Advances in the Theory of Nonlinear Analysis and its Applications 4 (2020) No. 3, 132-142.
https://doi.org/10.31197 /atnaa.752335
Available online at www.atnaa.org

Research Article

Advances in the Theory of Nonlinear Analysis

and its Applications -

ISSN: 2587-2648 Peer-Reviewed Scientific Journal

Modified Quasi Boundary Value method for inverse
source problem of the bi-parabolic equation

Nguyen Duc Phuong?®, Nguyen Hoang Luc®, Le Dinh Long®

?Faculty of fundamental science, Industrial university of Ho Chi Minh City, Viet Nam.
bDivision of Applied Mathematics, Thu Dau Mot University, Binh Duong Province, Viet Nam.

Abstract

In this study, we study an inverse source problem of the bi-parabolic equation. The problem is severely
non-well-posed in the sense of Hadamard, the problem is called well-posed if it satisfies three conditions,
such as the existence, the uniqueness, and the stability of the solution. If one of the these properties is
not satisfied, the problem is called is non well-posed (ill-posed). According to our research experience, the
stability properties of the sought solution are most often violated. Therefore, a regularization method is
required. Here, we apply a Modified Quasi Boundary Method to deal with the inverse source problem.
Base on this method, we give a regularized solution and we show that the regularized solution satisfies the
conditions of the well-posed problem in the sense of Hadarmad. In addition, we present the estimation
between the regularized solution and the sought solution by using a priori regularization parameter choice
rule.
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1. Introduction

Bi-parabolic equations are frequently used to demonstrate different evolutionary processes in natural
sciences, especially describe the unique highlights of the elements of deformed water-saturated porous envi-
ronments during their filtration fusion the load applied [I]-|3]. For physical motivation and other models,
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the interested reader is referred to [5]-[8, 24, 25] for more details. Let © be a bounded domain in R with the
sufficiently smooth boundary d€). We consider an unknown source issue of deciding the space-subordinate
source term f(x) for the accompanying bi-parabolic equation

uge (0, 1) + 2A8us(x, ) + Au(z, t) = p(t) f(x), (x,t) € Qx (0,T),
u(x,0) =0, (x) € 0Q,t € (0,717,
ulon = Aulpg = 0, T e, (1)
u(z,0) =0, x € Q,
u(z,T) = g(z), x € Q.

By the definition of Hadamard [4] about a problem is called well-posed if it satisfies: the existence, the
uniqueness, and the stability of the solution. This implies that if one of the three properties is not satisfied,
the problem is called is non well-posed. According to our research experience, the stability properties of the
sought solution are most often violated. Therefore, to overcome this difficulty, a regularization method is
required.

There are many methods to regularized the biparabolic problem. Until recently, to our best knowledge,
we have found some research results of the authors as follows: In [9], Tuan and his group consider an inverse
initial problem for a biparabolic equation. They apply a filter method for case linear nonhomogeneous
problem and Fourier truncation method for the nonlinear bi-parabolic problem. In [I0], Tuan et. al surveyed
the problem by the Tikhonov method and they show information about the convergent rate between the
sought solution and the regularized solution for both the a-priori and the a-posteriori parameter choice rules.
In [T4], Tuan and his group provided an impressive result of the final value problem for a biparabolic problem
with statistical discrete data. In [16], by applying the iteration method, Abdelghani Lakhdari and Nadjib
Boussetila give some other convergent rates under a-priori bound assumptions on the sought solution.

Besides the method already mentioned above. The quasi-boundary value method is also a commonly
used method for examining the ill-posed problem. This method introduced and developed by Showalter, see
[11], [12]. It is additionally normally used to tackle some not well presented issues for other equations; for
more details, see [I3], [I8]. In this study, we propose a modified version of quasi-boundary value method
to solve the inverse source problem (I)), the basic main idea is to use U (x,T) = g°(z) + ’Y(G)(Bf;(e))(l')
instead of u(x,T") = g(z). It has been appeared for the modified quasi-boundary value method to manage the
unknown source issue (/1)) that the best convergence rate is O(e%) under an a-priori choice of the regularization
parameter, inwhich € is the noise level.

The paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we show
information about the ill-posedness of problem . Next, we propose a regularized solution by the MQBV
method and investigate the error estimates are obtained under the a priori parameter choice rule. Finally,
we give in Section 4.

2. Preliminaries

Let K be a real Hilbert space, and let B : D(B) C K — K be a linear, positive-definite, self-adjoint
operator with compact inverse on . B has an orthonormal basis of eigenvectors ¢, C K with real eigenvalues
& € R.

1, ifk=1,
Bor(z) = &pon(x), keN, (¢r, d1) = {0 kLl
and 0 < & <& <--- <& with & — oo for k& — oo, (2)

and the corresponding eigenelements ¢ which form an orthonormal basis in K.
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Definition 2.1. (see [20]) The Hilbert scale space H>¢(Q2), (¢ > 0) defined by

[e.e]

212 (Q) = {f € £2(0): Y (14 &) () gy < oo}, (3)
k=1
with the norm
HfH’QHQC(Q Z 1 +§k 2C}<fa ¢k>£2(9 ‘ < oo. (4)
k=1

Lemma 2.2. Let po, 01 > 0 satisfy g0 < |p(t)| < @1, ¥Vt € [0,T], let choose € € (0, ?), by denoting

Alpo, p1) = 1+ %, we get

%0 €

3 S e )] < Alpo, 1), (5)
Proof. This proof can be found at [10]. O

Lemma 2.3. Let { > & >0, Vk > 1 and r € [0,T),Vt € [0,T], we obtain

T
a) /e_g’“(T_T) (T—r)ydr=¢&7(1-(1+ Tfk)e_g’“T),

0

1 3 (1—(1+T&)e 5T)
b) T+ e Smax{TQ,l} & ,
_ —&it
¢) 0 -0+ Zf’“)e ) o2 (6)
&k
Proof. The proof was proved in [17]. O

3. Main Results

8.1. Uniqueness, ill-posedness and a conditional stability
for the unknown source (|1))

Taking the inner product of both sides of with ¢ (z), it gives

j:z<u(t)’¢k>+2£kd<u(t)7¢k>+flz<u<t)v¢k> p(t)(f(x),0x), t€(0,T),
(u(0), pr) = dt<u  Gi) = (7)

(u(T), i) = (g(z), r)-
Using the Lagrange constant variable method, with ug(t) = <u(.,t),¢>k>, fi = <f(m),¢k(m)>, ug(0) =

<u(.,0),q§k(m)> =0and g = <g(x),q§k(x)>
We obtain

=t ([ ) (@), on(o)
0

_ (/efk(tT ro(r) dr) <f(x),<l>k(a:)> (8)

0
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From , by letting ¢ = T" which leads to

T
(gl on(@)) =T ([ T (r)dr) (@), (o)
0

T
_ ( / e—fk(T—T)r¢(r)dr) (f(x), dr()). (9)
0

A simple transformation gives

(), o)) = = (g(x), pr(x)) , (10)

[ e=&T=)(T — r)p(r)dr
0

it is shown that

Oy (9(2), ou(@))u(x) (11)
e=&(T=r)(T — r)o(r)dr

B
l-
SE

Defining a linear operator : K : £2(Q2) — £2(f) as follows.

= (f(x), dn(x

k=1

o\ﬂ

T (T — p)p(r)dr s (x) = / 4(z, ) F(Q)dC, (12)
Q

whereby ¢(z,¢) = > 22, fe_gk(T_r) (T — r)p(r)dr ¢r(x)pn(C). Due to, which leads to ¢(x,¢) = ¢(¢,x) and
0

K is self-adjoint. Next, we go to prove the compactness of the operator. we define K;

j T
Ki£(@) = Y (F@) (o) [ ST = r)p(r)dr dn(a). (13)
k=1 4
From , and using the Lemma Part a), we know that
I3t =Ky < 2 3 0l <SSl i
k=j+1

Therefore, ||K; — Kl z2(q) = 0 when j — oo. K is also a compact operator. The SVsD for the self-adjoint
are

T
wp = [ e *T=(T — p)o(r)dr, (15)
/

and corresponding eigenvectors are ¢y. From , the problem of finding the source function can be rewritten
as an operator equation

(Kf)(z) = g(x). (16)
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3.2. The non well-posed problem

Problem is well known to be severely ill-posed. For making the purpose of the ill-posedness of problem

, illustrative example will be used. By choosing gi be as follows g := 5};1/2@?. If we choose g = 0 then

from , we will have f = 0. In here, we have

~ —1/2 —1/2
gk — 9ll2) = 11§, / k() z2) = & /
From (|17)), we get
. - L ~1/2
kgffoo 19k — gllc2) = lim & "7 =0.

k—+o0

With the final condition g, then we get

i (g(), or(x))dr(2)

fr@) =" =
E=1 [ e=6T=0(T — r)p(r)dr

0
BS <T£; V20 (@), ¢ (2)) i ()
k=1 fe—fk(T—r) (T _ T)(,O(T)d?"

0

& P on)
[ e=&T=)(T — r)(r)dr
0

We get Hﬁ() — f()llz2(q) as follows

& ()

T
[ e~ T=)(T — r)p(r)dr
0

H]?k:() - f(')HEz(Q) =

£2(9)

516_1/2

T
[ e~ T=7(T — 7)p(7)dT
0

From , we have to estimate

T T

T
/e_gk(T_r) (T —r)p(r)dr < ¢ /e_gk(T_r) (T —r)dr < % (e 4T 4 1).
0 0

k

Combining and , we know that

1/2

170 = £Oll ey 2 S ey

From leads to

1/2
e , K -
Jim [£6() = FOl 20y > G 1T (e=5T +1) e

(17)

(18)

(21)

(22)

(23)

Combining and , we can conclude that problem is ill-posed in the Hadamard sense in £2(£2)-norm.
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8.8.  Conditional stability of source term f
In this section, we present restrictive steadiness by the accompanying hypothesis.

Theorem 3.1. Since | f|y2m@q) < E for E >0 then the norm of HfHLQ(Q) is well defined

£lez(@) < Clm., B)llgl Faigy-

whereby

1
— Em+1
C(m,FE) = — - (24)
[pol ™ T[1 = (14 T&y)e &t |1

Proof. From and Holder inequality, we know that:

Iy = 3o |

T
Ofe*5 RT=)(T — 7)p(r)dr

2

(g, 60|77 (g, )| 1
T
=1 | [eatr=n(r - Pe(r)dr|

g(i 4o.00)1 >m(g\ 9. 01| )mi

k=l !f e T=N(T — r)p(r)dr[™"™

e o) )" ol =
k=1 lofe—&c(T—T’) (T — T)¢(r)dr|2m

M

11— (14 T&)e 67|
&

T m

Using the inequality ’feffk(T*’”) (T—r)go(?")d?“’ > !800’2m<
0

Part b), it gives

i ‘<fa¢k>}2 < <(max{7§2’1})>2meH§_[2m(Q)' (26)

L [ e (T = r)p(r)dr|™ "

2m
) and using the Lemma

ST

Combining and , we get

2 (max{%’l}) %Tl m+l VSTI
11y < (D) Ll (21)
O
3.4. Modified Quasi Boundary Value reqularization method and convergence rates
Let {u;(e) (x,1), fi(e) (z)} be the solution of the following regularized problem as follows:
U§t77(€) (%, t) + QAUE,')/(E) (.’1;, t) + AQUEY(E) (.’1}', t) = @e(t) f/(e) (.’17), (JI, t) € 0 x (07 T),
u;,'y(e) (ZC, 0) - 07 (l’) € 897 te (07 T]7
U lon = Auflaa = 0, reQ, (28)
ul o (,0) =0, x €,
uo(@,T) = g°(x) + () (Bf5)(2), x€Q
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If the observed data (¢(t), g(x)) of (¢(t),g(z)) with a noise level of € and satisfied
l9C) =9 Ol 2y < & e = @lle=om) <€ (29)

then we can present a regularized solution as follows

S S o
k=1 ~(e)&k + {e*ﬁk(T*T) (T — 7)ot (r)dr

and

i (9(x), or(x))or(x)

Fyo(x) = (31)
F=Ly(e)ér + g e~ (T=)(T — r)p(r)dr

Theorem 3.2. Suppose that ||g°(-) — g(*)llc2() < € and [[p(-) — *()zor) < € and assume that
[ fllnzm @) < E for m >0, then we have the following estimate

3 Trim
i) If0<m < T and choosing y(e) = (%) S then the following estimate

1) = £500 Ol 2y s of order €757 (32)

1

3 =
it) If m > " by choosing ~(€) = (%) * then the following estimate

. 1
Hf() — ;(6)(-)H£2(Q) is of order €%. (33)
Proof. The proof of based on the concept of triangle inequality, we get

1FC) = f5oOllez S NFC) = o Ollez@) + 10 () = F5o Ol ez (34)

First of all, we notice that

f'y(e) (x) - f;(e) ($)

> (g(x), dr(x))dr(x) B (9(x), dr(x))pr(x)
> T T
F=1y(e)ér + {6_5’“@_”) (T —r)p(r)dr  v(e)§k + bf e~k (T=r)(T — r)p<(r)dr
=P1
(9(x), pr(x))dr(x) B (g°(x), pr(x))pr(x)

+

(35)

WE

£
Il

T T
L)€ + [ e TUT = r)p(r)dr ()€ + [ e S T=I(T = r)(r)dr
0 0

=P

We need estimate HfAY(G)(-) - ;(e)(-)HLQ(Q) only consider two steps:
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Step 1: Let us evaluate HP1H£2(Q

P11 Z2 0
T
o Ofe_g’“(T_T) (T = r)(¢(r) = ¢“(r))dr (g, $x)Px 2
<> (—— : )
R=1 (@) + [ e S T=U(T = r)pe(r)dr] x [v(e)&, + [ e T=)(T — r)p(r)dr]
0 0
T
— || roo —&(T=7) (T — r\d
< i (H@ #le (O’T)ofe - T) (9. 0r)0x () 2 (36)
T Y(€)&k T
= [ e=&T=)(T — r)p(r)dr
0
Using the Lemma [2.3| Part a) and Part c), we can know that
1Pl 220
(- ) i (1- (1+Tg)e&T)° (9, 1) i
=1 St f e=&(T=r)(T — r)o(r)dr
<(=5) ™y EMm (1+&)™"[(f,0n)
€ Y |
< <Te>) TS o) 2 v (37)
Step 2: Estimate for ||732||%2(Q
_ € 2 2
Pall ey <3 Lo o) )
= e+ [ BT —
1
() e (38)
x 1
1 =
2 kgl ke

o0

) then by letting ]\71 = ~2J1r4m >
C E—1 k

If &, > Cki for k € N, where C' do not depend of k, see [19]. For 0 < d < 4 and denoting M; :=
. Therefore, form (37) and ( it

Next, if d > 0 and m > 3 (4 —

gives

(-5) 728V 0. ana Hpg|y£2(m<(7(i))\/ﬁ.

P12 <

Combining , and , we obtain
< (%) (TZE\/ﬁ+ \/i)

1£500) = £ Ol 29) <
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The proof is completed by showing that , we notice that
1£C) = Fro OllZ2(q)

-1

IA
1M
\’%

T
(‘ e*fk(TfT)(T_r)(p(r)dr‘ _‘ ()&H—/ & (T— T)(T-r)(p(T‘)dT‘_1>2
0

00 € 2 , 2
3 b9 ool 2
(106 + [ e 8T = r)ptr)ar) | eI (T =)o)

00 —2m (o)
(& (1+ &
<y el rE) 1713 2 (&) 2l I am e (41)
14 [ T (T = )p(r)dr =
0
From ([41)), we continue to estimate E(¢). Denoting @(gl,T, o) = (4@0‘1 —(1+ Tfk)efng‘)fl, we obtain

V()& (1 + &)™ < (g
= Apo|l = (1+ Té)e 6T

E(&)|* < -
40fe_5k(T_T) (T —r)p(r)dr
7(6) P

—4m A
< 4(p0|1 — (14+T&) —ng‘ (e )5 Q(&1,T, o) (42)

It can happened that
3
Case 1: m > 7 it is easy to see that 52_47” < {?_4’” and combining this with (41)), we deduce that

2m

1\)\»—‘

1£0) = £ Oll oy < N2 &7 B [G(61. T00] . (43)
Case 2: 0 <m < %, with m € (0, 2) We rewrite N by N =W, UW,
whereby
Wy = {k €N, &1 < [y(e)] f},WQ - {k €N, gdim > [’y(e)]_z}. (44)
Hence, from (1)) and the condition || f|[32m () < E, we can find that
Wa
Hf() - f’y(e)()Hi2(Q) = Ssup ’7( )§3 mQ (517T7 SOO)EQ + Z&:lmE?
keWws k=1
< Q1. T o) E2[y(e)) " + sup "2
keWs
< Q& T o) B2 (9]' ™ + [r(e)] - 2. (45)
We choice £ =1 — 4?7717 it gives
[FORS fy(e)(-)}liz < Q. T, p0) By ()] & + [y (o)) ¥ B2 (46)

Using the inequality (a2 + b%) < va + b,Va,b > 0, one has

1/C) Ol ey < (0] (1@, 7. %0)] g4 E)- (47)
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3
a) If 0 <m < T combining , and , we conclude that

116 = i Olesn < = (r2E\/3E +/3E,

+ B VF ([Q6 T, 00) PE + E)- (48)

3
b) If m > , combining (134} and ( ., we conclude that

1£6) = 50 Olexo <~ (T?EM Vit)

2m

~ 1
+ ()2 E [Q(&1,T, 0] (49)
Therefore, we conclude that
€\ 37am
a) If0<m < , by choosing v(e) = (E) M then we get
am_ 3 —~ —~
1FC) = £ Ol c2ay < eF+im Bvm (TQE /3 + /M2>
m m ~ 1
+eatin 57 ([Q(6, T, o) B + E). (50)
3 €\ 3
b) If m > , by choosing ~(€) = (E) ? then we get
. 1ph
1£C) = £ Ollexey < 2 B2 (T2By/ M1 + \/MQ)
1 1 =
B4 ([Q(6, T, 90)] *E + B). (51)
This completes the proof of Theorem [3.2] O

4. Conclusion

In this study, we investigate an reconstruct source function f(x) for a bi-parabolic equation. The con-
ditional stability is given in Theorem We used a MQBV method for obtaining a regularized solution.
Based on an a priori assumption for , the error estimate is obtained under an a priori regularization
parameter choice rule. The authors is greatly indebted to professor Nguyen Huy Tuan for suggesting the
problem and for many stimulating conversations.
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