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Abstract

In this paper the Van Der Laan hybrid sequence is introduced. Binet-like-formula, partial sum and generating
function related to this sequence are obtained. Some interesting properties of Van Der Laan hybrid sequence
are given. Finally, the eigenvalues and determinant of a circulant matrix involving Van Der Laan hybrid
sequence are represented.
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Van Der Laan Hibrit Dizileri Uzerine
Oz
Bu makalede Van Der Laan hibrit dizisi tanitild1. Bu dizi ile iligkili Binet benzeri formiil, kismi toplam ve iirete¢

fonksiyonu elde edildi. Van Der Laan hibrit dizisinin bazi ilging 6zellikleri verildi. Son olarak, Van Der Laan
hibrit dizisini iceren bir sirkilant matrisin 6z degerleri ve determinant1 sunuldu.

Anahtar Kelimeler: Van Der Laan dizisi, hibrit sayilar, kismi toplam, Urete¢ fonksiyonu, determinant.

1. Introduction

Many authors studied special recursion sequences such as Pell sequence, Pell Lucas sequence,
Padovan and Perrin sequences, Jacobsthal sequence. They established new results about these
sequences. Ozdemir (2018) introduced the hybrid numbers as a generalization of complex
hyperbolic and dual numbers. The set H of hybrid numbers Z is of the form

Z =a+ bi+ ce+dh,
Where a,b,c € Rand i, €, h are operators such that
i?=-1,€>=0,ih=—hi= e+1i.

For more results about the hybrid number, we refer to (Ozdemir, 2018). The conjugate of hybrid
number Z is defined by

Z=a+bi+ce+dh=a—bi—ce—dh.
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The real number R(Z) = ZZ = ZZ = a® + b? — 2bc — d? is called the character of the hybrid
number Z. Liana and Wloch (2019) introduced the Jacobsthal and Jacobsthal Lucas hybrid
numbers and investigated some of their properties. In this paper we introduce the Van Der Laan
hybrid sequence. We obtain Binet-like formula of this sequence. Then we represent the partial
sum and generating function of this sequence. We study some properties of this sequence.
Finally we find the eigenvalues and determinant of particular circulant matrix involving van
Der Laan hybrid sequence.

For more information about Van der Laan sequence, Pell sequence, Pell-Lucas sequence,
Jacobsthal-Lucas sequence, Padovan and Perrin sequences and related number sequences we
refer to (Godase and Dhakne, 2014; He et al., 2018; Coskun and Taskara, 2018; Kaygisiz and
Sahin, 2011;Morales, 2019; Petroudi and Pirouz, 2015; Petroudi and Pirouz, 2016; Petroudi,
Pirouz and Ozkoc, 2020; Pirouz and Ozkoc, 2021; Shanon et al., 2006; Yilmaz and Bozkurt,
2011)

2. Van Der Laan sequence

The Van Der Laan (Coskun and Taskara, 2018) sequence (V;,)is defined by the recursion
relation

Vpy=Vu_y+Vy_sforall n >3,
With initial values V, = 0, V; = 1,V, = 0. The first values of (1},) are
0,1,011,12,2,3,4,579,12,16,21,28,37,49

Also the Binet-like-formula (Coskun and Taskara, 2018) for the VVan Der Laan sequences is:

" " 3"

n = (r1-12)(r1—13) + (rp—1)(r2—13)  (r1—13)(r2—13)’

Where 14, 15, 13 are the roots of the equation x3 — x — 1 = 0. Also from (Faisant, 2019) we
have

nt+rn+r=0rnnrs=1nrn+nrnr+rnr=-1
3. Van Der Laan hybrid sequences
Definition (3.1). We define the VVan Der Laan hybrid sequence (VH,,) by the relation
VH, =V, + Vi + Vyin€ + Vyyizh, (3.1)

Where (1;,) is the Van Der Laan sequence. From the above definition, the first few values of
Van Der Laan hybrid sequence are:

VHO=l+h,
VH1:1+6+h,
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VH,=i+€+h,

VH; =1+ i+ €+ 2h,

VH, =1+ i+ 2¢ + 2h.

Theorem (3.2). Let n > 0 be an integer. Then
R(VHy) = =2V 1 (Vg + Vo).

Proof. Let V,, = V,,_, + V,,_5 . By definition we have
R(VHp) = Vo* + Viga® = 2Vn41Vias = Vnas™
Therefore we get

R(VH,) = Vo2 4+ Vyy1® — 2Vni1Vigs — (Vo + Vg )2 =
Vn+12 — 2V Vii1 = =2V (Vpgo + V).

Hence the proof is completed.
Theorem (3.3). Let n > 0 be an integer. Then

VH, =

A+ni+nrle+r’h)  (A+ni+tne+n’h) (A +ni+r’e+r’h)

6]

(r1 — 1) (L —13) (r, =), —13)

L)

(ry —13) (1, —713)

Proof. From Binet-like-formula of VVan Der Laan sequence we have

" "

3"

Vn=

In hence by taking

1 1

a

we get

V, = ar™ + fr," +yrs™.

(ry — 1)y —13) * (r, =)y —13)

(ry —13)( —13)

1

- (ri—r2)(ry—13) "’ - (ry=11)(12-13) V= (ry—13)(r2—13) "’

According to the definition of VVan Der Laan hybrid sequence (VH,,) we have

VHn = IZFL + Vn+1i + VTH'ZE + Vn+3h.

Thus we have

3™

Vi + Vigr? = 2V 1 Vg — V2 —

n
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VH, = (ar;™ + By + yr3™) + (ary™™ + B, + yry™ )i + (ar ™12 + B, 2 +
yr3n+2)6 + (ar1n+3 + ﬁr2n+3 + ,y.r.3n+3)h )

Consequently by some calculations we have

(A +nit+trfe+nr’h) (1 +nitn’et+n’h)

T
(ry — 1)y —13) ! (r; =1)(r, — 13)
(1 4+ r3i + r3%€ + 133h)

(ry —13) (1 — 13)

n

VH,

L)

3"

Lemma (3.4). (Shannon et al., 2006) Let n > 0 be an integer. Then

n
D Ve =Vas — 1.
k=0

Theorem (3.5). Let n > 0 be an integer. Then

n
VH, = VHyps — (1 + i + 2€ + 2h).
k=0

Proof. As we know Y}_,VH, =VHy,+ VH; +VH, + -+ VH,. Thus we obtain

n
z VHk = (VO + Vll + Vze + Vgh) + (Vl + Vzl + V3€ + V4h) + i + (I/Tl + Vn+1i + Vn+26
k=0

+ Vn+3h) = (VO + Vl + Vz + cee + IZFL) + (Vl + VZ + cee + Vn+1 + VO - Vo)l

+(V2+V3+"'+Vn+2+V0+Vl_VO_V1)E
+(V3+V4+"'+Vn+3+V0+V1+V2_VO_V1_V2)h

=m0 Vi + Ckio Vie = 0)i + CRis Vie — De + (XRZ5 Vi — Dh
Therefore by lemma (3.4) we get

n
Z VHy = (Vn+5 - 1) + (Vn+6 -1 )i + (Vn+7 —-1- 1)6 + (Vn+8 -1- 1)h
k=0

Thus the proof is completed.
Theorem (3.6). Let n > 0 be an integer. Then

@) VHupi1 + VH, = ary™ (1 + i + ri2e + r3h) (1 + 1) + By (1 + 1yl + %€ +
3R (1 + 1) + yr3™(1 + 130 + r3%e + 33h) (1 + 13),
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(b) VH,.1 —VH, = ar,"(1 + rji + ri2e + 113h)(1 — 1)) + (1 + npi + %€ +
r,3h) (1 — 1) + yr3™(1 + 130 + r3%€ + r33h) (1 — 13),

where

1 1 1
oS s Rl e s R G e o
Proof. They can be proved by some calculations according to the theorem (3.3).
Lemma (3.7). Let n > 0 be an integer. Then
VH, —VH, ,—VH, =0,

Proof. By definition of VVan Der Laan hybrid sequence we have

VHy, —VHy_; —VHy 3 = (Vn + Vil + Vo€ + Vn+3h) - (Vn—z + Vgl + Ve +
Vn+1h) - (Vn—B + Vn—zi + Vn—le + V;lh) = (Vn - Vn—z - Vn—B) + (Vn+1 - Vn—l - Vn—z)i +
(Vn+2 - Vn - Vn—l)e + (Vn+3 - Vn+1 - Vn)h = 0:

As (V,) is a Van Der Laan sequence hence we conclude that
VH, —VH,_,—VH, 5 =0.

Theorem (3.8). The generating function for VVan Der Laan hybrid sequence (VH,,) is

- VH, + VH,x + ex?
Z VH,x" = —> ! :
n=0

1—x%2—x3
Proof. Suppose that the generating function of the VVan Der Laan hybrid sequence (VH,,) has

the form

flx) = Z VH,x™ =VHy + VH;x + VHyx? + VH3x3 + -

n=0
Then we have
x2f(x) = VHox? + VH x® + VHyx* + VHax® + -,
and
x3f(x) = VHyx3 + VHyx* + VH,x5 + VHax® + -+ .

Thus we obtain
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fx) —x%f(x) —x3f(x) =(VHy + VHyx + VH,x? + VH3x3 + -+ ) = (VHyx? + VH x3 +
VH2x4 + VH3x5 + )— (VH0x3 + VH1X4 + VHsz + VH3x6 + )=(VHO + VHlx) +
(VHZ - VHo)xZ + (VH3 - VH1 - VHo)xZ + + (VHn - VHn_z - VHn_3)xn +

By lemma (3.7) we have VH,, — VH,,_, — VH,_; = 0. So we obtain
f(x)—x2f(x) —x3f(x) =VHy + VH;x + (VH, — VH,)x?.

Thus we get

f)(1—x?—x3)=VHy+VHx+ (i+€+h— (i +h))x%

Consequently we have

- _ VHy + VHyx + ex?
ZVan = 12— 3
n=0

Definition (3.9). Letn > 0 be an integer. Morales (2019) has defined sequences Q,, = P, +
P, and Q,, = P, — P_, and gained interesting result about Padovan sequences using these
sequences, where P_,, = —P_(,_q) + P_(n_3).

According to these definitions we have the following table for Padovan numbers B, , P_,:

n |1(2|3|4|5(6 |7]8]9 |10

P, |1|1/2(2|3|4 |5|7|9 |12

P lol1]o]o]1]-1]1]0]-1]2

By setting V_, = —V_(;—1) + V_(»—3) We can find the following table for the Van Der Laan
sequence(1},):

For example for n = 1 we have

V—l = _V—(l—l) + V_(1_3) = _VO + Vz = O + O = O
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Now we define the new sequences KH,,, KH,,.
Definition (3.10). Let n > 0 be an integer. We
KH, =VH,+VH_,, KH, =VH, —VH_,

Where

define

VH_n = V_n + V_(n+1)i + V_(n+2)€ + V_(n+3)h .

According to these new sequences we have the following table about the first terms of

sequences KH,,, KH,,:

n 1 2 3 4 5
VH, 1+e+h i+e+h 1+i+e+2h 1+i+2e+2h | 1+2i+2¢+3h
VH_, i- e+h l-ite -1+i-h 1- € +2h -i+2e-2h
KH, 1+i+2h 1+2e+h 2ite+h 2+i+e+4h 1+i+4e+h
KH, 1-i+2¢ -1+2i+h 2+e+3h i+3€ 1+3i+5h

For example for n = 2 we have
VH_, =V_, +V_3i+V_ 4e+V.ch=1-1li+1le+0h=1—i+e.
4. Circulant matrix involving Van Der Laan hybrid sequence

Definition (4.1). A matrix C = [c; ;] € M,y is called a Circulant matrix if it is of the form

[ Co 1 G Cn—2 Cn—1'|
|Ch-1 Co €1 Cn-3 Cn—2|
c=|: i i e Pl
l C; C3 C4 - o € J

1 G C3 - Ch-1 Co

A circulant matrix C = [c; ;] can be shown by C = Circ(co, ¢1,***, Cp=1).

Lemma (4.2). (He et al., 2018) Let C = Circ(cy, ¢1,**, 1) be an n X n circulant matrix.

Then we have
n-—1

€)= 3 ot

k=0
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2mi

Where p; for j =0,1,2,---,n — 1 are the eigenvalues of the circulant matrix C and w = e =,
i=v-1.

1 1 1
Lemma (4.3). Suppose that a = e vomen il il s e y = ——— , Where

(1) (rp-3)
11,15, T3 are the roots of the equation x> —x — 1 = 0. Then

@ a+p+y=0,
(b) ary + pr, +yr3 =0,
() aryry + Brirs +yrry, = 0.

Proof. They can be proved by direct calculation according to the definition of «, 8,y and
following relations:

Tl + rz + T3 = 0, T1T2T3 = 1, T17‘2 + T2T3 + T1T3 = _1.

Theorem (4.5). Let C = Cir(VH,,VH,,++,VH,_,) be a n X n circulant matrix whose entries
are the Van Der Laan hybrid sequence (VH,,). Then the eigenvalues of C are

—(VHo + VHyw™) + vw™% + VH, + VHyaw™ + VH,_yw™%
Pi= w3 + w2 -1

)

where v = (lyryrs + lyrsry + I3myry). (forj =0,1,2,--,n— 1)

Proof. By lemma (4.2) for the eigenvalues of circulant matrix C = Circ(cy, ¢y, ", Cpn_1) We

have
n—-1

p;(C) = z c,w Ik,

k=0
Hence for the circulant matrix ¢ = Cir(VH,,VH,,-:+,VH,_,) we have

n-1
py(C) = ) VHw Ik
k=0

n-1

3 Z A1+ni+nrle+r’h)  (A+ni+n’e+n’h)

n

&1 L)
e (ry — 1)y —13) (rp =12 —13)
n—1
(1 + 131 + r3%2€ + 133h) . .
(r 3 r )zr ‘]"3) T'3n W_]k = Z[llrln + lzrzn + l37”3n]W_]k,
1 3 2 3 k=0
_ (14ri+r%e+r,3h) _ (14mi+r%2e+1,3h) _ (147r3i+r3%e+133h)

where [; =

y L2 — y L3 —

(ry=12)(r1-73) (ry=11)(12-73) (r1—13)(r2-73)

Therefore we have
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_ l (le_j)n - 1 + l (TZW_j)n - 1 + l (rgw_j)n - 1
Pj=h 7"1W_j -1 2 rzw_j -1 3 7"3W_j -1
B r1"—1) <r2"—1> (r3"—1)
N ll (le_j - 1 + lz TZW_j - 1 + l3 T3W_j - 1
After some computations we get

=+ L+ )+ 4+ L+ ™) — (L + Ly + Lyrs)w™/

J w3 +w 2 -1

N (L™ + L, 4 L™ w) N (Liryrs + Lrsry + L)) w2/
w3+ w2 -1 w3+ w2 -1

(117”1"_1+12r2n_1+l3r3n_1)w_2j
w3j+w-2j-1

+

Consequently by lemma (4.3) and the definition of Van Der Laan hybrid sequence we obtain

—(VHo + VHyw™) + vw™% + VH, + VHpyaw™ + VH,_yw™%
Pi= w3 + w2 -1

where v = (lyryr3 + l,r31y + I3173). Thus the proof is completed.
Lemma (4.6). Let x,y, z be real numbers and n > 0 be an integer. Then

_[v2_ n _ n n
frbe ) =0 (1 () - () () e
[(y— y2—4xz)n+ (y+‘/y2—4xz)n]

2 2

2mi

Wherew =e'n.
Proof. See (Coskun and Taskara, 2018).

Lemma (4.7). Let n > 0 be an integer. Then
n—1
[ [oro 4w = 1) = c0r -0 - 00
j=0

Where (Q,,) is the Perrin sequence that is defined by the recursive relation Q,,43 = Qn4+1 + Oy,
with initial values Q, = 3,Q; = 0,Q, = 2 and sequence (Q_,,) is defined by recursive relation

Q_n=0_-(n-1) T Q-3

Proof. See (Coskun and Taskara, 2018).
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Theorem (4.9). Let C = Cir(VH,,VH,,++,VH,_;1) be a n X n circulant matrix whose entries
are the Van Der Laan hybrid sequence( VH,,). Then determinant of C is

det(C)

= (( VH, — VH)" + (VH,_; + v)"

((VHn+1 —VH,) — /(VHpy; — VH))? — 4(VH, — VH)) (VH, 1 + v))”
2

s ((VHn+1 —VHy) = (VHpq — VH,)? — 4(VH, — VHo) (VH,_; + v))”D
2
1

D Qon = O

Where vV = (117'27'3 + lZT3T1 + 137‘17'2).

Proof. Let py, p1, -+, pr—1 are the eigenvalues of circulant matrix C. From a basic theorem in
matrix algebra about the determinant of a matrix we have

n-—1
det(C) = 1_[,0]-
j=0

Therefore by theorem (4.5) we get

d t(C) =[1=1p; = Hn_l_(VH0+VH1W_j)+VW_2j+ VHn+VHn+1W_j+VHn—1W_2j
e =1lj=0 Pj = llj=0 vy

_1 (VHp=VHQ)+ (VHpq1—VH)W I+ (VHp_1 +1v)W 2] _
M=o i { A = ([T}2g(VHy = VHo) + (VHp4y —

VHYW™ + (VH,_; + v)w™ ) x ( : ) :

]‘[’]?;01 w3j+w—2j-1
Therefore by lemma (4.6) and lemma (4.7) we realize that
det(C)

= (( VH, — VHy)" + (VH,_, + v)"

<(VHn+1 —VH;) =y (VHpyy — VHy)? — 4(VHy, — VHo) (VH,_; + v))"
2

s <(VHn+1 —VH,) —y/(VHpyy — VH;)? — 4(VH, — VH)) (VH,,_; + v))"])
2
1

D Qon = Q)

Thus the proof is completed.
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5. Conclusion

In this paper we introduced the VVan Der Laan hybrid sequence. We obtained Binet-like formula
of this sequence. We represented the partial sum and generating function of this sequence. We
investigated some properties of this sequence. Finally we found the eigenvalues and
determinant of particular circulant matrix involving Van Der Laan hybrid sequence.

Acknowledgements

The authors are grateful to the referees for their important points of view to improvement of
this paper.

References

Coskun, A. and Taskara, N. 2018. “On the some properties of circulant matrix with third order
linear recurrent sequence”, Mathematical Sciences and Applications E-Notes, 6(1), 12 — 18.

Faisant, A. 2019. “On the Padovan sequence”, arXiv, arXiv:1905.07702.

Godase, A.D., Dhakne, M.B. 2014. “On the properties of k-Fibonacci and k-Lucas numbers”,
International Journal of Advances in Applied Mathematics and Mechanics, 2(1), 100-106.

He, T., Liao, J. H. and Shiue, P. J. 2018. “Matrix Representation of Recursive Sequences of
Order 3 and Its Applications”, Journal of Mathematical Research with Applications, 38(3),
221-235.

Kaygisiz, K. and Sahin, A. 2011. “k-sequences of Generalized Van der Laan and Generalized
Perrin Polynomials”, https://www.researchgate.net/publication/51956495, 1-20.

Liana, A.S. and WIloch, 1. 2019. “Jacobsthal and Jacobsthal Lucas Hybrid numbers”, Annales
Mathematiccae Silesianae, 33, 276-283.

Morales, G.C. 2019. “New identities for Padovan sequences”, arXiv:1904.05492.

Ozdemir, M. 2018. “Introduction to hybrid numbers”, Advances in Applied Clifford
Algebras, 28(1), 11.

Petroudi, S.H.J. and Pirouz, B. 2015. “On some properties of (k,h)-Pell sequence and (k,h)-
Pell-Lucass sequence”, International Journal of Advances in Applied Mathematics and
Mechanics, 3(1), 98-101.

Petroudi, S.H.J. and Pirouz, M. 2016. “On special circulant matrices with (k,h)-Jacobsthal

sequence and (k,h)-Jacobsthal-like sequence”, Int. J. Mathematics and scientific computation,
6(1), 44-47.

380


https://www.researchgate.net/publication/51956495

On the Van Der Laan Hybrid Sequence

Petroudi, S.H.J. Pirouz, M. Ozkoc, A. 2020. “On Some Properties of Particular Tetranacci
sequence”, Journal of International Mathematical Virtual Institute, 10(2), 361-376.

Petroudi, S.H.J. Pirouz, M. Ozkoc, A. 2021. “The Narayana Polynomial and Narayana
Hybrinomial Sequence”, Konuralp Journal of Mathematics, 10(2), 90-99.

Shanon, A.G., Horadam, A. F. and Anderson, P. G. 2006. “Properties of Cordonnier, Perrin and
Van Der Laan numbers”, International Journal of Mathematical Education in Science and

Technology, 37(7), 825-831.

Yilmaz, F. and Bozkurt, D. 2011. “Hessenberg matrices and the Pell and Perrin numbers”,
Jounal of Number Theory, 131(8), 1390-1396.

381


javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)

