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Abstract: This work deals with a nonlinear wave equation with delay term and variable exponents. Firstly, we prove the blow up
of solutions in a finite time for negative initial energy. After, we obtain the decay results by applying an integral inequality due to
Komornik. These results improve and extend earlier results in the literature. Generally, time delays arise in many applications. For
instance, it appears in physical, chemical, biological, thermal and economic phenomena. Moreover, delay is source of instability. A
small delay can destabilize a system which is uniformly asymptotically stable. Recently, several physical phenomena such as flows
of electro-rheological fluids or fluids with temperature-dependent viscosity, nonlinear viscoelasticity, filtration processes through a
porous media and image processing are modelled by equations with variable exponents.
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1 Introduction

In this paper, we study the following nonlinear p-Laplacian equation with delay term and variable exponents

ugt — Au — div (|Vu|p(ac)72 Vu) + prug (z,t) |ut\m(1)72 (z,t)

g (2t — 1) Jug ™72 (2,8 — 1)

= bu [u|1®) 72 inQx RT, (1)
u(z,t) =0 in 09 x [0, 00),

U(J),O) = U ($), Ut (3370) =ul ('T) in {2,

ut (z,t — 1) = fo(x,t —7) inQ x (0,7),

where Q@ C R" is a bounded domain with sufficiently smooth boundary 9. 7 > 0 is a time delay term, p; is a positive constant, po is a real

number and b > 0 is a constant. The term A
data to be specified later.

p(-

u = div (|[VuP® 2 vy is called p (+)-Laplacian. The functions g, u1, fo are the initial
)

p(+), ¢ (-) and m (-) are the variable exponents which given as measurable functions on § such that:

2<p” <p(z) <pt <ph,
2<q <q(z)<q" <q,
2<m” <m(z) <mT <m*

where

* = esssupp (),

e

= essinfp(x), p
zeQ

=
|

T = esssupgq (z),

€N

essinfq(x), q
z€eQ

q =

= esssupm ()
zeQ

essinfm (x), m"
zeQ

and
Np(z) if
esssup, cq(N—m(z)) ifp" <m,

400 ifpt > n.

o

(@3]

Time delays often appear in many practical problems such as thermal, biological, economic phenomena, chemical, physical [5].
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The problems with variable exponents arises in many branches in sciences such as nonlinear elasticity theory, electrorheological fluids and
image processing [3, 14].

In the absence of the p-Laplacian term div (\Vu|p (@)-2 Vu), the problem (1) can be reduced to the following wave equation with delay
term and variable exponents

m(xz)—2

uet — Au+ pug () [ug (2, t)] + pgug (2, — 1) Jue ™72 (2,8 — 1) = bu JufP 72 3)

Messaoudi and Kafini [11], studied the decay estimates and the global nonexistence of the equation (3).
The plan of this paper is as follows. Firstly, in Sect. 2, some results about the variable exponent Lebesgue and Sobolev spaces LP () (©2) and
W) (€2) are given. In Sect. 3, we obtain the blow up of solutions. Finally, in Sect. 4, we establish the decay results.
2  Preliminaries
In this part, we give some preliminary facts about Lebesgue LP ) (€2) and Sobolev whel) () spaces with variable exponents (see [2]-[3]-

[4]-[6]-[13]).

Letp: © — [1,00) be a measurable function. We define the variable exponent Lebesgue space with a variable exponent p (-) by
248 Q)= {u : Q — R; measurable in ) : J |u|p(') dx < oo } .
Q

Next, we define the variable-exponent Sobolev space W 1P() (Q) as follows
w0 () = {u e I’ (Q) : Vuexists and |Vu| € LP¢) (Q)}.

We also assume that p (-), g (-) and m () satisfy the log-Holder continuity condition:

A
log |z — y|

lg () —q ()| < ,forae. z,y € Q, with |z — y| <4, 4)
A>0and0<d <1
Lemma 1. [2] (Poincare inequality) Assume that q (-) satisfies (4) and let Q2 be a bounded domain of R". Then,
llullocy < ellVullpe) forallu e Wol’p(') (),
where c = c(q~,q",|Q) > 0.

Lemma 2. [8]Ifp(-) € C (ﬁ) and q : Q@ — [1,00) is measurable function such that

{ np(z) 5 lprr <n,

esssup,eq(n—p(z

essin freq (p* (z) — ¢ (x)) > 0 with p« (z) = o
+oo ifp" > n,

(%)

satisfies, then the embedding WO1 P Q) — L90) (2) is continuous and compact.

Lemma3. [1]IfpT < ccandp: Q — [1,00) is a measurable function, then C§° () is dense in PO (Q).

Lemma 4. [1] (Holder’ inequality) Let p,q, s > 1 be measurable functions defined on €} and

1 1 1
= eyeQ
5(y) zo(y)Jrq(y)’fmaeye ’

satisfies. If f € LPC) (Q) and g € LIO) (), then fg € L*) (Q) and

1£9llucy < 211y Nl -

Lemma 5. [1] (Unit ball property) Let p > 1 be a measurable function on Q). Then,

111,y < 1ifand only if o, (f) < 1.
where

oy (1) = |17 @ aa.
Lemma 6. [2] If p > 1 is a measurable function on ). Then,
- + - +
min {[Jull? ) Nl } < gpy () < max {Jlull? )l ) )

forany u € LPC) (Q) and for a.e. x € Q.
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3 Blowup

In this part, when b > 0, we prove the blow up of the solution for problem (1) with negative initial energy. Now, we introduce the new variable
asin [12],

z(z,p,t) =ut (z,t —7p), z€Q, pe(0,1), t > 0.
Hence, we have
Tzt (x, p,t) + 2p (z,p,8) =0, x € Q, pe (0,1), t > 0.

Therefore, problem (1) is equivalent to

ugr — Au — div (|Vu|p(m)_2 Vu) + prug (z,t) lug (x,t)\m(z)_2
tp2z (. 1,1) |2 (2, 1,1) (72
= bu [u|1®) 72 in Q x (0,00), ©
P2t (2, p,t) + 29 (2, p,8) = 0 in© x (0,1) % (0,00).
z(z,p,0) = fo (z,—pT) inQ x (0,1),
u(z,t) =0 on 992 x [0, c0),
u(x,0) = ug (x),ut (z,0) = up (z) in Q.
We define the energy of the solution of problem (6) by
-1 24,1 2 1 p(z)
20 = 4l + IVl + o gy 194" 0 o
R 7t m(x x
+Jola szt Znﬁ(l;)) —dzdp—b [q Zl(x) dz.
Lemma 7. Let (u, z) be a solution of (6). Then there exists some Co > 0 such that
E' ()< —COJ (\ut|m(w> + |2 (=, 17t)|m(:”)) dz < 0. ®)
Q

Lemma 8. [9] Assume that the conditions of Lemma 2 hold.Then, there exists a constant C' > 1, depending on §2 only, such that

o7 () <O (IVull ) + o (w) ©)
Then, we have following inequalities:
i)
lully- < € (9wl + llulld-), (10)
ii)
o/a 2 Lrg(@) |z (@, p, )™
¢ ) < (1 @]+ ulf+ o+ | | drdp ) (an
0Ja m ()
iii)
el < © (1 @)1+ el + +H SRILICY R (12)
= e g m (x) 7]
forany u € Wol’p(‘) (Q) andp~ < s < q . Let (u, ) be a solution of (6), then
)
o(u) > Clul?_, (13)
v)
[ 1@ < (0 @+ e W), (14)
Q

Theorem 9. Let conditions (2) and (4) be provided and suppose that

E(0) <O0.

Then the solution (6) blows up in finite time.
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Proof: We define

L(t)=H"@1t)+ EJ wurd. (15)
Q

Then, we have

L'(#)>(1—a)H ™ (t) [CO —€ (m+_1) ck} Jo lut (t)|m($) dx

mt

m(z)

Y (1—a)H @) [co —c (@) ck] Jolz @ 1,8 da

mt

V=t
+e ((1 a)pq+ P _ m—k?—m_ ) fQ |Vu\p(m) dx

(16)
e (1= a) g H (£) + e 52 oy

m—kl—-m—

+e =2 V) e (ab— ——C Y o (w)

‘m(w)

+e(1—a)q™ f(l) Ja %dmd,&

We choose a small enough so that
l—a)qg —2
(-9 -2 )2q >0,

and k so large that

1— - _
( a)(i P _ ¢ 7>0andab—#>0.
p mfklfm mfklfm

Therefore, (16) becomes

' | JGIEICY) an
Q

, 2 2 I
L' (t) >en |H )+ |lwe|” + [|[Vu||” + ||VUHP(.) + 0,0, (u) +J m ()

0

for a constant np > 0.
Thus, for some ¥ > 0, we conclude

L' () > wr/ (=) @),

A simple Integration over (0, t) yields
e Mzma
T a L (0))/ )

4 Decay

In this part, when b = 0, we prove our main decay results. We introduce the new variable as in [12]
z(z,p,t) =ug (v, t —7p), z€Q, pe(0,1), t > 0;

hence, we have
Tzt ($7pat) +Zp(x?p’t) = 07 HANS Qa ,0€ (071)5 t > 0

Consequently, the original problem (1) can be transformed into the new system

ust — Au — div (|Vu|p(x)_2 Vu) + prug (z,t) lue (x,t)\m(x)_2

+uoz (z,1,t) |z (x,1, L‘)|m(g”)_2 =0 inQx (0
Tzt (x7p7t)+zp ($7p,t) =0 in 2 x (07
Z(xapvo) :fO (1"7 —,07') in 2 x (07
u(z,t) =0 on 992 x [0,1),
u (z,0) = ug (), ut (x,0) = up (x) in Q.

x (0,00), (18)

We introduce the “modified” energy functional for the problem (18) by
1 2 1 2 J 1 p(x)
Et) = =||ull” + = |[|Vu||” + Vu dx
1) = gl + 5 IVul*+ | o (vu

Lroe@) )z (@ o)™
+ JO JQ m (z) dxdp. (19)
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Lemma 10. (Komornik, [7]) Let E : Rt — Rt bea nonincreasing function and assume that there are constants o, w > 0 such that

E° (0)E(s) =cE (s), Vs > 0.

%] 1
o < =
L E (t)dt < q

Then, we have

{ E({t)<cE(0)/(1+t)Y7 ifo >0,
E(t) <cE(0)e ! ifo =0,

IN

forallt > 0.
Lemma 11. [11] The functional
1
F(t)= TJ J e PTe () |2 (=, p, t)\m(w) dxdp
0JQ

satisfies
1

F (1) < JQ € (@) ue|™®) da — Te—TJ

[ €@z p. 0 dap
0JQ

along the solution of (18).

Lemma 12. [10] Let u be a solution of (18). Then for some C > 0,
+
op(a) (Vi) = C||Vull?” . 0)
Theorem 13. Assume that conditions (4) is satisfied and
2<p <px)<p" <m” §m(x)§m+§p*,Vx€C(ﬁ).
Then there exist two constants ¢, o > 0 independent of t such that any global solution of (18) satisfies,

E({t)<ce ™ ifm(z)=2
E(t) < cE(0)/(1+t)¥m

Proof: We multiply the first equation of (18) by uE" (), for ¢ > 0 to be specified later, and integrate over 2 x (s,T), s < T, we get

JT E" (t)J it (w) = IVl + [Vl g 2, 0) e o, O dxdt = 0. (1)
o\ +pouz(z,1,t) \z(az,l,t)|m(‘”)72

S
From the definition of F (t), given in (19), and the relation

d

4 (E @ Jﬂ uutdx) — BT ) E (1) JQ wupdz + E” (1)

7 JQ uurdr,

=

the equation (21) becomes
2 [TE N (tydt < — [T L (B (t) [ uueda) dt 4+ [T ET71 () B/ (t) [, wurdzdt

+2 LT E" (¢) jQ ufd;cdt — LT E" (¢) _fQ g |ug \m(z)_Q dxdt

(22)
—puo JTE (1) [ uz (2,1,1) |2 (2,1,8)] ™ =2 dedt
m(x)
+2J7 BT (1) o [ SREELIT dudpar.
We estimate the right-hand side terms of equation (22), respectively.
As a result, we arrive at
T T
J Et () dt < cE(s)+ CMJ E" (t)J 2 (z,1,8)|™) dadt
s s Q
< cE(s). (23)
Hence, by taking T' — oo, we obtain
oo m,+
J E =z (t)dt <cE(s).
S
Thus, Komornik’s Lemma (with o = r = m™ /2 — 1) implies the desired result. O
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5

Conclusion

In recent years, there has been published much work concerning the wave equation with constant delay or time-varying delay. However, to the
best of our knowledge, there were no blow-up and decay result for the nonlinear p-Laplacian equation with delay term and variable exponents.
Firstly, we have been obtained the blow-up result. Later, we have been proved the decay result for our problem under the sufficient conditions
in a bounded domain.
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