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Abstract

A rapid increase in daily new cases was reported in the world from February 19 to April 3,
2020. In this study, a susceptible-infected-recovered-dead (SIRD) was developed to analyse
the dynamics of the global spread of COVID-19 during the above-mentioned period of time.
The values of the model parameters fitted the reported data were estimated by minimizing
the sum of squared errors using the Levenberg-Marquardt optimization algorithm. A time-
dependent infection rate was considered. The set of differential equations in the model was
solved using the fourth order Runge-Kutta method. It was observed that a time-dependent
parameter gives a better fit to a dynamic data. Based on the fitted model, the average value
of basic reproduction number (R0) for COVID-19 trasmission was estimated to be 2.8
which shows that the spread of COVID-19 disease in the world was growing exponentially.
This may indicate that the control measures implemented worldwide could not decrease the
COVID-19 transmission.

1. Introduction

First cases of COVID-19 were reported at the end of 2019 in Wuhan city of China [1]. It has been rapidly spreading in the world and
affecting the lives of millions of people, the global economy and educational systems. Governments have been taking drastic measures to
stop the transmission of the disease. The control measures include tracing close contacts, promoting social distancing, imposing lockdown,
quarantining the infected cases and self-protection using protective equipment. Unfortunately, these measures have not been able to stop the
spreading of COVID-19, which caused several outbreaks around the globe [2, 3, 4]. Many studies have been done to understand the dynamics
of the COVID-19 disease in different regions or countries to create prevention awareness among people and support healthcare authorities in
taking appropriate control measures [3, 4, 5, 6]. Compartmental models are commonly used to describe the spread of infectious disease
including COVID-19 [3, 7, 8]. In these models, the population under study is subdivided into a number of compartments based on infection
status. The flows from one compartment to another are described by ordinary differential equations (or difference equations) [9, 10, 11]. The
parameters in the differential equations are determined by fitting the model to available data using optimization methods [12, 13].

The novel coronavirus (COVID-19) daily new cases was increasing dramatically in the world from February 19 to April 3, 2020. The
objective of this study was to develop a compartmental (SIRD) model describing this phenomenon mathematically. An exponential function
was intended to characterize the number of infected cases [14]. The data source to the COVID-19 cases for this study was Worldometer [15].

2. Mathematical model

Figure 2.1 shows the COVID-19 daily new cases from February 1 to May 10, 2020. The increment was very high from February 19 to April
3, 2020. The cases were 516 on February 19 and 96352 on April 3. The increment was relatively continuous during this time. In this study, a
deterministic SIRD model [4, 9] was used to describe the dynamics of COVID-19 spread.
The model divides the world population into four separate compartments: Susceptible (S), Infected (I), Recovered (R) and Dead (D). The
underlying assumptions (constant population size and well-mixed population) of SIR model of Kermack and MacKendrick [16] were
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Figure 2.1: COVID-19 daily new cases in the world from February 1 to May 10, 2020.

considered. The control measures being taken were not considered in the modeling. The system of differential equations in SIRD model is
given by

dS
dt

=−α

N
SI (2.1)

dI
dt

=
α

N
SI−β I− γI (2.2)

dR
dt

= β I (2.3)

dD
dt

= γI (2.4)

where the parameters α , β and γ represent the infection rate, recovery rate and death rate respectively. The total confirmed cases T is
calculated as T = I +R+D. In this model, the parameter α was consider to be time-dependent [3, 4] and expressed by an exponential
function as

α(t) = A(1− e−ktn
) (2.5)

where A, k and n are parameters to be determined. The basic reproduction number, R0(the number of persons that an infected number will
infect ) is estimated from the SIRD model as [17]:

R0 =
α

β + γ
(2.6)

In epidemiology, the basic reproduction number is considered to be very important to describe the spreading nature of a disease [12].

3. Estimation of model parameters

The model parameters were estimated by minimizing the sum of squared errors [18, 19]

SSE(A,k,n,β ,γ) = ‖Y − Ŷ‖ (3.1)

where

Y =


S(t1) I(t1) R(t1) D(t1)
S(t2) I(t2) R(t2) D(t2)

...
...

...
...

S(tn) I(tn) R(tn) D(tn)


is the matrix of the COVID-19 data for compartments,

Ŷ =


ˆS(t1) ˆI(t1) ˆR(t1) ˆD(t1)
ˆS(t2) ˆI(t2) ˆR(t2) ˆD(t2)
...

...
...

...
ˆS(tn) ˆI(tn) hatR(tn) ˆD(tn)


is the matrix of the corresponding estimates predicted by the model and ‖‖ is the Euclidean norm. The MATLAB function ode45 was used to
solve the model differential equations in Eq.(2.1)-Eq.(2.4). The MATLAB function lsqnonlin with Levenberg-Marquardt algorithm was
used for minimization of SSE. Based on Worldometer, the world population was taken to be N = 778359130. The initial estimates of the
parameters A, β and γ were calculated by replacing the derivatives in Eq.(2.1), Eq.(2.3) and Eq.(2.4) by forward difference approximation
and employing least squares parameter estimation using respective data and time step size of ∆ t = 1day [9]. A MATLAB code was
developed to estimate the values of all parameters with the given range and to display the results of this study.
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4. Results and discussion

Figure 4.1 displays the SIRD model results of COVID-19 in the world from February 19 to April 3, 2020. It compares the actual data
with the infected, recovered, dead and total cases predicted by the model as [4, 19]. From the best fit optimization, the values of the model
parameters α , β and γ were estimated to be 0.09572, 0.02793 and 0.006268, respectively. The values of the parameters A, k and n used
in the exponential model of the infection rate were also obtained as 0.1414, 0.00008087 and 3.4446, respectively. Using Eq.(2.6) and the
model parameters α , β and γ , the average value of basic reproduction number (R0) was estimated to be 2.8. This indicates that COVID-19
was spreading exponentially in the world population [14]. The model results showed that all the infected, recovered and dead cases were
increasing during the period of time. As we can see in Figure 4.1, COVID-19 daily new cases for upcoming 37 days (from April 4 to May 10,
2020), has different distribution from the previous days. Thus, the model cannot be used to forecast the distribution for the upcoming days.
The predicted graphs of the infected cases and total confirmed cases are almost similar. We can observe that the resulting SIRD model
prediction agreed well with the actual data for all four cases. The relative error of the model fit [18, 20] to the data for total confirmed cases
is shown in Figure 4.2. The time-dependent infection rate gave a better fit to the reported COVID-19 data.

Figure 4.1: The SIRD model fitted to COVID-19 reported data from February 19 to April 3, 2020.

Figure 4.2: Plot of the relative error between the reported data and results of SIRD model for total confirmed cases.

5. Conclusion

In this study, SIRD epidemiological model was fitted to worldwide COVID-19 reported data from February 19 to April 3, 2020. A
time-dependent infection rate was considered. Model parameters were estimated using nonlinear least squares fit by minimizing the sum of
squared errors. The model results ensured that COVID-19 was spreading exponentially in the world population during this time. The number
of infected cases and total confirmed cases showed similar distributions. This study may indicate that the transmission of COVID-19 was not
slow down by the control measures implemented globally. The application of mathematics in describing real phenomena may be appreciated.
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