1

(−1)k+1hk,r =
1

α−β
[(h2,r−βh1,r)− (h2,r−αh1,r)− ((h2,r−βh1,r)α− (h2,r−αh1,r)β )

+ · · ·+(−1)n+1((h2,r−βh1,r)α
n−1− (h2,r−αh1,r)β

n−1)]

=
1

α−β
[(h2,r−βh1,r)(1−α + · · ·+(−1)n+1

α
n−1)− ((h2,r−αh1,r)(1−β + · · ·+(−1)n+1

β
n−1)]

=
1

α−β

[
(h2,r−βh1,r)

((−α)n−1)
−α−1

− (h2,r−αh1,r)
((−β )n−1)
−β −1

]
.

Since −α−1 =−α2 and −β −1 =−β 2, we have
n

∑
k=1

(−1)k+1hk,r =
1

α−β

[
(h2,r−βh1,r)

(−1)nαn−1
−α2 − (h2,r−αh1,r)

(−1)nβ n−1
−β 2

]
= (−1)n−1 1

α−β

[
(h2,r−βh1,r)α

n−2− (h2,r−αh1,r)β
n−2]

+
1

α−β

[
(h2,r−βh1,r)α

−2− (h2,r−αh1,r)β
−2]

= (−1)n−1hn−1,r +
1

α−β

[
(h2,r−βh1,r)

α2 −
(h2,r−αh1,r)

β 2

]
.

This gives,
n

∑
k=1

(−1)k+1hk,r = (−1)n−1hn−1,r +
1

(αβ )2(α−β )

[
(h2,r−βh1,r)β

2− (h2,r−αh1,r)α
2]

= (−1)n−1hn−1,r +

[
h1,r

(
α3−β 3

α−β

)
−h2,r

(
α2−β 2

α−β

)]
= (−1)n−1hn−1,r +

[
h1,r

(
2(α−β )

α−β

)
−h2,r

(
α2−β 2

α−β

)]
.

Since α−β =
√

5 and α2−β 2 =
√

5, then
n

∑
k=1

(−1)k+1hk,r = (−1)n−1hn−1,r +2h1,r−h2,r.

Proposition 4.8. For every positive integer n,

h2n,r =
n

∑
k=0

(
n
k

)
hk,r.
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Proof. By Binet’s formula (3.1), we get

h2n,r =
1

α−β
[(h2,r−βh1,r)α

2n−1− (h2,r−αh1,r)β
2n−1]

=
1

α−β
[(h2,r−βh1,r)

α2n

α
− (h2,r−αh1,r)

β 2n

β
].

Since α2 = 1+α and β 2 = 1+β , then

h2n,r =
1

α−β

[
(h2,r−βh1,r)

(1+α)n

α
− (h2,r−αh1,r)

(1+β )n

β

]
.

Since (1+ x)n =
n

∑
k=0

(
n
k

)
xk, we have

h2n,r =
1

α−β

[
(h2,r−βh1,r)

n

∑
k=0

(
n
k

)
α

k−1− (h2,r−αh1,r)
n

∑
k=0

(
n
k

)
β

k−1

]

=
n

∑
k=0

(
n
k

)[
(h2,r−βho,r)α

k−1− (h2,r−αh1,r)β
k−1

α−β

]
=

n

∑
k=0

(
n
k

)
hk,r.

Proposition 4.9 (Explicit sum formula). For every positive integer n,

hn,r = h1,r

b n−1
2 c

∑
k=0

(
n− k−1

k

)
+(h2,r−h1,r)

b n−2
2 c

∑
k=0

(
n− k−2

k

)
, (4.1)

where bnc is the greatest integer less than or equal to n.

Proof. By generating function (3.3), we have
∞

∑
n=1

hn,rtn =
h1,rt + t2(h2,r−h1,r)

1− t− t2

= t [h1,r + t(h2,r−h1,r)](1− t− t2)−1

= t [h1,r + t(h2,r−h1,r)][1− (t + t2)]−1

= t [h1,r + t(h2,r−h1,r)]
∞

∑
n=1

tn−1(1+ t)n−1

= [h1,r + t(h2,r−h1,r)]
∞

∑
n=1

tn
n−1

∑
k=0

(
n−1

k

)
tk

= [h1,r + t(h2,r−h1,r)]
∞

∑
n=1

n−1

∑
k=0

(n−1)!
k!(n− k−1)!

tn+k.

Replacing n by n+ k+1, we get
∞

∑
n=1

hn,rtn = [h1,r + t(h2,r−h1,r)]
∞

∑
n=1

∞

∑
k=0

(n+ k)!
k!n!

tn+2k+1.

Now, replacing n by n−2k−1, we have

∞

∑
n=1

hn,rtn = [h1,r + t(h2,r−h1,r)]
∞

∑
n=1

b n−1
2 c

∑
k=0

(n− k−1)!
k!(n−2k−1)!

tn

= h1,r

 ∞

∑
n=1

b n−1
2 c

∑
k=0

(n− k−1)!
k!(n−2k−1)!

tn +(h2,r−h1,r)
∞

∑
n=1

b n−1
2 c

∑
k=0

(n− k−1)!
k!(n−2k−1)!

tn+1.
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Equating the coefficients of tn, we obtain

hn,r = h1,r

b n−1
2 c

∑
k=0

(
n− k−1

k

)
+(h2,r−h1,r)

b n−2
2 c

∑
k=0

(
n− k−2

k

)
.

Hence the proof follows.

Proposition 4.10. For every positive integer n,

h−n,r = (−1)n(h2,r fn+2−h1,r fn+3).

Proof. By Binet’s formula (3.1), we have

h−n,r =
1

α−β

[
(h2,r−βh1,r)α

−n−1− (h2,r−αh1,r)β
−n−1]

=
1

α−β

[
(h2,r−βh1,r)

1
αn+1 − (h2,r−αh1,r)

1
β n+1

]
.

Since
1
α

=−β and
1
β

=−α, we have

h−n,r =
1

α−β

[
(h2,r−βh1,r)(−1)n+1

β
n+1− (h2,r−αh1,r)(−1)n+1

α
n+1]

=
(−1)n+1

α−β

[
(h2,r−βh1,r)β

n+1− (h2,r−αh1,r)α
n+1]

=
(−1)n+1

α−β

[
h2,rβ

n+1−h1,rβ
n+2−h2,rα

n+1 +h1,rα
n+2]

=
(−1)n+2

α−β

[
h2,r(α

n+1−β
n+1)−h1,r(α

n+2−β
n+2)

]
= (−1)n+2

[
h2,r(α

n+1−β n+1)

α−β
−

h1,r(α
n+2−β n+2)

α−β

]
= (−1)n+2(h2,r fn+2−h1,r fn+3)

= (−1)n(h2,r fn+2−h1,r fn+3).

Proposition 4.11 (Honsberger’s identity). If n > m then

hn+m,r = hn,r fm +hn+1,r fm+1,

for all m≥ 0 and n > 0.

Proof. Since by Corollary 3.2, we have

hn+m,r = h2,r fn+m +h1,r fn+m−1,

then by Honsberger’s identity of Fibonacci numbers (1.4), we get

hn+m,r = h2,r( fn fm + fn+1 fm+1)+h1,r( fn−1 fm + fn fm+1)

= fm(h2,r fn +h1,r fn−1)+ fm+1(h2,r fn+1 +h1,r fn).

Applying Corollary 3.2 again we have, hn+m,r = hn,r fm +hn+1,r fm+1.

Corollary 4.12. We have:

1. h2n,r = hn,r fn +hn+1,r fn+1,
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2. h2n−1,r = hn,r fn−1 +hn+1,r fn,

3. h2n−2,r = hn,r fn−2 +hn+1 fn−1,

4. h2n−k,r = hn,r fn−k +hn+1,r + fn−k+1.

Proof. The results follow from Proposition 4.11 upon setting m = n, m = n−1, m = n−2, and m = n− k in that order.

Proposition 4.13. For every n≥ 2, we have

h2,rh3,r +h3,rh4,r + · · ·+h2n−1,rh2n,r = h2
2n,r−h2

2,r.

Proof. We induct on n. For base case, n = 2:
The left hand side gives

h2,rh3,r +h3,rh4,r = h3,r(h2,r +h4,r)

while the right hand side gives

h2
4,r−h2

2,r = (h4,r−h2,r)(h4,r +h2,r) = h3,r(h4,r +h2,r).

Since the left hand side equals to the right hand side, the base case holds.
For the induction step, we will assume the formula holds true for n and prove that it holds true for n+1.
Since by inductive hypothesis

h2,rh3,r +h3,rh4,r + · · ·+h2n−1,rh2n,r = h2
2n,r−h2

2,r,

then

h2,rh3,r +h3,rh4,r + · · ·+h2n−1,rh2n,r +h2nh2n+1,r +h2n+1,rh2n+2,r = h2
2n,r−h2

2,r +h2n,rh2n+1,r +h2n+1,rh2n+2,r

= h2
2n,r +h2n,rh2n+1,r−h2

2,r +h2n+1,rh2n+2,r

= h2n,r(h2n,r +h2n+1,r)+h2n+1,rh2n+2,r−h2
2,r

= h2n,rh2n+2,r +h2n+1,rh2n+2,r−h2
2,r

= h2n+2,r(h2n,r +h2n+1,r)−h2
2,r

= h2
2n+2,r−h2

2,r.

By the principle of mathematical induction, the result follows.

Lemma 4.14. The nth Fibonacci number, fn, is given by

fn =
h2,rhn,r−h1,rhn+1,r

h2
2,r−h1,rh3,r

.

Proof. We have, by Binet’s formula (3.1), that

h2,rhn,r−h1,rhn+1,r = h2,r

[
(h2,r−βh1,r)α

n−1

α−β
+

(αh1,r−h2,r)β
n−1

α−β

]
−h1,r

[
(h2,r−βh1,r)α

n

α−β
+

(αh1,r−h2,r)β
n

α−β

]
= h2,r

[
h2,r

(αn−1−β n−1)

α−β
+h1,r

(αn−2−β n−2)

α−β

]
−h1,r

[
h2,r

(αn−β n)

α−β
+h1,r

(αn−1−β n−1)

α−β

]
=

αn−1−β n−1

α−β

[
h2

2,r−h2
1,r
]
+

h1,rh2,r

α−β

[
α

n−2−β
n−2−α

n +β
n]

=
αn−1−β n−1

α−β

[
h2

2,r−h2
1,r−h1,rh2,r

]
.

Now,

fn =
αn−1−β n−1

α−β
=

h2,rhn,r−h1,rhn+1,r

h2
2,r−h1,rh3,r

.
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Theorem 4.15 (Generalized identity). Let hn,r be the nth term of r−sum Fibonacci sequence then

hm,rhn,r−hm−k,rhn+k,r =
(−1)m−k−1

h2
2,r−h1,rh3,r

[
(h2,rhk+1,r−h1,rhk+2,r)(h2,rhn−m+k+1,r−h1,rhn−m+k+2,r)

]
, (4.2)

where n≥ m and k ≥ 1.

Proof. By Binet’s formula (3.1), we have

hn,r = Aα
n−1 +Bβ

n−1

where A =
h2,r−βh1,r

α−β
, B =

αh1,r−h2,r

α−β
, α =

1+
√

5
2

and β =
1−
√

5
2

.

Now,

hm,rhn,r−hm−k,rhn+k,r =
(
Aα

m−1 +Bβ
m−1)(Aα

n−1 +Bβ
n−1)−(Aα

m−k−1 +Bβ
m−k−1

)(
Aα

n+k−1 +Bβ
n+k−1

)
= AB

(
α

k−β
k
)[

αm−1β n−1

αk − αn−1β m−1

β k

]
= AB(−1)−k

(
α

k−β
k
)(

α
m−1

β
m−1)(

β
n−m+k−α

n−m+k
)

=−AB(−1)m−k−1
(

α
k−β

k
)(

α
n−m+k−β

n−m+k
)
.

Since −AB =
h2

2,r−h1,rh3,r

(α−β )2 , then

hm,rhn,r−hm−k,rhn+k,r =
h2

2,r−h1,rh3,r

(α−β )2 (−1)m−k−1
[
(αk−β

k)(αn−m+k−β
n−m+k)

]
=
(
h2

2,r−h1,rh3,r
)
(−1)m−k−1

[
αk−β k

α−β

(
αn−m+k−β n−m+k

α−β

)]
.

By Lemma 4.14, we have

fk+1 =
αk−β k

α−β
=

h2,rhk+1,r−h1,rhk+2,r

h2
2,r−h1,rh3,r

and

fn−m+k+1 =
αn−m+k−β n−m+k

α−β
=

h2,rhn−m+k+1,r−h1,rhn−m+k+2,r

h2
2,r−h1,rh3,r

.

So

hm,rhn,r−hm−k,rhn+k,r = (−1)m−k−1

[(
h2,rhk+1,r−h1,rhk+2,r

)(
h2,rhn−m+k+1,r−h1,rhn−m+k+2

)
h2

2,r−h1,rh3,r

]
.

Hence the proof follows.

Corollary 4.16 (Catalan’s identity). If we take m = n in the generalized identity (4.2), we obtain

h2
n,r−hn−k,rhn+k,r =

(−1)n−k−1

h2
2,r−h1,rh3,r

[
h2,rhk+1,r−h1,rhk+2,r

]2
,

for all n > k ≥ 1.

Corollary 4.17 (Cassini’s identity). If m = n and k = 1 in the generalized identity (4.2), then

h2
n,r−hn−1,rhn+1,r = (−1)n−2(h2

2,r−h1,rh3,r
)
,

for all n≥ 1.

Corollary 4.18 (d’Ocagne’s identity). If n = m, m = n+1 and k = 1 in the generalized identity (4.2), then

hn+1,rhm,r−hn,rhm+1,r = (−1)n−1[h2,rhm−n+1,r−h1,rhm−n+2,r],

where m > n≥ 0.
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5. Determinant Identities
Determinants play a significant role in various areas in mathematics. For instance, they are quite useful in analysis and solution
of systems of linear equations. T. Koshy [6] devoted two chapters of his book to the use of matrices and determinants in
Fibonacci numbers. In this section, we obtain further properties of r−sum Fibonacci numbers involving determinants.

Proposition 5.1. For every positive integer n,∣∣∣∣∣∣
hn+1,r hn+2,r hn+3,r
hn+4,r hn+5,r hn+6,r
hn+7,r hn+8,r hn+9,r

∣∣∣∣∣∣= 0.

Proof. Applying column reduction C1 −→ C1 +C2 to the matrix, i.e., replace the entries of column 1 with the sum of the
entries of columns 1 and 2, we get that two columns are identical and hence the determinant of the matrix is zero.

Proposition 5.2. For every positive integer n,∣∣∣∣∣∣
hn,r +hn+1,r hn+1,r +hn+2,r hn+2,r +hn,r

hn+2,r hn,r hn+1,r
1 1 1

∣∣∣∣∣∣= 0.

Proof. Applying R1 −→ R1 +R2, we get that the determinant of the matrix is

∣∣∣∣∣∣
2hn+2,r 2hn+2,r 2hn+2,r
hn+2,r hn,r hn+1,r

1 1 1

∣∣∣∣∣∣= 2hn+2,r

∣∣∣∣∣∣
1 1 1

hn+2,r hn,r hn+1,r
1 1 1

∣∣∣∣∣∣ .
Since two rows are identical, the determinant is zero.

Proposition 5.3. Let n be a positive integer, then∣∣∣∣∣∣
hn,r fn 1

hn+1,r fn+1 1
hn+2,r fn+2 1

∣∣∣∣∣∣= fnhn+1,r− fn+1hn,r.

Proof. Applying R1 −→ R2−R1 and R2 −→ R3−R2, we get that∣∣∣∣∣∣
hn,r fn 1

hn+1,r fn+1 1
hn+2,r fn+2 1

∣∣∣∣∣∣=
∣∣∣∣∣∣
hn+1,r−hn,r fn+1− fn 0

hn,r fn 0
hn+2,r fn+2 1

∣∣∣∣∣∣ .
The result is thus immediate.

Proposition 5.4. For every positive integer n,∣∣∣∣∣∣
hn,r ln 1

hn+1,r ln+1 1
hn+2,r ln+2 1

∣∣∣∣∣∣= lnhn+1,r− ln+1hn,r.

Proof. The proof follows as in the proof of Proposition 5.3.

Proposition 5.5. For every positive integer n,∣∣∣∣∣∣∣∣∣
1+hn,r hn+1,r · · · hn+p,r

hn,r 1+hn+1,r · · · hn+p,r
...

...
. . .

...
hn,r hn+1,r · · · 1+hn+p,r

∣∣∣∣∣∣∣∣∣= 1+hn,r +hn+1,r + · · ·+hn+p,r.

Proof. The proof follows by induction on n and making use of column reductions.
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Proposition 5.6. Let n be a positive integer, then∣∣∣∣∣∣
hn,r hn+1,r hn+2,r

hn+2,r hn,r hn+1,r
hn+1,r hn+2,r hn,r

∣∣∣∣∣∣= 2(h3
n,r +h3

n+1,r).

Proof. We have∣∣∣∣∣∣
hn,r hn+1,r hn+2,r

hn+2,r hn,r hn+1,r
hn+1,r hn+2,r hn,r

∣∣∣∣∣∣= hn,r(h2
n,r−hn+1,rhn+2,r)+hn+1,r(h2

n+1,r−hn,rhn+2,r)+hn+2,r(h2
n+2,r−hn,rhn+1,r)

= h3
n,r +h3

n+1,r +h3
n+2,r−3hn,rhn+1,rhn+2,r.

Substituting hn+2,r = hn,r +hn+1,r and expanding, we obtain the desired result.

6. Conclusion
In this paper, we have derived Binet’s formula (3.1) and generating function (3.3) for the r−sum Fibonacci sequence. Further,
we have obtained explicit sum formula, sum of first n terms, sum of first n terms with even indices, sum of first n terms with odd
indices, alternating sum of n terms of r−sum Fibonacci sequence, Honsberger’s identity, determinant identities and generalized
identity (4.2) from which Cassini’s identity, Catalan’s identity and d’Ocagne’s identity are simple cases.
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