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Abstract

Fixed point theory and contractive mappings are popular tools in solving a variety of problems such as
control theory, economic theory, nonlinear analysis and global analysis.There are many works on different
types of contractions to find a fixed point in metric spaces. Improving and extending some kind of those, in
this paper, we introduce a new version of H-contradiction for four mappings in a metric space (X,d). Then,
we prove the existence and uniqueness of a common best proximity point for four non-self mappings. An
example is also given to support our main result. The related fixed point theorem are also proved.
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1. Introduction and Preliminaries

Since the first results of Banach in 1922, various authors have been studying fixed points, and, in recent
years, best proximity points of mappings in metric spaces. Their discoveries are still being generalized in
many directions; see [I] to [10]. In a recent paper, Wardowski [I1] presented a new contraction, which called
F-contraction and proved a fixed point results in complete metric spaces. Then Omidvari et al.[I2] proved
existence of a unique best proximity point for F-contractive non-self mappings. In this paper, we extend
their results by introduce a new version of Wardowski’s contraction for four mappings in a complete metric
space and estabilish a new common best proximity point theorem. Next, by an example and a fixed point
result, we support our main results and show some applications of them.
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Given two non-empty subsets A and B of a metric space (X,d) , the following notions and notations are
used in the sequel .

d(A,B) =inf{d(a,b) :a € A,b € B}
Ag={a€ A: d( ,b) = d(A B)for some b € B}
By = {be€ B:d(a,b) = d(A, B)for some a € A}.

Definition 1.1. An element u € A is said to be a common best proximity point of the non-self mappings
f1, fa, ooy fn 1 A — B if it satisfies the condition that

d(u, fiu) = d(u, fou) = ... = d(u, fou) = d(A, B).

Definition 1.2. The mappings f : A — B and g : A — B are said to be commute proximally if they satisfy
the condition that

[d(u, fx) = d(v,gx) = d(A, B)] = fv = gu.

Definition 1.3. If Ay # & then the pair (A, B) is said to have P-property if and only if for any a1,as € Ao
and ba, by € By
{ d(a1,b1) = d(A, B)
d

d(as, by) = d(A B) — Uar,az) = d(br, bo)

2. Main Results
We begin our study with following definition
Definition 2.1. Let H : Ry — R be a mapping satisfying:

(Hy) H is strictly increasing, i.e

a< = H(a) < H(B) Vo, B € Ry,
(Hz) For each sequence {cu, }nen of positive numbers

lim o, =0 <= hm H(an) = —00,

n—oo

(H3) There exists k € (0,1)such that lim ofH(a) =0,

a— 0t

then self mappings f,q,5,T : X — X are said to satisfy an H-contractive condition if there exists C' > 0
such that
Ve,ye X st d(fzx,gy) >0 = C+ H(d(fz,gy)) < H(m)

and
m = maa{d(Sz, Ty),d(fz, Sv),d(Ty, gy). 3 [A(Sw, 9y) + d(f, Ty)]}
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Theorem 2.1. Let A and B be nonempty subsets of a complete metric space (X,d) such that Agy is closed
and nonempty. Let the non-self mappings f,g,S,T : A — B satisfy the following conditions:

i) {f,S} and {g,T} commute proximally,
it) pair (A, B) has the P-property,
i) f,g,S and T are continuous,
w) f,9,S and T satisfy the H-contractive condition.
v) f(Ao) € T(Ao),g(Ag) € S(Ag) and g(Ao) C Bo, f(Ao) € Bo.
Then f,g,S and T have unique common best proxsmity point .
Proof. Fix ag in Ag, since f(Ap) C T'(Ap), then there exists an element a; in Ay such that f(ag) = T'(a1).
Similarly, a point as € Ay can be chosen such that g(a;) = S(az). Continuing this process, we obtain a
sequence {a,} C Ap such that
flazn) =T(azn+1),  glaznt1) = S(aznt2).
Since f(Ap) C By and g(Ap) C By, there exists {u,} C Ap such that
d(UQn, f(agn)) = d(A, B) and d(UQn_H, g(a2n+1)) = d(A, B) (1)

We wil prove that the sequence {u,} is convergent in Ay.
(A, B) satisfies the P-property therefore from we obtain

d(u2n, U2nt1) = d(faznm, gaznt1)- (2)

If there exists ng € N such that d(fagn,, gaon,+1) = 0, them by we have d(uap,, uon,+1) = 0 that implies
U2ng = U2ng+1 - If Uopg41 7 U2ng42 then by , d(fagng+2, 9a2ny+1) > 0 and therefor
H(d(u2no+1a U2n0+2)) = H(d(fa2n0+27 ga‘2710+1))
S _O + H(max{d(Sag,L0+2, TCL27L0+1), d(fa2no+27 Sa2n0+2)a

1
d(Tazny+1, 942n+1); §[d(502n0+2, 9a2ng+1) + d(faong+2, Ta2ny+1)]})

= —C+ H(max{d(uzng, U2ng+1)s A(U2ng+15 U2no+2)s A(U2ng s U2ng+1)s

1
5 [d(U2ng+1, U2ng+1) + d(U2ng s U2ng+2)]}),

and consequently
1
H(d(u2n0+17u2n0+2)) <-C+ H(maX{O, d(u2n0+1’ u2n0+2)7 §d(u2n0’ u2n0+2)})'
Thus (note that %d(u2n07u2n0+2) < %[d(uQno,uQnOH) + d(u2ng+1, U2ng+2)]):

H(d(ugng+1,u2ne+2)) < —C + H(d(u2ng+1, u2ng+2))-
Therefor C' < 0, which is a contranction and ug,, = U2ng+1 = Ugng+2. S0 Uy = Ugy, for all n > 2ng, and wu,
is convergent in Ag. Now let d(faap, gasn+1) # 0 for all n € N. Since the pair (A, B) has p-property, by
we have
H(d(UQna u2n+1)) == H(d(fa2n7 gaQn—i—l))
—C + H(maX{d(SGQ’ru Ta2n+1)7 d(fa2n7 Sa2n)a

IN

1
d(Tazn41, 9a2n+1), 3 [d(Sazn, gaznt1) + d(fasm, Tazni1)]})

= —C+ H(max{d(ugn—1,u2n), d(tan, u2n—1), d(tU2n, Uant+1),

1

i[d(UZn—la U27L+1) + d(U’Q”’ Ugn)]})
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Then we have

H(d(ugp, ugnt1)) < —C + H(max{d(uzn—1,u2n), d(U2n, U2n+1)}),

using the preceding description

H(d(ugn,ugn+1)) < —C + H(d(ugn—1,u2n)).
Similarly

H(d(ugn41,U2n+2)) = H(d(fasnt2, ga2n+1))
—C + H(max{d(Sasn+2, Ta2n+1), d(faznt2, Sasni2),

IA

1
d(Tazn+1, 902n+1), g[d(sa2n+27ga2n+1) + d(fasnt2, Tasnt1)})

= —C+ H(max{d(uzn41,u2n), d(u2nt2, U2n+1), d(Uzn, U2nt1),

1
§[d(u2n+17 Uont1) + d(Uznt2,u2n)]}).

Thus (not that %d(mm-z,uzn) < %[d(uznw, Ugn41) + d(U2n+1, U2n)]
H(d(uon41,u2n+2)) < —C + H(d(ugn, u2n+1))-
Therefor, by and we have
H(d(una un+1)) S _C + H(d<un—17 Un))7
and then
H(d(un, unt1)) < —nC + H(d(uo,u1)).
Put ay, =: d(up, up+1).

By , we obtain lim H(ay,) = —oo that together with (Hz) gives
n—o0

lim o, = 0.
n—o0
Also from (Hgs) we have
3k € (0,1)  such that lim of H(a,) =0

n—o0

On the Other hand, by
H(ay) — H(ag) < —nC

Therefor
of H(an) — of H(ap) < —nafC < 0

Letting n — oo in the above inequality and using @ and , we obtain

lim naf =0
n—o0

Hence there exists N1 € N such that naﬁ <1 for all n > Nj . Therefor for any n > N

ap <

S
=]

This means that series > 2, o; is convergent, then

Ve >0 N >0 suchthat m>n> N, Zaige.

i=n
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By the triangular inequality and(g)

m
d(um,un) <am-1tap2t..+a, < Zai <e

1=n

Therefor {u,} is a cauchy seqvence in Ay.
Since{un} C Ap and Ay is a closed subset of the complete metrice space (X,d), we can find u € Aj such

that lim u, =u .
— 00

7
By and because of the fact {f, S} and {g,T} commute proximally, fug,—1 = Sug, and gua, = Tuzp+1.
Therefore, the continuity of f,g,.S and T and n — oo ascertains that fu = gu = Tu = Su.
Since f(Ap) C By, there exists a € Ap such that

d(A,B)=d(a, fu)=d(a,gu)=d(a,Su)=d(a,Tu).

As{f, S} and {g, T} commute proximally, fa = ga = Sa = Ta. Then, since f(Ay) C By, there exists z € Ay
such that

d(A,B)=d(x,fa)=d(x,ga)=d(x,5a)=d(x,Ta).
Let d(a,z) > 0, because pair (A, B) has the P-property and
d(a, fu) = d(x, ga) = d(A, B), we have d(fu, ga) > 0 and therefore
H(d(a,z)) = H(d(fu,ga))
< —C+ H(max{d(Su,Ta),d(fu,Su),d(Ta,ga),
1
£ (S, ga) + d(fu, Ta)]})

—C + H(max{d(a,z),d(a,a),d(z, x),

Sld(a, ) + d(a,)]})

then
d(a,z) < —C +d(a,x),

this results C' < 0. wich is a contradiction and d(a,x) = 0 or = a. Thus, it follows that
d(A, B) = d(a, fa) = d(a, ga) = d(a, Sa) = d(a,Ta), (9)

then a is a common best proximity point of the mapping f,g,.5 and T.
Suppose that a’ # a is another common best proximity point of the mapping f, g, S and T, so that

d(A,B) =d(d, fa') = d(d',gd’) = d(d’,Td") = d(d’, Sa’). (10)
As pair (A, B) has the P-property then from (9)) and (10)), we have

H(d(a,a’)) = H(d(fa,ga"))
—C + H(max{d(Sa,Td

IN

,d(fa, Sa),d(Td’, ga'),
[d(Sa,ga’) +d(fa, Td)]})
a,a),d(d,ad),

[d(a,a’) + d(a,d')]}),

~—

[N

—C + H(max{d(a,d’),d

—

| =

then
H(d(a,ad")) < —C + H(d(a,ad))

which implies that a = o’ . O
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Now we illustrate our common best proximity point theorem by the following example.

Example 2.1. Let X =[0,1] x [0,1] and d be the Euclidean metric. Then (X,d) is a complete metric space.
Let
A:={(0,a):0<a<1}, B:={(1,b): 0<b<1}.

Then d(A,B) =1, Ao = A and By = B. Let f,9,S and T defined as f(0,z) = (1,5) , g(0,z) = (1,355) ,
S(0,2) = (1,z) and T(0,2) = (1, %). Then for all x and y € X we have

_r_y, 1
d(fz,gy) = |8 32| = 8d(5z,Ty)-

Now if we define H : Rt — R by H(a) = In(a) and C = In8. Then clearly non-self mappings f,g,S,T :
A — B are H-contraction. Now, all the required hypotheses of theorem are satisfied. Clearly (0,0) is
unique common best proximity point of f,g9,S and T.

By theorem [2.1] we also obtain the following common fixed point theorem.

Theorem 2.2. Let (X, d) be a complete metric space . Let f,9,S,T : X — X be given continuous map-
pings and satisfy the H-contractive condition such that S and T commute f and g respectively. Further let
f(X)CT(X), g(X) CS(X). Then f,g,S and T have unique common fized point.

Proof. We take the same sequence {u,} and u as in the proof of theorem Due to the fact that S and T’
commute f and g respectively we have

fuon—1 = Suan, guan = Tugn41.

By continuity of f,g,5, T and n — oo we have

fu= Su, gu = Tu. (11)
If fu# gu, since f, 9,5, T : X — X satisfy the H-contractive condition and by

H(d(fu,gu)) < —C+ H(max{d(Su,Tu),d(fu,Su),d(Tu,gu),

S1(Sw, gu) + d(fu, Tu)]})
< —C+ H(maz{d(fu, gu), d(fu, fu), d(gu, gu),
S gu) + (Fu, gu)]}),

then H(d(fu,gu)) < —C + H(d(fu,gu)). Therefore C < 0, which is a contraction. Then fu = gu and by
, fu=gu=Su="Tu.

We set a = fu = gu = Su = Tu. Because of the fact T' commute g we obtain
ga = gTu =Tgu = Ta.

If a # ga therefor
H(d(a, ga))

H(d(fu, ga))

< —C + H(maz{d(Su,Ta),d(fu,Su),d(Ta,ga),
ld(Su.g0) + d(fu, T
< —C+ H(maz{d(a,ga),a(a,a),d(ga, ga),

o
Sl 9) + (a,ga)]}).
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Therefore, H(d(a,ga)) < —C + H(d(a,ga)) and consequently C' < 0, that is a contraction by C' > 0.
Therefore

a=ga="Ta. (12)
Similarly, we can show that
a= fa= Sa. (13)

Hence, by and we deduce that a = fa = ga = Sa = Ta. Therefore, a is a common fixed point of
fr9,5 and T

Assume one contrary that, p= fp=gp=Sp=Tp and q = fq=gq = Sq=Tq but p # q.

We have

H(d(p,q)) = H(d(fp,99))

< —C+ H(max{d(Sp,Tq),d(fp, Sp),d(Tq,gq),
Sld(Sp.90) +d(fp, Ta)}})
< —C+ H(max{d(p,0,), d(p.p),d(0,), 3 (0.) + (2. 0)]}).

Consequence H(d(p,q)) < —C + H(d(p,q)), then C < 0, a contradiction. Therefore, f,g,S and T have a
unique common fixed point. O
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