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Abstract: Let M be an R—module. If every finitely generated submodule of M has a g-supplement in M, then M is called a
finitely g-supplemented (or briefly fg-supplemented) module. In this work, some properties of these modules are investigated.
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1 Introduction

Throughout this paper all rings are associative with identity and all modules are unital left modules.

Let R be aring and M be an R—module. We denote a submodule N of M by N < M. Let M be an R—module and N < M. If L = M
for every submodule L of M such that M = N + L, then N is called a small (or superfluous) submodule of M and denoted by N < M.
A module M is said to be hollow if every proper submodule of M is small in M. M is said to be local if M has a proper submodule
which contains all proper submodules. A submodule N of an R -module M is called an essential submodule, denoted by N < M, in case
K N N # 0 for every submodule K # 0, or equvalently, N N L = 0 for L < M implies that L = 0. Let M be an R—module and K be a
submodule of M. K is called a generalized small (briefly, g-small) submodule of M if for every essential submodule 7" of M with the property
M = K + T implies that T' = M, we denote this by K <4 M (in [6] it is called an e-small submodule of M and denoted by K < M).
A module M is said to be generalized hollow (briefly, g-hollow) if every proper submodule of M is g-small in M. Let M be an R—module
and U,V < M.If M =U + V and V is minimal with respect to this property, or equivalently, M =U +V and UNV KV, then V is
called a supplement of U in M. M is said to be supplemented if every submodule of M has a supplement in M. M is said to be finitely
supplemented (briefly, f-supplemented) if every finitely generated submodule of M has a supplement in M. Let M be an R—module and
UV<MIUM=U+Vand M =U+T with T <V implies that T =V, or equivalently, M =U +V and U NV <4 V, then V is
called a g-supplement of U in M. M is said to be g-supplemented if every submodule of M has a g-supplement in M. The intersection of
maximal submodules of an R-module M is called the radical of M and denoted by RadM. If M have no maximal submodules, then we
denote RadM = M. The intersection of essential maximal submodules of an R-module M is called a generalized radical (briefly, g-radical
of M and denoted by Rady M (in [6], it is denoted by Rade M). If M have no essential maximal submodules, then we denote RadgM = M.
An R—module M is said to be noetherian if every submodule of M is finitely generated.

More details about supplemented modules are in [1]-[S]. More informations about g-small submodules and g-supplemented modules are in

[2]-[3].

Lemma 1. Let M be an R—module.
WMIFK<L<M,then K<Mifandonlyif K I L < M.
(2) Let N be an R—module and f : M —s N be an R—module homomorphism. If K < N, then f =1 (K) < M.
(3) For N < K <M, if K/N < M/N, then K < M.
(4)IfK1 Ly < Mand Ko < Ly < M, then K1 N Ko < L1 N Lo.
(5) If K1 < M and Ko < M, then K1 N Ko < M.

Proof: See [5, 17.2]. O

Lemma 2. Let M be an R—module. The following assertions are hold.

(1)IfK <L<M,then L < M ifandonlyif K < M and L/K < M/K.

(2) Let N be an R—module and f : M — N be an R—module homomorphism. If K < M, then f (K) < N. The converse is true if f
is an epimorphism and Kef < M.

(3) If K < M, then K]':"L < %forevery L <M.

4O IfL<Mand K < L, then K < M.

(B)IfK1,Ka,.... Kn < M, then K1 + Ko + ... + Kn < M.

(6)

Let K1,Ka,...,Kn,L1,Lo,....Lp, < M.IfK; < L; foreveryi=1,2,....n, then K1 + Ko + ... + Kn, < L1 + Lo + ... + L.

Proof: See [1, 2.2] and [5, 19.3]. O
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Lemma 3. Let M be an R—module. The following assertions are hold.
(1) Every small submodule in M is g-small in M.

2)IfK<L<Mand L <4 M, then K <g M and L/K <4 M/K.

(3) Let N be an R—module and f : M — N be an R—module homomorphism. If K < g M, then f (K) <4 N.

(4) If K ¢ M, then Kz—L <y %forevery L <M.

(B)IfL<Mand K <4 L, then K <4 M.

(6) If Ki,Ka,...., Kn <g M, then K1 + Ko + ... + Kn <g M.

(7) Let K1,Ko,....,Kn,L1,Lo, ..., Ly < M. If K; <4 L foreveryi =1,2,...,n, then K1 + Ko+ ... + Kpn <g L1 + Lo + ...

Proof: See [2]-[3]-[4].

Lemma 4. Let M be an R—module. The following assertions are hold.
(1) RadM < RadgM
2) RadgM = 5. L.
LKy M
3) Let N be an R—module and f : M — N be an R—module homomorphism. Then f (RadgM) < RadgN.
) For K, L < M, HedsKtL < poq, KFL,
)If N < M, then RadgN < RadgM.
) For K, L < M, RadgK + RadgL < Rady (K + L).
) Rx < g M for every x € RadgM.

Proof: [2]-[3]-[4].

2  Finitely g-Supplemented Modules

Lemma 5. Let V be a supplement of U in M. Then
(1) fFW +V = M for some W < U, then V is a supplement of W in M.
(2) If M is finitely generated, then V' is also finitely generated.
(3) If U is a maximal submodule of M, then V is cyclic and U N'V = RadV is the unique maximal submodule of V.
(4) If K < M, then'V is a supplement of U + K in M.
(5) For K < M, KNV <« V and hence RadV =V N RadM.
(6) Let K < V. Then K < V ifand only if K < M.
(7) For L < U, VJLFL is a supplement of U/L in M/ L.

Proof: See [5, 41.1].

Lemma 6. Let V' be a g-supplement of U in M. Then
(1) fW +V = M for some W < U, then V is a g-supplement of W in M.
(2) If every nonzero submodule of M is essential in M, then V' is a supplement of U in M.
(3) If U is an essential maximal submodule of M, then U NV = RadV is the unique essential maximal submodule of V.
4 IfK <g M andU < M, thenV is a g-supplement of U + K in M.
(B) LetU < M and K <g M. Then K NV <4 V and hence RadgV =V N RadgM.
(6) Let U < M and K <V.Then K ¢ V ifand only if K <4 M.
(7) VJLFL is a g-supplement of U/L in M/ L.

For L <U,
Proof: See [2]-[3]-[4].

Lemma 7. Let M be an R—module.
(1) IfM =U@® YV thenV is a supplement of U in M. Also U is a supplement of V' in M.
2) For M1,U < M, if M1 + U has a supplement in M and M; is supplemented, then U also has a supplement in M.
Let M = M1 + Mos. If My and Mo are supplemented, then M is also supplemented.

+ Ln.

Let M; < M fori=1,2,...,n. If M; is supplemented for every i = 1,2, ..., n, then M1 + Mo + ... + My, is also supplemented.

(2)
(3)
(4)
(5) If M is supplemented, then M /L is supplemented for every L < M.

(6) If M is supplemented, then every homomorphic image of M is also supplemented.

(7) If M is supplemented, then M | RadM is semisimple.

(8) Hollow and local modules are supplemented.

(9) If M is supplemented, then every finitely M —generated module is supplemented.

(10) RR is supplemented if and only if every finitely generated R—module is supplemented.

Proof: See [5, 41.2].

Lemma 8. Let M be an R—module.
(1) If V is a supplement of U in M, then'V is a g-suppement of U in M.
IfM =U @YV then'V is a g-supplement of U in M. Also U is a g-supplement of V in M.
For M1,U < M, if M1 + U has a g-supplement in M and M is g-supplemented, then U also has a g-supplement in M.
Let M = M1 + Mo. If M1 and Mo are g-supplemented, then M is also g-supplemented.

If M is g-supplemented, then M/ L is g-supplemented for every L < M.

(2)
(3)
(4)
(5) Let M; < M fori=1,2,...,n. If M; is g-supplemented for every i = 1,2, ...,n, then My + Mz + ... + My, is also g-supplemented.
(6)
(7)

If M is g-supplemented, then every homomorphic image of M is also g-supplemented.
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) If M is g-supplemented, then M /Radg M is semisimple.

) Hollow, local and g-hollow modules are g-supplemented.

0) If M is g-supplemented, then every finitely M —generated module is g-supplemented.
1

8
9
1
11) R R is g-supplemented if and only if every finitely generated R—module is g-supplemented.

(
(
(
(
Proof: See [2]-[3]. O

Definition 1. Let M be an R—module. If every finitely generated submodule of M has a g-supplement in M, then M is called a finitely
g-supplemented (or briefly fg-supplemented) module.

Clearly we can see that every f-supplemented module is fg-supplemented.

Lemma 9. Let M be an R—module.
(1) If M is supplemented, then M is f-supplemented.

Let f : M — N be an R—module epimorphism with Kef < M. If M is f-supplemented, then N is also f-supplemented.
If RadM < M, then every finitely generated submodule of M/ RadM is a direct summand of M /RadM.

If RadM is finitely generated, then every finitely generated submodule of M | RadM is a direct summand of M /RadM.

) If M is noetherian and f-supplemented, then M is supplemented.

(2)

(3)

(4)

(5)

(6) Let f : M — N be an R—module epimorphism with Kef cyclic. If M is f-supplemented, then N is also f-supplemented.

(7)

(8)

(9)

(10
Proof: See [5, 41.3]. O
Proposition 1. Let M be an f-supplemented module. Then M is fg-supplemented.

Proof: Let U be a finitely generated submodule of M. Since M is f-supplemented, then U has a supplement V' in M. Since V' is a supplement
of U in M, by Lemma 8, V' is a g-supplement of U in M. Hence M is fg-supplemented, as desired. O

Proposition 2. Ler M be an f-supplemented module and L be a finitely generated submodule of M. Then M/ L is fg-supplemented.

Proof: Since M is an f-supplemented module and L is a finitely generated submodule of M, by Lemma 9, M /L is f-supplemented. Then by
Proposition 1, M/ L is fg-supplemented. O

Proposition 3. Ler M be an f-supplemented module and L be a cyclic submodule of M. Then M /L is fg-supplemented.

Proof: Since M is an f-supplemented module and L is a cyclic submodule of M, by Lemma 9, M/ L is f-supplemented. Then by Proposition
1, M/ L is fg-supplemented. d

Proposition 4. Let M be an f-supplemented module and L < M. Then M /L is fg-supplemented.

Proof: Since M is an f-supplemented module and L < M, by Lemma 9, M/L is f-supplemented. Then by Proposition 1, M/L is fg-
supplemented. ]

Proposition 5. Let f : M — N be an R—module epimorphism and Kef be finitely generated. If M is f-supplemented, then N is fg-
supplemented.

Proof: Since M is f-supplemented and Kef is finitely generated, by Lemma 9, N is f-supplemented. Then by Proposition 9, N is
fg-supplemented. (]

Proposition 6. Let f : M — N be an R—module epimorphism and Kef be cyclic. If M is f-supplemented, then N is fg-supplemented.
Proof: Since M is f-supplemented and Kef is cyclic, by Lemma 9, N is f-supplemented. Then by Proposition 9, N is fg-supplemented. [
Proposition 7. Let f : M — N be an R—module epimorphism and Kef < M. If M is f-supplemented, then N is fg-supplemented.
Proof: Since M is f-supplemented and Kef < M, by Lemma 9, N is f-supplemented. Then by Proposition 9, IV is fg-supplemented. O
Proposition 8. Every g-supplemented module is fg-supplemented.

Proof: Clear from definitions. O
Proposition 9. Every hollow module is fg-supplemented.

Proof: By Lemma 8, every hollow module is g-supplemented. Then by Proposition 8, every hollow module is fg-supplemented. (]
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Proposition 10. Every local module is fg-supplemented.

Proof: By Lemma 8, every local module is g-supplemented. Then by Proposition 8, every local module is fg-supplemented. (]
Proposition 11. Every g-hollow module is fg-supplemented.

Proof: By Lemma 8, every g-hollow module is g-supplemented. Then by Proposition 8, every g-hollow module is fg-supplemented. ]
Proposition 12. Let M = My + Ms. If My and Mo are g-supplemented, then M is fg-supplemented.

Proof: Since M7 and M> are g-supplemented, by Lemma 8, M is g-supplemented. Then by Proposition 8, M is fg-supplemented. (]
Proposition 13. Let M = M1 + Mo + ... + M. If M; is g-supplemented for every i = 1,2, ...,n, then M is fg-supplemented.

Proof: Since M; is g-supplemented for every ¢ = 1, 2, ..., n, by Lemma 8, M is g-supplemented. Then by Proposition 8, M is fg-supplemented.
|

Proposition 14. Ler M be an R—module and L < M. If M is g-supplemented, then M/ L is fg-supplemented.
Proof: Since M is g-supplemented, by Lemma 8, M/ L is g-supplemented. Then by Proposition 8, M /L is fg-supplemented. (]
Proposition 15. Let M be a g-supplemented module. Then every homomorphic image of M is fg-supplemented.

Proof: Since M is g-supplemented, by Lemma 8, every homomorphic image of M is g-supplemented. Then by Proposition 8, every
homomorphic image of M is fg-supplemented. (]

Proposition 16. Let M be a g-supplemented module. Then every finitely M —generated module is fg-supplemented.

Proof: Since M is g-supplemented, by Lemma 8, every finitely M —generated module is g-supplemented. Then by Proposition 8, every finitely
M —generated module is fg-supplemented. O

Proposition 17. Let g R be g-supplemented. Then every finitely generated R—module is fg-supplemented.

Proof: Since p R is g-supplemented, by Lemma 8, every finitely generated R—module is g-supplemented. Then by Proposition 8, every finitely
generated R—module is fg-supplemented. (]

Proposition 18. Every supplemented module is fg-supplemented.

Proof: By Lemma 8, every supplemented module is g-supplemented. Then by Proposition 8, every supplemented module is fg-supplemented.
|

Proposition 19. Let M = My + Ma. If My and Mo are supplemented, then M is fg-supplemented.
Proof: Since M7 and M> are supplemented, by Lemma 7, M is supplemented. Then by Proposition 18, M is fg-supplemented. (]
Proposition 20. Let M = My + Mo + ... + My. If M; is supplemented for every i = 1,2, ..., n, then M is fg-supplemented.

Proof: Since M; is supplemented for every ¢ = 1,2, ..., n, by Lemma 7, M is supplemented. Then by Proposition 18, M is fg-supplemented.
|

Proposition 21. Let M be an R—module and L < M. If M is supplemented, then M /L is fg-supplemented.
Proof: Since M is supplemented, by Lemma 7, M/ L is supplemented. Then by Proposition 18, M/ L is fg-supplemented. (]
Proposition 22. Let M be a supplemented module. Then every homomorphic image of M is fg-supplemented.

Proof: Since M is supplemented, by Lemma 7, every homomorphic image of M is supplemented. Then by Proposition 18, every homomorphic
image of M is fg-supplemented. O

Proposition 23. Let M be a supplemented module. Then every finitely M —generated module is fg-supplemented.

Proof: Since M is supplemented, by Lemma 7, every finitely M —generated module is supplemented. Then by Proposition 18, every finitely
M —generated module is fg-supplemented. O

Proposition 24. Let g R be supplemented. Then every finitely generated R—module is fg-supplemented.
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Proof: Since r R is supplemented, by Lemma 7, every finitely generated R—module is supplemented. Then by Proposition 18, every finitely
generated R—module is fg-supplemented. ]

Proposition 25. Let M be an fg-supplemented R—module. If M is noetherian, then M is g-supplemented.

Proof: Let U < M. Since M is noetherian, U is finitely generated and since M is fg-supplemented, U has a g-supplement in M. Hence M is
g-supplemented. O

Lemma 10. Let M be an fg-supplemented R—module and N be a finitely generated submodule of M. Then M /N is fg-supplemented.

Proof: Let U/N be a finitely generated submodule of M /N. Since U/N finitely generated, there exists a finitely generated submodule K of
M such that U = K + N. Since K and N are finitely generated, U = K + N is also finitely generated. By hypothesis, U has a g-supplement
V in M. Then by [2, Lemma 4], (V 4+ N) /N is a g-supplement of U/N in M/N. Hence M /N is fg-supplemented. O

Corollary 1. Ler M be an fg-supplemented R—module and N be a cyclic submodule of M. Then M /N is fg-supplemented.
Proof: Clear from Lemma 10. O

Corollary 2. Let f : M — N be an R—module epimomorphism and Kef be finitely generated. If M is fg-supplemented, then N is also
[fg-supplemented.

Proof: Since M is fg-supplemented and Kef is finitely generated, by Lemma 10, M /Kef is fg-supplemented. Then by M/Kef = N, N is
also fg-supplemented. O

Corollary 3. Let f : M — N be an R—module epimomorphism with cyclic kernel. If M is fg-supplemented, then N is also fg-supplemented.
Proof: Clear from Corollary 2. (]
Lemma 11. Let M be an fg-supplemented R—module and N < M. Then M /N is fg-supplemented.

Proof: Let U/N be a finitely generated submodule of M /N. Then there exists a finitely generated submodule K of M such that U = K + N.
Since M is fg-supplemented, K has a g-supplement V in M. Here M = K +Vand KNV g V.Since K KU M =K+V =U+V.
Let M =U+TwithT <V.Then M =U+T =K+ N+ T and since N < M, K +T = M. Since V is a g-supplement of K in M
and T <V, by definition, " = V. Hence V is a g-supplement of U in M. By [2, Lemma 4], (V + N) /N is a g-supplement of U/N in M/N.
Hence M /N is fg-supplemented. U

Corollary 4. Let f : M — N be an R—module epimomorphism with small kernel. If M is fg-supplemented, then N is also fg-supplemented.

Proof: Since M is fg-supplemented and Kef < M, by Lemma 11, M/Kef is fg-supplemented. Then by M/Kef = N, N is also fg-
supplemented. (]
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