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THE EXISTENCE OF THE BOUNDED SOLUTIONS OF A
SECOND ORDER NONHOMOGENEOUS NONLINEAR
DIFFERENTIAL EQUATION

Mehtap LAFCI BUYUKKAHRAMAN
Department of Mathematics, Faculty of Arts and Sciences,
Usak University, Usak, 64200, TURKEY

ABSTRACT. In this paper, we consider a second order nonlinear differential
equation and establish two new theorems about the existence of the bounded
solutions of a second order nonlinear differential equation. In these theorems,
we use different Lyapunov functions with different conditions but we get the
same result. In addition, two examples are given to support our results with
some figures.

1. INTRODUCTION

For more than sixty years, a great deal of work has been done by various authors
to investigate the autonomous and non-autonomous second order nonlinear ordinary
differential equations (ODEs) ( |1]- [5], [7]- [14], [16], [17], [19] ) and references cited
therein.

In investigating the qualitative properties of solutions for second order ODEs,
the fixed point method, perturbation theory, variations of parameter formulas, etc.
have been used to get information without solving the equations. Moreover, in
some of these works, the authors have been studied the Lyapunov direct or second
method by constructing different Lyapunov functions or using existing Lyapunov
functions.

As far as we know, it should be noted in the relevant literature that so far,
the second method of Lyapunov is the most effective tool for studying qualitative
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SECOND ORDER NONHOMOGENEOUS NONLINEAR DIFFERENTIAL EQUATION 613

features of nonlinear higher order equations without getting solutions of the equa-
tions. This method needs the creation of an appropriate function or functionality
that gives concrete results for the problem being studied.

In 1995, Meng [6] dealt with the ordinary linear differential equation of second
order

2"(t) + p)2'(t) + [ () + @2(8)]=(t) = £(2),

and in 2002, Yuangong and Fanwei [18] considered the second order time lag non-
linear differential equation

(r(®)a’(t))" +p(t)' () + [ (t) + 2(D)]2(t) = f(t, (1))
The authors got some interesting results on the boundedness and square integra-
bility of solutions of the ODEs.
In 2019, Tung and Mohammed [15] considered two different models for nonlinear
of second order

2" (t) +p(t)g(2") + a1 (@) + @2(t)z = f(t, ,2)
and
2/ (t) + @(t,z,2') + q1(t)x + q2(t)0(x) = q(t,z,2").
They investigate asymptotic boundedness of solutions of the ODEs as ¢t — oc.
In this paper, motivated by the work of Tunc and Mohammed [15], we deal with
the following second order nonlinear differential equation:

2"+ f(t,2,2) + at)e(@) + ()Y () = g(t, z,27), (1)
where 2 € R = (—00,00),t € RT =[0,00). f € C}(R* xR? R), q1,q2 € C}(RT,R),
0, € CYHR,R), g € C(RT x R2,R) and f(t,z,0) = 0, ¢(0) = 0, ¥(0) = 0.
Under the assumptions, the existence of the solutions of Eq. is guaranteed. In
addition, we assume that the functions f, ¢, ¥ and g fulfill the Lipschitz condition

with respect to x and its derivative z’. So, the solutions of Eq. are uniqueness.
Eq. can be written as

=y
y'=—f(t,2,2") — a1 (t)p(x) — g2()Y(2) + g(t, z,2"). (2)
Let
" o(), z#0
¢ (z) = ¢'(0), z =0,
x1y(z), z#0
P (z) = ¥'(0), T =
and
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2. MAIN RESULTS

The following assumptions are needed to formulate our main results.

Al) f(t,z,0) =0, y~ f(t,z,y) > fo>1forallt e R", z € R, y € R— {0}.
©(0) =0, 27 tp(z) > ¢y > 1 for all z € R — {0}.

Y(0) =0, 7 2¢*(z) < 1forallz € R — {0}

$(0) =0, z71(z) > o > 1 for all z € R — {0}.

q1(t) >0, g2(t) >0, ¢;(t) > 0,Vt € RT.

The functions ¢ (t), ©(t), h(t) are continuous such that

|g(t,x,y)| < ‘gl(t)|7Vt € R+7 \V’J}, yER, (3)

O(t) = 5 (6 (1) + 20(1)), Vb € R,

@) [T,
/a R2(5)0(s) ™ / o(s) <

R3(t) > 1, Vt € R,
Theorem 1. If the conditions (Al), (A2), (A3),(A5) and (A6) hold, any solution
of Eq. satisfies

[z(8)] < O(1),

dx

dt

S O( Q1(t))a t — oo.

Proof. We establish the following Lyapunov function because we use the Lyapunov
second method
* 1
Vx,yz?/ngdQ—&——yQ. 4
@) =2 [ e(Odc+ (4)
From (A1), (A2), (A5) and (A6), we get V(z,y) = 0if and only if x = 0 and y = 0.
From (A2) and ¢;(t) > 0, we have

1
Viz,y) > a2*+ ——y* > 0.

a1(t)
Differentiating the Lyapunov function V in along the solutions of the system
and using (A1), we obtain

%V = —Z%Eg Y- qli(t)yf(t, z,y) = 23?8 yib(x) + qli(t)yg(t,%y)
@) o _ L 2 a(t) . i "
R OMITIC Lo K DI
— s[5 0 +a0)] 220 ui) + vattn),

Since

O(t) = 3 (dh(1) + 21(1). 5)
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e have d 20/(1) (t) 2
q2
—V < - y* — y¥(x) + ——<yg(t, =, y).
@’ =" @0 a@" T aprh ey
We assume that a > 0, b,z € R. If we use the inequality
SR (6)
—ax r < ——xf 4+ —
-2 2a’

to the terms

gt 2,0)

) x7 )
HORRIO ke
and from (A5), (A6), we get

d o) » .4 gi()
&’ = "#0" 20" ey "
- Wiag) = — oy 220y
R OME IOk
Rearranging W (z,y), we have
__6w 0 (t)ga(t) 10, O) (2 2
W) = =G [0 hnern V) TiEwem” W g O - VY
Since the first term of W (z,y) is negative, it is clear that
W) < e Bsv™(o) + S (120) — Dy )
From @ and
d % (t) () (12 >, 9i(t)
&’ = mwem” W+ g MO~V e )
We assume that
B _O1) 2,
20em a0
Hence
v - €0+ VOO DA
202(t) '
So, it can be seen that h2(t) > 1 for t € R*. Thus, we obtain
q%(t) 2 1
W) < 2O |20+ e (10)
From @D and
d a3 (t) 2 1 gi (t)
7Y < e [ a5 -
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Also, from (A3), we know that

2 IR 2 1
(0 (!E)+ql(t)y <z +q1(t)

And applying the inequality to , we can derive

d 3 (t) gi(t)
@’ " rwen” = ew

Multiplying the inequality by

(- [ wihae™)

and integrating this inequality from t¢ to ¢, we get

vz viwes ([ i)« [ oo (] mhige)] -

Hence we can take

Because of (A6), we can assume that

e (| toa) + . (6o (] mtas) - 4

where A > 0, A € R. So, we have

and

Therefore, we find

()] < VA, [y@t)] < VAq (D).

[z(®)] <O01), |y®)] <O0(Va(t), t— oo

Hence

O
The result of the following theorem is the same as the result of Theorem [1| but

we use different Lyapunov function and some different conditions in Theorem
Theorem 2. If the conditions (A1), (A2), (A4), (A5) and (A6) hold, any solution
of Eq. satisfies

[z(8)] < O(1),

dx

dt SO( QI(t))a t — oo.
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Proof. We determine the Lyapunov function as follows

— ’ q2(t) Lo
Vi =2 [ e+ ZHuo] dc+ i (12)
From (A1), (A2), (A4), (A5) and (A6), we get V(z,y) = 0 if and only if z = 0
and y = 0. From (A42), (A4), ¢1(t) > 0 and ¢2(¢) > 0, we have

Q2(t) 2 1 2
q1<t>>x ot ="

Differentiating the Lyapunov function V in along the solutions of the system
and using (A1), we find

V(z,y) > (1 +

d 2 2 () o
—V=——=yf(t,z,y) + —=yg(t,z,y) —
i’ = ao! YT G T g
2y* 2 a(t) o
< - + —=wyg(t,z,y) —
= 0@ Tam" Y Ew
— s 500 0]+ Trvste.o)
q%(t) 2 1 1 Yy ql(t)yg y Ly Y)-
Defining O(t) as in (f]), we have
d 20(f) , 2
“y<- + —yg(t,z,y).
o 20" ql(t)yg( y)

Let a > 0, b,z € R. From the inequality @ and (A6), we get
d o(t (¢
Ly<- 2()y2+91()_
dt qi(t) o(t)

Since the first term of the inequality is negative, we can write

2
iV < gi(t)

it = o)

Integrating this inequality from ¢y to ¢, we get
" gi(s)
to 6(8)

ds.

V(t) < Vi(to) +

Hence we can take

wwgwm+lm§gw.

Because of (A46), we can assume that
> gils)

V(to) + 00

ds=B, B>0, BeR.

So, we have
V(t) < B.
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From (A2), (A4) and (A5), we know that

2 1
x4+ ql(t)y <V(t) < B.
()] < VB, ly(t)] < V/Bai ().

lz()] <O), ly®)] < O(Var(t), t — oo

Therefore, we find

Hence

O

Remark 3. If it is taken f(t,z,2') = p(t)g(z’) and Y(x) = x in Eq. or
¢(z) = x in Eq. (1)), Theorem 1 or Theorem 2 in [15] is obtained, respectively.

3. EXAMPLES

Example 4. As a special case of Eq. , we consider the following second order
nonlinear ODE
cost

2 + 62’ +a'e ™ + 5e3 (5 + sinx)x + 2 (1 — e_mZ)x = S+ 267

(13)

or

o' =y
cost

e3t(1+ 2ex*)’

It is clear that the conditions (A1), (A2), (A3), (A5) and (A6) are satisfied. So,

from Theorem all solutions of Eq. satisfy

dz

dt
as shown in Fig. |1] obtained by using the adaptive MATLAB solver ode45.

y =62’ — et — 5e3(5 + sinx)x — 2e*(1 — eiZQ)x +

lz(t)] < O(1), < O(\/E)e?’t), t— o0

Example 5. Taking f(t,z,2') = 5a'e! sin®z, qi(t) = 23, o(z) = ze®”, go(t) =

> !/
5, Y(z) = (3 + sinz)z and g(t,x,2’) = SUnL

B2+ o) in Eq. (1), we get the

following second order nonlinear ODE
sinz’

" 5/t-2 23t z2 54t3 : — 5
x" + bz'e’ sin® x + 2e”*we” + 5e* (3 + sinx)x (25 )

(14)

=y
sinx’
eft(2 + er?)’

2

y' = —br'e'sin®x — 263 ze” — 5e*(3 + sinx)x +
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F1GURE 1. The solution of Eq. with the initial conditions
z(0) =0, y(0) = —1in t € [0, 10].

It is clear that the conditions (Al), (A2), (A4), (A5) and (A6) are satisfied. So,
from Theorem@ all solutions of Eq. satisfy

dx

el <o), |5

<O(W2e73Y, t— o0

as shown in Fig. [4 obtained by using the adaptive MATLAB solver ode45.

4. CONCLUSION

We have presented a new second order nonlinear differential equation to study
the existence of the bounded solutions of the equation by using the Lyapunov direct
or second method. Additionally, we give two examples to support our main results.
Also, MATLAB has been used to draw two figures. Fig. [[]in first example shows the
solution (z(t),y(t)) of Eq. with the initial conditions z(0) =0, y(0) = —1 in
t € [0,10]. The solution is bounded since the conditions of Theorem |1] are satisfied.
Fig. [2[ exemplifies the solution (z(t),y(t)) of Eq. with the initial conditions
2(0) =1, y(0) = 0 in ¢ € [0,7]. The solution is bounded since the conditions of
Theorem [2] are satisfied. Moreover, taking f(¢,z,2") = p(t)g(z’) and ¥(z) = = or
¢(z) = z in Eq. (), Theorem 1 or Theorem 2 in [15] is gotten, respectively. So,
Eq. is a generalization of Eq. (6) and Eq. (7) in [15].

Declaration of Competing Interest The author has no competing interest to
declare.
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F1GURE 2. The solution of Eq. with the initial conditions
z(0)=1, y(0)=0int € [0,7].
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