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Abstract

Trigonometric P-function is defined as a special case of h-convex function. In this article, we
used a general lemma that gives trapezoidal, midpoint, Ostrowski, and Simpson type
inequalities. With the help of this lemma, we have obtained many integral inequalities and
generalisations for trigonometric P-function. We have shown that it goes down to the studies in
special cases which are described in our study. Apart from that, we got new results for the
trapezoidal, midpoint, Ostrowski, and Simpson type inequalities.
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1. INTRODUCTION

In recent years, many studies on convex functions
and integral inequalities have been done and
investigated. Firstly, the definition of a convex
function is as follows:

Definition 1. 4 function Y:1 € R = R is said to
be a convex in the classical sense if, for all c,d €
I and t € [0,1], we have

Y(tc+ (1 —-1t)d) < (A -1t)Y(c) + tY(d).

In many research fields, the relationship between

convexity and inequalities has always been a
subject of research. The most important of these
is Hermite Hadmard, Ostrowski and Simpson
inequalities(see [1, 2,4, 5,6,7, 12,13, 16, 17, 18,
19, 20, 21, 22]). These famous inequalities are
respectively expressed as follows:

Y:I c R - R is the convex function known on
the interval I of R and c¢,d € I with ¢ < d as
follows:

Y (C al d) < p i df Y(x)dx < Y—(c) ;Y(d)

2

holds. Both inequalities hold in the reversed
direction if Y is concave.

Let Y:I € R — R be a mapping differentiable in
I°, the interior of I, and let ¢, d € I° with ¢ < d. If
[Y'(x)| <M, x € [c,d], then we the following
inequality holds

d
1
Y(x)— mj Y(t)dt

- M [(x—c)2+(d—x)2
T c—d 2

for all x € [c,d]. The best possible constant, in
the sense that it cannot be replaced by a smaller

one, is found% in [9].

Let Y:[c,d] - R be a four-times continuously
differentiable mapping on (c,d) and ||Y(4)||oo =
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sup [Y®(x)| <. Then the following

x€(c,d)
inequality holds:

%[Y(c) -|2—Y(d) . (c + d>]

d
1
- Ej- Y(x)dx
c

1
— |ly@® — )2
S2880 ||Y ||Oo(d c)“.

[14, 15] and therein.

After convexity became so popular, the
researchers worked on new classes of convexity.
Thus, they applied known integral inequalities to
new convexity classes.

Definition 2. [8] A non-negative function Y:1 —
R is said to be a P-function if the inequality

Y(tu+ (1 —-t)v) <YW +Y(W)

holds for allu,v € I ,and t € [0,1]. The set of P-
functions on the interval I is denoted by P (I).

Definition 3. [23] Let h: ] — R be a non-negative
function, h # 0. We say that Y:1 - R is an h-
convex function, or that Y belongs to the class
SX(h,I), if Y is non-negative and for all u,v €
I,a € (0,1) we have

Y(au + (1 — a)v)
< h(a)Y(w) + h(1 — a)Y(v).

If this inequality is reversed, then Y is said to be
h-concave, i.e. Y € SV(h,I).

In [11], Kadakal gave a different kind of
trigonometrically convex function from definition
of h-convex function.

Definition 4. [11] 4 non-negative function Y: I -
R is called trigonometrically convex if for every
w,v€landt € [0,1],

Y(tu+ (1 - t)v) <
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mt

(sin %) Y(u) + cos <7) Y(v).

The class of all trigonometrically convex
functions is denoted by TC(I) on interval /. We
note that every trigonometrically convex function

. ) Tt
is a h-convex function for h(t) = sm%.

Moreover, if Y(u) is a nonnegative function, then
every trigonometric convex function is a P-
function.

In [3], Bekar obtained the trigonometrically P-
function as follows:

Definition 5. [3] A non-negative function Y:1 —
R is called trigonometrically P-function if for
everyu,v € L and t € [0,1],

Y(tu+ (1 —-2t)v)

< (sin %t) + cos <%t> [Y(u) + Y(v)].

The classes of all trigonometrically P-functions
are donated by TP (I) on interval .

Remark 1. [3] Clearly, if Y(u) is a nonnegative
function, then every P-function is a trigonometric
P-function. Indeed, for every u,v €1 and t €
[0,1] we have

Y(tu+ (1 —-¢t)v) <Y(w) +Y(w)

< (sin%t + cos %t) [Y(u) +Y(v)].

Example 1. [3] Non-negative constant functions
. . . . , Tt
are trigonometrically P-functions, since sin—+

cos= =1 forall t € [0,1].

Lemma 1. Every non-negative trigonometrically
convex function is trigonometrically P-function

[3].
In [10], Iscan pointed out the new generalised

lemma which is giving many integral inequalities
as follows:
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Lemma 2. [10] Let Y:ISR->R be a
differentiable mapping on I° such that Y' €
L[c,d], where c,d €1 with ¢ <d and 6,1 €
[0,1]. Then the following equality holds:

I(c,d;6,1) =

1
d—c) |- f (t — O)Y'(tc + (1 — ) Ay)dt
0

1
+(1— A2 j (t— O)Y'(td + (1 — D)A,)dt
0

where I(c,d;0; ) =(1—-60)AY(c)+ (1 —
DY(@) + 6Y((1 — Ve + Ad) — = [ Y(x)dx
and 4, = (1 —A)c + Ad.

We built this study on Lemma 2, where we get
different types of integral inequalities. Using this
generalised Lemma 2, we have obtained the
generalised midpoint, trapezoidal, Simpson and
Ostrowski type inequalities for trigonometrically
P-function.

2. MAIN RESULTS

It will be referred to I(c,d;60;14) =(1—
0)(AY(c) + (1 — D)Y(d)) + 6Y(4,) —

ﬁfcd Y(x)dx, and Ay = (1 —A)c + Ad where
0,2 € [0,1], as in this section.

Theorem 1. Let Y:I1 - R be a continuously
differentiable function, letc < dinl, 4,6 € [0,1]
and assume that Y' € L[c,d]. If |Y'| is a
trigonometrically P-function on interval [c,d],
then the following inequality holds

11(c,d; 6; V)| 2.1

8 2 871 mnb o
S(d—c)(;+;—;[sm7+cos7])

[22Y' (Ol + (A2 + (1 -
DA ((A = De +2ad)| + (1 = DY (D]
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Proof. If we take the absolute value of both sides
of Lemma 2 and then wusing [Y'| s
trigonometrically P-function, then we have

11(c,d; 6; )| (2.2)
1

<(d-o) Azf It — O]|Y'(tc + (1 — t)A,)|dt

+(1— A)Zf 16 — t]]Y'(td + (1 — £)Ay)|dt

1

Tt
<(d-c) Azf |t—9|(sin7
0

+ cos %t) (1Y (@)] + [Y' (4[]t

1
t t
+(1 - A)Zf |6 — t] (sin7 + 0057) [1Y'(d)]
0

+[Y'(4)]]dt

1
= (d = )2 @] + Y A]] f It

9|(' T, nt)dt
— Sin > coS )

+u—AVnwmn+wwmnuf|e

t|<' nt+ 7Tt)alt
sin ) cos > .

We calculate the integrals as follows:

1

flt Hl(' 7Tt+ 7Tt)alt
Sin 5 coS )

0

=3+3—%[sinﬁ+cosﬂ]. (2.3)
T 2 2

w2 o«
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When the equation (2.3) is written in the
inequality, the proof is completed.

Remark 2. Ifit is taken sinnz—‘9 + cosnz—e >10€
[0,1], we get
2(d —c)
(e, d; 63 D) < =—— @2.4)
[221Y' (] + (A% + (1 = DAY (A)] + (1
- DY (D]
Corollary 1. When 0 is taken as 1 in Theorem I,

then we get generalised midpoint-type inequality
as follows:

d
1
f«l—@c+mo—3j;ff@mx

<2879 21y

+ 2+ A -DIHf'@l+ A
= D2If" (@I
Corollary 2. If' 6 is taken as 1 and |Y'(u)| < M,

u € [c,d] in Theorem 1, then we get the following
Ostrowski-type inequality

d
1
Y(u) _Ef Y(v)dv (2.5)

4M (u—c)2+(d—u)
= |

for each u € [c, d].

Proof. For each u € [c, d], there exist A, € [0,1]
such that u=(1- u)c + /1 d. Hence we have

Ay = d— and 1 — A, = = Therefore for each

u € [c, d], from the 1nequahty (2.1) we obtain the
inequality (2.5).

Corollary 3. When 0 is taken as 0 in Theorem 1,

then we get generalised trapezoid type inequality
as follows:
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d
AY(c) + (1 —A)Y(@d) — ﬁj Y(x)dx

< 2(d —c)
T

(2] (O] + (22 + (1 = DHIY' (A)I+ (A —
DY (@I

Corollary 4. When 0,1 are taken as 2 %
respectively in Theorem 1, then we get Simson-
type inequality as follows:

% [Y(c) 44y (#) + Y(d)]

d

1
- cf Y(x)dx

c

2 T2 T

S(d—c)<4(1—\/§)+g>

{IY’(C)I er '@l |Y, (#)”

N |-

Corollary 5. When 6,4 are taken as I,

)

~

respectively in Theorem 1, then we get midpoin
type inequality as follows:

d

Y<C;d>_dicij)dx

c

RE c{IY’(c)I YL (et d)‘}

Corollary 6. When 6,1 are taken as 0, %

respectively in Theorem I, then we get
Trapezoidal-type inequality as follows:

Sakarya University Journal of Science 24(4), 665-674, 2020

Y(c) ‘;Y(d) - i Cf Y(x)dx
RE c{nr'(c)l Y@, (#)H

Theorem 2. Let Y:I = R be a continuously
differentiable function, let ¢ <d, c¢,d €1 and
A,0 €[0,1] assume that q > 1. If |Y'|? is a
trigonometrically P-function on the interval
[c,d], then the following inequality holds

|I(c,d; 6; )| < (2.6)

1
gP*1 4 (1 — g)p+1>5 (4)1/q

(d_c)< p+1 T

T
[A2(Y" ()19 + 1Y (4]9) /4
+(1 = DY (@17 + Y (A4DIDY9].

Proof. From Lemma 2 and by Hdlder’s integral
inequality, we have

|I(c,d;0; )| <(d—c) 2.7)

[,12 (3 1e- 9|v)1/p (3 cee + (1 -
1/q
t)AA)lth)

r =02 ([ le—op) " (2 v (ed + (1 -
Oalde)” q] .

Since |Y'|9 is trigonometrically P-function on
[c, d], and by simple computation, we get

J, 1Y/ (te + (1 = [(A — e + AdD)|%dt  (2.8)
1
< f (sin%t + cos %) [1Y'(c)|?
0
+ [Y'(4))|7]dt

4
= Z[I@17 + Y (4DI]
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1

f Y/ (td + (1
’ —t)A;)|%dt (2.9)

1
tt t
< f (sin— + cos —) [1Y'(d)|?
2 2
0

+ Y (4] dt

4
=~V (@I + 1Y (4[]

and

6P+t + (1 — 9)P*t
p+1

1
f |t —0|Pdt = (2.10)
0

Thus, substitute (2.8)-(2.10) in (2.7), we obtain
the inequality (2.6). This completes the proof.

Corollary 7. When 6 is taken as 1 in Theorem 2,
then we get generalised midpoint-type inequality
as follows:

b
Y((1—-ADc+Ad) — ﬁf Y(x)dx

1
P 1/q

<-a (p%)

4
)
[220Y' (@17 + [Y' (4]9)

+(1 = DY (D17 + Y (A1 DY9].

Corollary 8. When 0 is taken as 0 in Theorem 2,
then we get generalised trapezoidal-type
inequality as follows:

b
AY(a) + (1 — DY) — ﬁ f Y(x)dx

1
P

<(b-a) (p%)

@

Sakarya University Journal of Science 24(4), 665-674, 2020

[A22(Y (@19 + Y (4)19)M

+(1 = DY B + Y (A])Y].

Corollary 9. If 0 is taken as 1 and |Y'(x)| < M,
x € [a, b] in Theorem 2, then we get the following
Ostrowski-type inequality

b

Y(x) —ﬁj Y(u)du (2.11)

__M 8a1/q (x —a)? + (b — x)?
- E(E) [ b—a
(p+1)p

for each x € [a, b].

Proof. For each x € [a, b], there exist A, € [0,1]
such that x = (1 — A,)a + A,.b. Hence we have

Ay = E and 1 -1, = z;x. Therefore for each

x € [a, b], from the inequality (2.6) we obtain the
inequality (2.11).

Corollary 10. When 6,4 are taken as % %
respectively in Theorem 2, then we get Simson-
type inequality as follows:

a+b

%[Y(a) + 4Y< - ) + Y(b)]

b
—1 Y(x)d
b—af (x)dx

a

_b-af 2741 P (4)1/q
T4 \3r*(p+1) 4
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1

qla
+ lIY’(b)Iq + |Y’ (aTer)

rom sl ()

1
qla
Corollary 11. When 6,1 are taken as 1, %

respectively in Theorem 2, then we get midpoint-
type inequality as follows:

b

Y<a;b>_biafy(x)dx

ol 23]
+ lIY’(b)lq + |Y’ (#)H% .

Corollary 12. When 6,1 are taken as 0, %

respectively in Theorem 2, then we trapezoid-type
inequality as follows:

Y(@) ;Y(b) ~3 i a]b Y(x)dx
1 1
2 e T

+ llY’(b)Iq + |Y’ (CLZLb)ﬂ% .

Theorem 3. Let Y:I € R — R be a continuously
differentiable function, Y' € L[a, b], where a,b €
I° with a<b and 6,1€[0,1]. If |Y'|? is
trigonometrically P-function on [a,b], q > 1,
then the following inequality holds

Sakarya University Journal of Science 24(4), 665-674, 2020

|I(a,b;6;1)| ) (2.12)
<(b-a) [92 —a+1]1_5(£+E
2 I 4
8/ mnb 70\ \
—P<sm7+ cos7>>

Y @)1 + Y (A1)

+(1 = DY BN+ 1Y (A1,

Proof. We proceed similarly as in the proof
Theorem 2. Since |[Y'|? is trigonometrically
P —function on [a, b] and using the power mean
inequality, we get

11(a, b; 6; )| < (b — a) (2.13)

1 1‘% 1
22 flt—eldt f|t—9|

0 0
[w'(ta + (1= D1 - a + b]|7de)/a

1-2 ]
I

1 Oflt—el ‘

[Y'(tb + (1 = )[(1 = Da + bD|9dt)"/4

1
(1—2)? f |t — 6|dt
0

1
< (b (92 9+1>1_E 8 +2
<( a) > -

T2

8 / mb 70\
— F (sm7 + cos 7)

20Y' (@1 + [Y' (4191
(1= DY BT + 1Y (A1},
This completes the proof.

Remark 3. Ifit is taken sin”z—e + cosnz—‘9 >10¢€
[0,1] in the inequality (2.12) , we get
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|I(a, b;6;1)] (2.14)

<0-o(-0+3) "

Y (@17 + Y (4191

1/q

+(1 = DY D) + 1Y (A1},

Corollary 13. When 0 is taken as 0 in Theorem
3, then we get generalised trapezoidal-type
inequality as follows:

AY(a) + (1 —A)Y(b) — ﬁf Y(x)dx

1
<22 (3) @@t + v i

+(1 = DY (B + 1Y ((A191Va}:

Corollary 14. When 0 is taken as 1 in Theorem 3,
then we get generalised midpoint-type inequality
as follows:

1
Y((1 - Aa + b) — mf Y(x)dx

1
<22 (3) @@t + v i

+(1 = DY (D)1 + [Y'(A)19]*].
Corollary 15. I 60 is taken as 1 and |Y' (x)| < M,

X € [a, b] in Theorem 3, then we get the following
Ostrowski-type inequality

b
1
Y(x) — mf Y(u)du

Sakarya University Journal of Science 24(4), 665-674, 2020

M(_) [(x— a)? + (b — x)?

2 b—a

. (2.15)

Proof. For each x € [a, b], there exist 1, € [0,1]

such that x = (1 — A,)a + A,.b. Hence we have
Ay = E and 1 -1, = z;x. Therefore for each

€ [a, b], from the inequality (2.12) we obtain
the inequality (2.15).

Corollary 16. When 0,1 are taken as 0, %

respectively in Theorem 3, then we trapezoid-type
inequality as follows:

b
Y(a) +Y(b) 1
5 i af Y(x)dx

a

2t 0 reor s 2
e (]

Corollary 17. When 0,1 are taken as I,

respectively in Theorem 3, then we get mzdpom
type inequality as follows:

1/q

|~

NN

b 1

r() 5= Yo <5 ()

a

1

s ()T

lIY i+ v (D)

Corollary 18. When 6,1 are taken as g %

respectively in Theorem 3, then we get Simson-
type inequality as follows:
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%[Y(a) 44y (aTH’) + Y(b)]
b

1
P af Y(x)dx

a

< —
4 \18 2 T

b—a<5)1‘%l4(1—\/§)+gr

1
Q‘|a

+ llY’(b)Iq + |Y’ (CLZLb)ﬂ% .

o e

3. CONCLUSION

In this study, we applied the trapezoidal,
midpoint, Ostrowski, and Simpson type
inequalities for Trigonometrically P-function by
using a general lemma given by 1. Iscan [10]. As
a result, we obtain integral inequalities of type
trapezoidal, midpoint, Ostrowski and Simpson for
Trigonometrically P-function. Our results can be
applied to different types of convexity.

Research and Publication Ethics

This paper has been prepared within the scope of
international research and publication ethics.

Ethics Committee Approval

This paper does not require any ethics committee
permission or special permission.

Conflict of Interests

The author declared no potential conflicts of
interest with respect to the research, authorship,
and/or publication of this paper.

Sakarya University Journal of Science 24(4), 665-674, 2020

[1]

[2]

[3]

[4]

[3]

[6]

[7]

[8]

REFERENCES

G. A. Anastassiou, “Complex Multivariate
Montgomery Type Identity Leading to
Complex Multivariate Ostrowski and
Griss Inequalities”, Communications in
Advanced Mathematical Sciences, vol. II,
no. 2, pp. 161-175, 2019.

W. W. Breckner, "Stetigkeitsaussagen fiir
eine Klasse verallgemeinerter konvexer
funktionen in topologischen linearen
Réumen", Publ. Inst. Math., vol. 23, pp.
13-20, 1978.

K. Bekar, "Hermite-Hadamard type
inequalities for trigonometrically P-
functions", Comptes rendus de
I’ Académie bulgare des Sciences, vol. 72,
no. 11, pp. 1449-1457, 2019.

H. Budak, F. Usta and M. Z. Sarikaya,
“Refinements of the Hermite—Hadamard
inequality for coordinated convex
mappings”, Journal of Applied Analysis,
vol. 25, no. 1, pp. 73-81, 2019.

H. Budak, F. Usta, M. Z. Sarikaya, M. E.
Ozdemir, “On generalization of midpoint
type inequalities with  generalized
fractional integral operators”, Revista de
la Real Academia de Ciencias Exactas,
Fisicas 'y  Naturales. Serie A.
Matematicas, vol. 113, no. 2, pp. 769-790,
2019.

H. Budak, F. Usta, “New Upper Bounds of
Ostrowski Type Integral Inequalities
Utilizing Taylor Expansion”, Hacettepe
Journal of Mathematics and Statistics, vol.
47, no. 3, pp. 567-578, 2018.

S. S. Dragomir, C. E. M. Pearce, "Selected
Topics on Hermite-Hadamard Inequalities
and Applications", RGMIA Monographs,
Victoria University, 2000.

S. S. Dragomir, J. Pecaric, L. E. Persson,
"Some inequalities of Hadamard Type",
Soochow Journal of Mathematics, vol. 21,
no. 3, pp. 335-341, 2001.

673



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Sakarya University Journal of Science 24(4), 665-674, 2020

Sercan TURHAN

Novel Results based on Generalisation of Some Integral Inequalities for Trigonometrically-P Function

S. S. Dragomir, Th. M. Rassias,
"Ostrowski  type inequalities and
applications in numerical integration",
Kluwer Academic Publishers, Dorcdrecht,
Boston, London, 2002.

I. Iscan, New estimates on generalization
of some integral inequalities for s-convex
functions and their applications, Int. J.
Pure Appl. Math., vol. 86, no. 4, pp. 727-
746, 2013.

H. Kadakal, "Hermite—Hadamard type
inequalities for trigonometrically convex
functions",  Scientific  Studies and
Research. Series Mathematics and
Informatics, vol. 28, no. 2, pp. 19-28,
2018.

M. Kadakal, I. Iscan, Inequalities of
Hermite-Hadamard and Bullen Type for
AH -Convex Functions. Universal Journal
of Mathematics and Applications, vol. 2,
no. 3, pp. 152-158, 2019.

M. Kadakal, ‘“Better Results for
Trigonometrically Convex Functions via
Hélder-Iscan and Improved Power-Mean
Inequalities”, Universal Journal of
Mathematics and Applications, vol. 3, no.
1, pp. 38-43, 2020.

M. Z. Sarikaya, E. Set, M. E. Ozdemir,
"On new inequalities of Simpson’s type
for convex functions", Computers &
Mathematics with Applications, vol. 60,
no. 8, pp. 2191-2199, 2010.

M. Z. Sarikaya, N. Aktan, "On the
generalization  of  some  integral
inequalities and their applications",
Mathematical and Computer Modelling,
vol. 54, no. 9-10, pp. 2175-2182, 2011.

F. Usta, M. Z. Sarikaya, “Explicit Bounds
on Certain Integral Inequalities via
Conformable Fractional Calculus, Cogent
Mathematics, vol. 4, no. 1, 1277505, 2017.

F. Usta, “On generalization of trapezoid
type inequalities for s-convex functions

[18]

[19]

[20]

[21]

[22]

[23]

with generalized fractional integral
operators”, Filomat, vol. 32, no. 6, 2018.

F. Usta, M. Z. Sarikaya, “On
Generalization of Pachpatte Type
Inequalities for Conformable Fractional
Integral, TWMS Journal of Applied and
Engineering Mathematics, vol. 8, no. 1,
106, 2018.

F. Usta, M. Z. Sarikaya, “On Bivariate
Retarded Integral Inequalities and Their
Applications” Facta Universitatis, Series:
Mathematics and Informatics, vol. 34, no.
3, pp- 553-561, 2019.

F. Usta, H. Budak, M. Z. Sarikaya,
“Montgomery Identities and Ostrowski
type Inequalities for Fractional Integral
Operators”, Revista de la Real Academia
de Ciencias Exactas, Fisicas y Naturales.

Serie A. Matematicas, vol. 113, no. 2, pp.
1059-1080, 2019.

F. Usta, H. Budak, F. Ertugral, M. Z.
Sarikaya, “The Minkowski’s Inequalities
Utilizing Newly Defined Generalized
Fractional Integral
Operators, Communications Faculty of
Sciences University of Ankara Series Al
Mathematics and Statistics, vol. 68, no. 1,

pp. 686-701, 2019.

F. Usta, H. Budak, M. Z. Sarikaya, “Some
New Chebyshev Type Inequalities
Utilizing Generalized Fractional Integral
Opetors”, AIMS Mathematics, vol. 5, no.
2,2020.

S. Varo$anec, "On h-convexity", J. Math.

Anal. Appl., vol. 326, no. 1, pp. 303-311,
2007.

674



