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ABSTRACT. The purpose of the paper called “A new class of Kantorovich-type operators”, as the title says, is to
introduce a new class of Kantorovich-type operators with the property that the test functions e1 and ez are reproduced.
Furthermore, in our approach, an asymptotic type convergence theorem, a Voronovskaja type theorem and two error
approximation theorems are given. As a conclusion, we make a comparison between the classical Kantorovich opera-
tors and the new class of Kantorovich - type operators.

Keywords: Bernstein polynomials, Kantorovich operators, King operators, fixed points.

2010 Mathematics Subject Classification: 41A36, 41A60.

1. INTRODUCTION

Let N be the set of positive integers and Ny = N U {0}. We denote by e; the monomial of j
degree, j € Ny, L1([0,1]) = {f|f : [0,1] — R and f integrable Lebesgue on [0, 1]}.

In 1930, L. Kantorovich [7] constructed and studied the linear positive operators K,
Lq([0,1]) — C([0, 1]), defined for any f € L1([0,1]), z € [0,1] and m € N by

k+1

1) ) =m+ DY (a1 -0 [ pioar

k
k=0 m+1

The operators (1.1) are known as Kantorovich operators and they preserve the test function
eo. Following the ideas from [3]-[6], in this paper we introduce a general class which preserves
the test functions e; and e;. For our operators a convergence theorem, a Voronovskaja-type
theorem and two error approximation theorems are obtained.

The paper is organized as follows: in Section 2 we introduce some preliminary notions
which we will use in the construction of the new type of Kantorovich operators, in Section 3
we will construct the new operators and in Section 4 we give an asymptotic type convergence
theorem, a Voronovskaja type theorem, two error approximation theorems and a comparison
between the classical Kantorovich operators and the new one.
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2. PRELIMINARIES

In this section, we recall some notions and results which we will use in what follows. We
consider I, J real intervals with the property I N .J # 0, let E(I), F(J) be certain subsets of the
space of all real functions defined on I, respectively J,

B(I)=A{f|f: I =R, f bounded on I},

C(I) ={f|f:I—R,f continuous on I}
and
Cp(I)=B(I)nC(I).

For z € I, we consider the function ¢, : I — R,9,(t) = ¢t —z,t € I. For any m € N,
we consider the functions ¢, : J — R, with the property ¢, x(z) > 0, forany « € J, k €
{0,1,...,m} and the linear positive functionals A,, , : E(I) - R, k € {0,1,...,m}. Form € N,
we define the operators L,, : E(I) — F(J) by

m

2.1 (me)(x) = Z Spm,k(x)Am,k(f)'
k=0

Remark 2.1. The operators (L., )men are linear and positive on E(I N J).
Forany f € E(I),z € INJ and for i € Ny, we define T}, ; by

m

(2.2) (Tm,iLm)(x) = ml(Lmz/);)(x) =m' Z @m,k(x)Am7k(w;)'
k=0

In the following, let s be a fixed even natural number and we suppose that the operators
(L )men verifies the following conditions:
there exists the smallest a5, a512 € [0, 00) such that

(T, L) ()

(2.3) lim = Bj(z) €R,
m—>oo mi

foranyx € INJ,j € {s,s+ 2} and

(2.4) Qsto < 05+ 2.

If I ¢ Risagiven interval and f € Cg(I), then the first order modulus of smoothness of f
is the function wq (f;-) : [0, +00) — R defined for any § > 0 by w1 (f, ) = sup{|f(z’) — f(z")] :
' x" el,|x’ —a"| <6}

Theorem 2.1. ([8]) Let f : I — R be a function. If x € I N J and f is s times derivable function on
I, the function f (8) is continuous on I, then

5 (g
25) tim = (L)) =3 L, 1)) =0
i=0 .

m—»00 m

If f is a s times differentiable function on I, the function f*) is continuous on I and there exists
m(s) € Nand k; € R such that for any natural number m > m(s) and for any x € I N J we have

T il (x
(2.6) % < kj,
where j € {s, s + 2}, then the convergence given in (2.5) is uniformly on I N J and
| *LF(e
@7) = L)) - 3, L) @
=0 ’
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1 1
< = (s).
=4l (ks + ks+2)w1 (f ’ /7m2+055—0ts+2)
forany x € INJand m > m(s).
Let ¢, be defined by
(2.8) wi(t) =t —z|,tel,z el

Theorem 2.2. [9] Let L : C(I) — B(I) be a linear positive operator. Let o, be defined by (2.8).
(i) If f € C(I), then for every x € I and 6 > 0, one has

(L) (@) = f@)] < [f(@)][(Leo)(x) — 1
+ ((Leo)(@) + 07/ (Leo)(@) - (Le2) (@) ) wn (f39).
(it) If f is differentiable on I and f" € Cg(I), then for every x € I and 6 > 0, one has
[(Lf) (@) = f(@)] < [f(@)][(Leo)(w) = 1| + | f(2)[[(Ler) () — z(Leo) ()]
+V(LeD)(@) (VLeo) (@) + 671 LZ) (@) wr ('59).

3. A NEW CLASS OF KANTOROVICH-TYPE OPERATORS

Let ay,, by, : J — R be functions such that a,,(z) > 0, b,,(x) > 0 forany z € J and m € Ny,
where J and N; C N will be determined later. We define the operators of the following form

m k+1

nf)(x) = (m " U (2))F (b ()™ " "
6. (5w = 03 (3 Yam) )™ [ s
forany z € J,m € Ny and f € L1([0,1]). Then, we get
(32) (Kpe0)(@) = (am (@) + b(2))™,
* - met, 1 A (T z))"
and
* _ m(m _ 1) 2 m—2
(K ye2)(z) = Wa’m(x) (am () + b (2))
2m m—1
(34) + mam(x) (am(x) + bm(x))
1 m

+ 3o 177 @ @) + bn (@)

forany z € Jand m € Ny.
In what follows, we impose the additional condition to be fulfilled by our operators

(3.5) (Kreo0)(@) =14 up(x),
where x € J,m € Ny and u,,, : J — R.

Remark 3.1. We want that K\,,m € Ny be positive operators, then from (K}, eq) > 0 and (3.5), we
have

(3.6) 1+ um(z) >0,z € J,me Ny.
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We will show in Lemma 3.3 that 1 + w,,(z) > 0,z € J,m € Ny. From (3.2), we get

(3.7) (am(x) + b ()" =1+ up(x),z € J,m € Ny,

from where

(3.8) am () + b (z) = (1 + upm (), 2 € J,m € Ny.
The next conditions will be read as follows

(3.9) (KZen)(a) = o

and

(3.10) (K} e)(z) = 22

forany x € Jand m € Ny.
From (3.3), (3.8) and (3.9), we get

(311) n) = L1 0) 7 (0= gL ).

zeJ,meN;.
From (3.8) and (3.11) we obtain

b () =(1+ 1 (2)) <1_ mtl L

m 14 um(z)

<x _ ma +um(x)))> ,
xz € J,meNj.

Because a,,,(z) > 0,b,,(z) > 0,z € J,m € Ny, from (3.7), (3.11) and (3.12) we get

(3.12)

1
xr — m(l + Um(lf)) >0

and
m+1 1

m 1+ um(z) (x— 2(m+1)
xz € J,m € Ny, from where we obtain
2(m +1)
om+1

1—

( +um<x>>) >0,

(3.13) 1 <up(x) <2(m+1l)z—1,

z € Jm e Ny.
From (3.4), (3.8), (3.10) and (3.11) it follows

(—=5m — 3)u?, (x)+

(—12m(m + 1)%2% + 12(m + 1)%z — 2(5m + 3))um (z)+
(—12(m + 1)%2% + 12(m + 1)%z — (5m + 3)) = 0.

The relation (3.14) is an equation in u,, (x) with the discriminant

(3.15) A (z) = 48(m + 1)%22 (3(m +1)%(ma — 1)% + (5m + 3)(m — 1)).

(3.14)

The discriminant A, (z), after some calculation, has the following form

(3.16)  Ap(x) = (12m(m +1)%2 — 12(m + 1)2:;;)2 +A(5m + 3)12(m + 1)%2%(m — 1),

so for z # 0 and m € N we obtain that A,,(z) > 0.
Then, in the above conditions, we have the solutions of the equation (3.14)

119
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~ —6m(m+1)%2? + 6(m + 1)z — (5m + 3)

317) tm1 (%) = 5m + 3
2(m + D)a/9(m + 1)2(mx — 1)2 + 3(5m + 3)(m — 1)
a 5m + 3
and
—6m(m +1)%222 + 6(m + 1)%x — (5m + 3)
UM,Q(x) =
(3.18) om + 3
2(m + 1)a/9(m + 1)2(mx — 1)2 + 3(5m + 3)(m — 1)
+ om + 3
forany x € J, m € Ny.
For wm 1(z), we have mli_]f}nOO U, 1(x) = —oo then uy, 1 (x) does not satisfy the relation (3.6),

so from the relation (3.18) follows that u,, (z) = um_2(z).

Lemma 3.1. The relation (3.13) happens for any x € J,m € Ny if and only if
2(3m? +3m + 1)

1 < .
(3-19) 3m+1) — = 3m+1)Em+1)
Proof. After some calculation, it follows from the relations (3.13) and (3.18). |
Remark 3.2. (i) The following inequalities state
2
3(m+1) >0

and

2(3m? +3m + 1) <1

3(m+1)(2m+1)
form e N.

2(3m?4+3m+1)

is decreasing and the sequence (m

.o 2 . . .
(ii) The sequence (W) en ) e S increasing.
(iii) From (ii), the following relations state

2 1
- <
3(m+1)~ 3
and
7 _ 2Bm* +3m+1)
9 = 3(m+1)(2m+1)
S

(iv) From (3.19) and (iii) follows & < x < &, so the operators K, are positive for m € N.
2

() If ¢ € (0,3%), because mli_n}m e
ﬁ < ¢, forany m € Nand m > m(c).

. 2(3m? +3m + 1)
7 .
(vi) If d € (§,1), because lim 3m+ D@m 1 1)
!m2 3m
that d < %,for any m € Nand m > m(d).
(vii) Let Ny = {m € N | m > max(m(c), m(d)) = m(c,d)}.

,méeN.

= 0 it follows that there exists m(c) € N such that

= 1 follows that there exists m(d) € N such

Lemma 3.2. If0 < ¢ < d < 1, then exists m(c,d) € N such that the operators K, are positive on
[c,d], for m € N,m > m(c,d).
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Proof. It follows from Lemma 3.1 and Remark 3.2. O

Lemma 3.3. The inequality

(3.20) 1+ up(z) >0

holds for any = € [c, d] and m € N;.

Proof. We take into account the relation (3.18). O
Let c and d be real numbers with 0 < ¢ < d < 1,then I =[0,1], J = [¢,d],

P () = (m+ 1) (1 + um(x))' "

« (m;; ! (:v _ 2(m1+ 5 —i—um(x))))k

(1 ity et “m“))))m

and

f € Li([0,1]), x € [¢,d],m € Ny.
Then the operators (3.1) become

(K5 f)(x) = (m+1) i< )1+um (z))t*

x (mntl (x— 2(m1+ 1)(1+um(x))>)k

(- (-t ee)

(3.21)

x € [c,d],m € Ny.

Lemma 3.4. For z € [c,d] and m € Ny, the following identities

(3.22) (T oK) (2) = 1 4 um (2),
(3.23) (T 1K) (z) = —maup(x),
(3.24) (T2 K35 (2) = m2a?u,, (x)
hold.
Proof. We take (2.2), (3.9) and (3.10) into account. |
Lemma 3.5. For z € [c,d], m € Ny, m > m,, m, = max (m(0), m(2)), we have
ap =0, as =1,
By(z) =1, By(x) = (1 — x),

1
k'():l, kQZZ
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Proof. We have that
(T 0 K50) () = 1+ um (),
then i
g (oK)
m—> 00 m
so from relations (2.3), (2.4) and (2.6) we get a9 = 0,Bp(z) = 1 and ko = 1 for x € [e,d],
m € Np,m > m(0).

=1

)

We have that
(T oK) () = m2x2um(a:).
Because )
lim  mm, (z) = — x,
m—>00 X
we obtain S
lim (7”»2717")(33) =z(1 —2).
m—r00 m
Then from relations (2.3), (2.4) and (2.6), we get az = 1, Bs(z) = x(1 — z) and ks = 1 for
z € [¢,d], m € Ny,m > m(2). O

4. PROPERTIES FOR THE NEW CLASS OF KANTOROVICH TYPE OPERATORS

In this section, we present some properties of the new class of Kantorovich type operators,
where ¢ and d are real fixed numbers, 0 < ¢ < d < 1.

Theorem 4.3. If f € C([0,1]), then

@ i (K3, 0)() = ()
uniformly on [c, d] and

¥ 5 1
42 (5.0 @) = 1@ < @] )]+ 5 - (522 ).

forany x € [c,d] and m € Ny.

Proof. From (2.7), for ag = 0, ap = 2, kg = 0 and ko = 1, we get

(i)

for any z € [c,d], m € Ny, m > m, which is equivalent with (4.2).

(4.3) (K (@) = (@) (1 + um(2))] <

= | Ot

O

Theorem 4.4. Let f : [0,1] — R be a function. If f is two times differentiable on [0, 1], the function
@) is continuous on [0,1] and = € [c, d), then

i m((K3 ) (@)~ f(@) =~ () + (@ - )FO)
(4.4) i z

TN ) £ (2)
+ = 3 (@),

forany x € [c,d], m € Ny.
Proof. Using the relation (2.5) and Lemma (3.1), the relation (4.4) follows. O
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The relation (4.4) is a Voronovskaja type theorem.
Theorem 4.5. If f € C([0, 1)), then
(4.5) (B, ) (@) = f@)] < |f(@)] - [um(2)] + 3 - wi(f;61)
forany x € [c,d], m € Ny, where 6, = \/@
Proof. Using Theorem 2.2 (i), from relation (3.2) for § = \/(K7,e0)(z) - (K7,¢2)(z), we have
(4.6) (B, ) (@) = f(@)] < |f(@)] - [um(2)] +3 - wi(f;61)

for any z € [c,d], m € N;.

1—
After some calculus, we get § = /(1 + u, (7)) - 22 - u, (2). Because h_r}n My, (z) = x,
m o0

T
L forany z € [c,d],m > m(1),m(1) €
Ni. Then § < /22 = §; and from (4.6) we obtain (4.5).
We observe that for the genuine Kantorovich operators we have the relation |(K,, f)(z) —

we have that there exists m(1) € N; such that u,,(z) <

f@) <2 -w ( f; N%H) and for our operators we have the relation (4.5) and if we make a

comparison between this two results, we remark that §; < N%H’ for any z € [c, h], m > m4,
m1 € Ny, where h is a real number that has the following properties:

()0<c<h<dandh< §;
(ii) there exists m(h) € N such that for any m > m(h), the inequality h < %ﬁ;ﬁ holds,
where §; < 2\/%4& is equivalent with x < %ﬁﬁ ;

(iii) my = mazx (m(c), m(h),m(d)),ml € Nj.
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