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Abstract

A polynomial with all roots lying in the open left half plane of the complex plane is called Hurwitz
stable. The convex hull of a finite number of polynomials of the same order is called a polynomial
polytope. By the Edge theorem, a polynomial polytope with the invariant degree is Hurwitz stable if
and only if all edges are Hurwitz stable. Due to the Edge Theorem, the segment stability criterions are
of great importance. In this paper, we consider a construction of stable polytopes by using the Segment
Lemma. It is constructed stable polytopes with nonzero volumes. The obtained results can be used, for
example, in the stabilization problems of unstable transfer functions by lower-order controllers.
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1. Introduction
Let the following n-order polynomial
p(s) =a,s"+a,_s" 1+ -+a;s+a, (a,>0) (1)
be given. The polynomial (1) has n roots s;, s, ..., s, and if Re(s;) < 0 forall i = 1,2,...,n
then it is called Hurwitz stable. From now we will use the term “stable” instead of “Hurwitz

stable”.

A necessary condition for stability of (1) is the positivity of all coefficients a; (i = 0,1, ..., n).
This necessary condition is not sufficient, unless n < 2.

It is well-known that the set of all n-order stable polynomials is open and nonconvex.
Nonconvexity means that given two stable n-order polynomials a, (s) and a,(s) their convex
combination set {(1 —A)a;(s) + 1a,(s): A € [0,1]} may contain an unstable polynomial.
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The above convex combination set is called the polynomial segment connecting a,(s) and
a,(s) and is denoted by [a, (s), a,(s)].

Let n-order polynomials a, (s), ..., a; (s) be given. Then the set

conv {a; (s), ..., a,(s)} (2)

is called a polynomial polytope, where “conv” stands for the convex hull. Given the polytope
(2) the polynomials a;(s) are called the generators, and the segments [al- (s), a; (s)] are called
the edges of the polytope (2) (i <j, i,j = 1,2, ..., k). The polytope (2) is called stable if all
polynomials from (2) are stable.

By the Edge Theorem [1] given n-order polynomial polytope (2) with invariant degree and at
least one stable member is stable if and only if all its edges are stable.

Due to the Edge Theorem the segment stability criterions are of great importance. This
problem has been considered in the works [2-8].

The following Segment Lemma is one of well-known criterion for segment stability.

For the polynomial (1) write a(s) = a®(s) + sa°(s), where a®(s) and a®(s) contain only
even degrees and set §¢(w) = a®(jw), 6°(w) = a°(jw) (j2 = -1, w > 0).

Lemma 1.1 (Segment Lemma, [2, page 80]) Let a;(s) and a,(s) be n-order stable
polynomials with positive coefficients. Then the segment [a, (s), a,(s)] is stable & There is
no w > 0 satisfying the relations

67 ()83 (w) — 63 (w)67 (w) = 0, (3)
67 (w)63 (w) <0, 4)
¢ (w)63(w) < 0. (5)

The following lemma is a consequence of Lemma 1.1.

Lemma 1.2 Let a,(s) and a,(s) be n-order stable polynomials with positive coefficients
and the open segment (a,(s), a,(s)) contains at least one stable member. Then the open
segment (a;(s), a,(s)) isstable & There isno w > 0 satisfying (3), (4) and (5).

The geometrical and topological properties of stable polynomials have been studied in many
works (see [9-13]). This paper continues these studies. Here we construct stable polynomial
polytopes by using the Edge Theorem and Lemmas 1.1 and 1.2. As a starting point we use a
factorized stable polynomial and specially defined n boundary polynomials. The convex hull
of these n + 1 points becomes stable polytope.

The following criterions are well-known [3]:
A fourth order polynomial a,s* + ass® + a,s? + a;s + a, with positive coefficients is
stable if and only if

a,aa; — a?a, — agas > 0.
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A third order polynomial ass3 + a,s? + a;s + a, with positive coefficints is stable if and
only if a;a, —aga; > 0.

2. Construction of stable polytopes
In this section we construct stable polytopes with nonzero volumes. To do this we choose any
factorized stable polynomial and consider polynomial segments starting from this polynomial
and ending on the stability boundary.
Consider stable polynomials
p(s) = (s2 +byps +¢y).o.(s? + bys +¢;)

ifn=2mand

p(s) = (s + b_ys+ cpy).-.(s2 + bys + ¢1).(s + by)
ifn=2m—1.Hereb; >0,¢c; >0 (i = 1,2, ..., m). Consider n polynomials

p1(s) = (s2 + ¢p). (82 + byy_1S + Cpeq)- . (S2 + bys + ¢1)
p2(s) = (82 + bys). (82 + byy_1S + Cpeq)-+++. (s> + bys + ¢;)

Pn(s) = (52 + bpy_1S + Cpe1)- (82 + bpy_1S + Cpp_y1)- -+ (s2 + by5)
if n = 2m and

p1(s) = (s?+cp_q). . (s2 + bys +¢1).(s + by)
po(s) = (s2 + byy_y8).+.(s* + bys + ¢1). (s + b,,)

Pn(s) = (82 + byps + ¢pp). . (2 + bys + ¢).s

if n =2m — 1. The polynomials p,(s), ..., p,,(s) belong to the stability boundary. Consider
the polytope

P = conv {p(s), p1(s), ..., P ()} (6)
The polytope (6) hastotally 1+ 2+ 3+ :--n = nntl) edges and if all edges are stable then

by the Edge Theorem the polytope (6) is stable. Some edges such as [p(s),p;(s)) (i =
1,2, ...,n) are stable by the construction.

Due to the factorization, the following lemmas can be used for proving the stability of the
polytope (6).

Lemma 2.1 Consider the following polynomials
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q(s) = (s + a;s + ay). (s? + azs + ay),
q1(s) = (s + ay).(s? + azs + ay),
q2(s) = (s? + a;9).(s? + azs + ay,),
q3(s) = (s? + ays + a). (s + ay),
qs(s) = (s? + a;s + a,). (s% + a3s)

witha; > 0 (i = 1,2,3,4). Then
1) The segments [q(s), q:(s)), (q1(5), 42(5)), (q3(5), qa(s)) are stable,
2) The segment (ql(s), q3(s)) is stable in the case @, # a, and belongs to the stability
boundary in the case a, = ay,
3) The segment [q,(s), g.(s)] belongs to the stability boundary.

Proof.

1) Stability of the segments [q(s), q;(s)), (q1(5),q2(s)), (q3(s),q4(s)) are obvious
(i = 1,2,3,4).

2) Consider the segment (g, (s), g5(s)). For any A € (0,1) we have

(1 —=2q.(s) + Ag5(s) = s*+ (Aa; — Aaz + a3)s3 + (a, + ay)s? +
Aajay — dayas + ayas)s + a,a,
and (see Introduction)
a,a,a; — aia, — agas = Aajaz(ay, —a,)(1—21) = 0.
Therefore the segment (g, (s), g3 (s)) either is stable or belongs to the stability boundary.
3) Consider the segment (q,(s), q4(s)). Forany A1 € (0,1) we have

(1 =2)qy(s) + 2q4(s) = s.(s3 + (a1 + a3)s? + (Aa, — day + aja3 + ay)s —
Aajay, + Aayas + ajay)

and for the third order polynomial in the bracket we have (see Introduction)

a,a, — agaz = Aa,a, + a?a; + a;aé + aza,(1—21) > 0.
It follows that the polynomial (1 — A)q,(s) + Aq4(s) has the root s = 0 and three stable
roots. Therefore the segment [g,(s), g4 (s)] lies on the stability boundary.

Remark 2.2 As follows from the proof of Lemma 2.1 the stability of the two segments
(91(s),q4(s)) and (q2(s), g5 (s)) are not guaranteed.

Lemma 2.3 Consider the following polynomials

I(s)=(s2+cs+d).(s+cy),
[,(s) = (s* + ¢;s + d).s,

L(s) = (s* +d).(s + cy),
I5(s) = (s? + ¢15). (s + ¢y),
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where ¢; > 0,¢, > 0,d > 0. Then
1) The segments [1(s), L;(s)), (11(s), 1z (s)) and (I,(s), I5(s)) are stable (i = 1,2,3),
2) The segment [1;(s), [3(s)] belongs to the stability boundary.
Proof. We prove only stability of (;(s), 1,(s)): For any A € (0,1) we have
(1 =) + A (s) =3+ [(1 — Dy + Acy]s? + ds + Ac,d,
a1a2 - a0a3 = d[(l _A)Cl + /1C2] - /1C2d = d(l - A)Cl > 0.

The remaining statements can be proven easily.

]
The polytope P (see (6)) has totally n(nTH) edges. By Lemmas 2.1 and 2.3 among these edges
the stability of
nn—2) e .
T edges (if n is even), or
-1 -3
(n l(n ) edges (if n is odd)

are not guaranteed. The remaining

nn+1) nn—-2) nn+4)
2 4 4
nn+1) m-1)n-3) n®>+6n-3
2 4 a 4

(if nis even), or

(if n is odd)

edges are either stable or belong to the stability boundary.

By using Lemmas 2.1 and 2.3 we arrive at the following mean results (Theorem 2.4 and
Algorithm 2.5).

nn+4) n?+6n-3

Theorem 2.4 Consider the polytope P (see (6)) whose — edges (if n is even) or
(if n is odd) are either stable or belongs to the stability boundary. If the remaining

nn—2) e
— edges, if n is even, or
-1 -3

(n )4(n ) edges, if n is odd

are stable or belong to the stability boundary then the inner points of this polytope are stable.

As follows from Lemmas 2.1 and 2.3, the edges, whose stability should be tested are
(P1(5);P4(5‘))1 (P1(S):P6(5))1 (P3(5)'P6(5)), ey (Pz(s):P3(s))1 (Pz(s)'Ps(S)),
(04 (), p5(5)), - -

The following algorithm can be suggested for the construction of a stable polytope type (6).
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Algorithm 2.5

1)

2)

3)

4)

5)

Take a factorized stable monic polynomial p(s) with positive coefficients and
consider n boundary polynomials p,(s), p,(s), ..., p,(s). Construct the polytope (6).

2 —
RO o X3 edges of this polytope are either stable or belong to the stability

4
boundary.
Check the remaining "(7:2) or ("_11(71_3) edges for stability by using the Segment
Lemma.

If some segment (pi(s),pj(s)) is not stable then for t € [0,1] consider the parallel
segment

(1= 0p@) +tpi(s), (1 = Op(s) + tpy ().
Use the bisection of the interval [0,1] and consider the stability of the above segment
for the values t = % t = %, t= % ... by using the Segment Lemma.
If a parallel segment is stable for t = t;, and unstable for t = t;., then choose t =
Setter1 angd continue. If additionally t,,, — tx < &, where ¢ is sufficiently small then
stop; Take the parallel segment [(1 — t;)p(s) + txpi(s), (1 — t,)p(s) + txp;(s)] as a
new stable edge of new stable polytope P c P (see (6)).
Repeat the above procedure for each unstable segment (pl- (s),p; (s)) and construct a

new polytope P of the type (6) by using the end points of all stable segments. The
inner points of the obtained polytope P are stable.

Remark 2.6 Note that the polytopes P and # have nonzero volumes, since the vectors p; —

D, P2 —

p, .., pn — p are linearly independent.

Remark 2.7 It is well known that many stabilization problems can be reduced to the
following: Given an affine polynomial family, does this family contain a stable member?
Having stable polytopes the intersection problem of an affine family and a polytope is a
standart linear programming problem (see [11,12] for details).

Example 2.8 Let us construct a stable polytope starting from the following stable polynomial

p(s) = (s?+10s +9).(s? + s + 8).

We have

p1(s) = (s2+9).(s>+5s+8)

p,(s) = (s +10s).(s> + s + 8)
p3(s) = (s + 10s +9).(s? + 8)
ps(s) = (s +10s +9).(s%? + s)

By Lemma 2.1, only the stability of the two segments (p;(s),p4(s)) and (p,(s),ps(s))
should be checked.

For the segment (p,(s), ps(s)), the equation (3) has the form

(w* — 18w?)(80 — 10w?) — (80 — 11w?)(w* — 17w?* +72) =0
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and has one positive root w = 2.828427125. The inequality (5) is not satisfied for this root.

For the segment (p, (s), p4(s)), the equation (3) is

(w* —17w? +72)(9 — 110?) — (9 — w?)(w* — 19w?) =0

and has three positive roots: w; = 1.034314101, w, = 2.59426181
inequalities (4) and (5) are satisfied for these three roots. By the Lemma 1.2 the segment

(p2(s), p3(s)) is stable, whereas (p,(s), p4(s)) is unstable.

Apply 3) and 4) of Algorithm 2.5 to the segment (p, (s), p4(s)). Calculations give:

Inequality (4)

Inequality (5)

Step t Real root(s) of egn (3) 5 ()6 (w) 59 ()59 (o)
1.034314101 -1054.190<0 -21.949<0

1 1 2.594261810 -238.007<0 -147.610<0

3 0 0

2 1/2 3.931663786 2347.134>0 5295.146>0
3 3/4 3.606562002 1070.466>0 1885.233>0
4 7/8 3.389877796 503.039>0 736.293>0
1.417206062 -1244.689<0 -86.890<0

5 15/16 2.184020903 -702.470<0 -240.389<0

3.243698456 246.438>0 315.1387>0

6 29/32 3.322137183 372.194>0 512.2813>0
1.765821584 -1171.1426<0 -186.029<0

11 0.909179 1.848544327 -1105.952<0 -207.790<0
3.315316048 360.188>0 492.644>0

12 0.908691 3.316459419 362.186>0 495.901>0

After 12 steps for the value t;, = 0.908691 we arrive at the stable segment (7, (s), P4 (s)),

where

P1(s) = (1 — t12)p(s) + t12p1(5),
Da(s) = (1 — t12)p(s) + t1204(5).

Therefore the polytope P = conv{p(s), p;(s), p,(s), ps(s), P.(s)} is stable.

Example 2.9 Consider the following monic polynomial

The boundary polynomials are:
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p1(s) =(s?2+3).(s?+s+5).(s+1),
po(s) = (s? +4s).(s>+s+5).(s+ 1),
p3(s) = (s + 4s + 3).(s?> + 5).(s + 1),
pa(s) = (s? +4s+3).(s> +5).(s + 1),
ps(s) = (s + 4s + 3).(s?> + s + 5).s.

By the Lemma 1.2 the segment (p,(s),p4(s)) is stable, but (py(s), p4(s)) is unstable.
Algorithm 2.5 gives t;; = 0.946289 and the stable segment (5, (s), §,(s)) after 11 steps.
Hence the polytope

ﬁ = ConV{p(s), ﬁl (S), pZ (S), p3 (S), ﬁl}(s)' pS (S)}

is stable.
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