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Abstract: Time scales have been in the study area of many mathematicians for the last 30 years. Some of these studies are
inequalities and dynamic equations. And also, inequalities and dynamic equations, differential calculus, difference calculus and
quantum calculus contributed to the solution of many problems in various branches of science. Dynamic equations and inequali-
ties on time scales have many applications in quantum mechanics, neural networks, heat transfer, electrical engineering, optics,
economics and population dynamics. It is possible to give an example from the economics, seasonal investments and incomes. In
this study, we will prove a special case of inequalities Minkowski’s integral type on time scale via the delta integral.
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1 Introduction

The concept of dynamic equations in time scales was launched by Stefan Hilger [1]. Recently, the plurality of applications has an accelerating
effect on the development of mathematical inequalities and dynamic equations. This caused the attention of researchers in the literature.
And they have demonstrated various aspects of integral inequalities [2, 13]-[18]-[19]. The most important examples of time scale studies are
differential calculus, difference calculus and quantum calculus [12]. Ozkan et al. [10] demonstrated the extensions of some integral inequalities
on time scales. Yang [13] obtained a extension of the diamond alfa integral Holder’s inequality. Tuna and Kutukcu [14] have had some general
conclusions about Hardy’s integral inequalities by using Holder inequalities with delta integral on time scales. In 2013, Chen demonstrated
some generalizations of the Minkowski’s integral inequality [15].
Our aim of this article is to demonstrate a special case of inequalities Minkowski’s integral type on time scale via the delta integral.

2  Auxillary statements and definitions

In this section, some statements will be given that will be necessary for our main result. For more detailed information, the reader can refer to
the references [1]-[19].

Definition 2.1. [16] The mappings o, p : T — T defined by o(t) =infs € T : s > t, p(t) =sups € T : s > t,fort € T (T is a time scale
and a nonempty closed subset of R). Respectively, o(t) is forward jump operator and p(t) is backward jump operator. [a, b] is an arbitrary
interval on time scale T. And [a, b]7 is denoted by [a, b]T". If o(t) > t, then ¢ is right-scattered and if p(t) < ¢, then ¢ is left-scattered and if
p(t) = t, then t is called left-dense.

If o(t) > t, then ¢ is right-scattered and if o(t) = ¢, then t is called right-dense. If p(t) < t, then ¢ is left-scattered and if p(¢) = ¢, then
t is called left-dense. The graininess function y is defined by p(t) = o(t) — t. Let f : T — R be any function. The notation £ (¢) denotes
f(o(t)). The constant ¢ € T andlet © : T — R. Define © (t) to be the number with the property that given any ¢ > 0 there is a neighborhood
V of t with

[0(a(t)) — ©(s)] — 02 (B)[o(t) — s]| < elo(t) — ],
foralls € V.

A function f : T — R is said to be right-dense continuous (rd-continuous) provided f is continuous at right-dense points and at left-dense
points in T". The set of all rd-continuous functions is denoted by C.4(T).

Assume that f : " — R and let the constant s € 7.

(1) If f is differentiable at s, then f is continuous at s.

(i) If f is continuous at s and s is right-scattered, then f is differentiable at s with
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(iii) If f is differentiable and s is right-dense, then

(iv) If f is differentiable at s, then f(o(s)) = f(s) + u(s)f2(s) (For details see [16]).

Definition 2.2. [17] If H :T — Ris defined a A— antiderivative of b : T — R, then H® = h(t) holds for V¢ € T. And we define the A—
integral of A by [, h(T)AT = H(t) — H(s) for s,t € T.

Remark 2.3. [17]1If T = R, theno(s) = s, pu(s) = g2 (s) = g '(s), f g(s)As = fz g(s)ds
IfT=2Ztheno(s) =s+1, u(s)=1, gA(s) Ag(s), j g(s)As = Zl;:(ll g(s).
IfT =XZ, X >0, theno(s) = s+ A, ():/\

b—a _y

b X
QA(S):A/\Q(S):w, Jg(s)As: > gla+ kA
@ k=0

Andif T ={s:s= pF ke No,p > 1}, then o(s) = ps, u(s) = (p — 1)s,

02 (s) = Ae(s) = 2P =) jocg(sms: S o)),

(p - 1)8 So k:no

where 59 = p"?, and if T = N§ = {n? : n € Ny}, then o(s) = (/s + 1),

0(o(5)) ~ (s)

u(s) =1+4+2vs, AnO(s) = 11375

If GA( ) g(s), then delta integral of g is defined by f g(t)At = G(s) — G(a). It can be shown (see [17]) that if g € C}.q(T'), then delta
integral G(s f g(t) At exists, s € T, and satisfies GA( ) g(s), s € T. We will make use of the following product gf and quotient
g/ f rules for the derlvatlve (where ff7 # 0, here f° = f o o of two differentiable functions g, f (for details see [16, 17]).

Ap A
@h)> = g2 F + g7 = gf> + g2 f°, and (%) - %

A function 7 : T' — R is regressive provided 1 + p(s)w(s) #0, se€T.
The Keller’s chain rule [17, Theorem 1.90] defined by

1
(©%(s))™ = 6j0 907 + (1 — )0 dg®™ (s),

Using f7(s) = f(s) + u(s) f2(s), we obtain

1
(©°(:)* = 5 | [0+ 00 ()50 1)

The integration is given by

b A b [* oA
J z(s)y~ (s)As = [w(S)y(S)]a—J 2= (s)y” (s)As.

a
The inverse Holder inequality to help us with our results is defined as follows. Let a,b € T For z,y € C.4(T, R), we have

b|55(8)|qA8é bly(s)l’”As
IEEEN)

b
<Cp J z(s)y(s)As,

a

1
P

wherep > land 1/p+1/q = 1.

3 Main Result

Theorem 3.1. If h is A— integrable on [a,b], then |h| is A—integrable on [a,b] and we have

b b
[ weaat< [ nelas.

a a

Proof. For details of proof see [Theorem 2, 14]
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Theorem 3.2. Two mappings g, h : I — R are A— integrable functions on I = [a,b] € T with1 <1< g”, h’ <L <oo.Ilfp> 1, then

we have
b 1/p b 1/p b 1/p
<j |g<v>|pm> + (J Ih(v)pA7> <o (L' (j 9(7)+h(7)pM> . n

a a a
Proof. We know that if 0 < | < gP < L < oo, then we have
Mr<g<LMr @

Similarly, if 0 < I < hP? < L < oo, then we have
ll/P <h< Ll/p 3)

1/p 1/p
Respectively, if we multiply both sides of (2) and (3) by (IZ |g(fy)|pAfy) and (IZ |h(’y)\pA'y) , then we have

b 1/p b 1/p b 1/p
1M <J Ig(v)lpM) <LV (J 9(’7)|pA’Y> <L'P (J lg(7)+h(v)lpA7) “
and
b 1/p b 1/p b 1/p
e (j Ih(v)lpAv> <11/ (j h(v)lpﬁv> <1 (j Ig(7)+h(v)pA7> ©
a a a
Now, if we add (4) and (5) inequalities to each other, then we have
b 1/p b 1/p b 1/p
R <j |h<v>|pm> + (j Ig(v)pAv> <2LM/r (j 9(7)+h(7)p&v> ©)

Thus, we have proved (1) inequality.

Theorem 3.3. Two mappings g, h : I — R are V— integrable functions on I = [a,b] € T with1 <1< gP, hP <L <oo.Ilfp> 1, then
we have
1/p

b 1/p b 1/p b
1
<j |g<v>|va) + (J h(v)lpvv> <21/ <j l9() + h(v)l”W) . ™
a a a
Proof. The proof of the theorem can be made analogous to the proof of Theorem 3.2 by using the properties of the V—derivative.

We know thatif 0 < [ < gP < L < oo, then we have

1MP < g < LVP @)
Similarly, if 0 < I < h? < L < oo, then we have

1/p <h< Li/p )

1/p 1/p
Respectively, if we multiply both sides of (8) and (9) by (IZ lg()|P V*y) and (IZ |h ()P V’y) , then we have

b 1/p b 1/p b 1/p
e (j Ig(w)lpvv) <r'r <J Ig(v)l”W) <r'/r (j Ig(7)+h(v)pvv> (10)
a a a
and
b 1/p b 1/p b 1/p
[ <j Ih(w)lpvv) <1\ <j Ih(v)l”w> <LV (j Ig(7)+h(v)|pw) an
a a a
Now, if we add (10) and (11) inequalities to each other, then we have
b 1/p b 1/p b 1/p
1M (J h(v)l”W) + (J Ig(v)lpW) <2r'? <J Ig(v)+h(v)|pvv> (12)

Thus, we have proved (7) inequality.
Theorem 3.4. Two mappings g, h : I — R are {a— integrable functions on I = [a,b] € Twith1 <1< gP, hP? <L < oco.Ifp> 1, then

we have
b 1/p b
(j |g<w>1’<>w> + (j |h<v>|p<>w)

1/p

b 1/10
<2(L/DMP (J Ig(7)+h(7)|p<>av> : (13)
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Proof. The proof of the theorem can be made analogous to the proof of Theorem 3.3 by using the properties of the (o —derivative.

Let f(t) be differentiable on T for Vo, ¢t € T. Then, we define £9= (t) by

FOt)y = aff )+ 1 —a)f (1)

for 0 < a < 1 (for details see [17]).

If we get a,b,t € T and f : T — R, then we have

t

Jt F()0ay = ocE fNAy+ (1 - a)J f()vy

b b
for 0 < a < 1 (for details see [17]).

We know thatif 0 < I < gP < L < oo, then we have

1/p <g< L/
Similarly, if 0 < [ < h? < L < oo, then we have

M <h< VP

a

1/p 1/p
Respectively, if we multiply both sides of (14) and (15) by (fb lg(7) \pOCw) and (fz | (7y) \pOCw) , then we have

b 1/1’ b 1/1) b 1/11
itr Jlg(v)\poav < LMr Jlg(v)lpoav <L'YP J|9(7)+h(7)|p<>av
and
b 1/1’ b 1/? b 1/?
([ earoay ) <2 ([ nePoar | <27 ([ 1o + b ouy
a a a

Now, if we add (16) and (17) inequalities to each other, then we have

b 1/10 b 1/1’ b 1/10
L/ j|h<w)|P<>w 4 Jlg(v)l”Oav <orl/r Jlg(th(v)l”Oav

a a

Thus, we have proved (13) inequality.
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