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Abstract

Fractional integral operators are very useful in the field of mathematical analysis and
optimization theory. The main aim of this investigation is to establish a new Simpson type
conformable fractional integral equality for harmonically convex functions. Using this identity,
some new results related to Simpson-like type conformable fractional integral inequalities are
obtained. Then, some interesting conclusions are attained for some special cases of conformable

fractional integrals when a = 1.
Keywords: Simpson inequality; Conformable fractional integral; Harmonic convex.

Conformable Kesirli integraller Araciigiyla Harmonik Konveks Fonksiyonlar icin

Simpson Tipi Integral Esitsizlikleri
Oz

Kesirli integral operatorleri matematiksel analiz ve optimizasyon teorisi alanlarinda
oldukea kullanighdir. Bu aragtirmanin temel amaci harmonik konveks fonksiyonlar i¢in yeni bir
Simpson tipi conformable kesirli integral esitligi kurmaktir. Bu esitligi kullanarak Simpson tipi
conformable kesirli integral esitsizlikleri ile ilgili baz1 yeni sonuglar elde edildi. Daha sonra, a =

1 oldugunda, conformable kesirli integrallerin bazi 6zel durumlari i¢in ilging sonuglara ulasildi.
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Anahtar Kelimeler: Simpson esitsizligi; Conformable kesirli integral; Harmonik

konveks.

1. Introduction

We will start with the following inequality which is well known in the literature as

Simpson’s inequality.

Theorem 1. Let f:[a,b] = R be a four times continuously differentiable mapping on

(a,b) and [|f®]|_ = sup|f™® (x)| < co. Then, the following inequality holds:

b _ boa[f@+/(®) atb L f@ Y
Ji reodx -2 [FEER o ()] < 55 ML - 0
Inequality (1) has been studied by several authors (see [1-11]).
In [12], Iscan gave the definition of harmonically convex functions as follow:

Definition 2. [12] Let I ¢ R\{0} be a real interval. A function f:I — R is said to be

harmonically convex, if

f o) S ) + (- Of (), 2)

tu+(1-t)v

for all u,v € I and t € [0,1]. If the inequality (2) is reversed, then f is said to be harmonically

concave.

Harmonic convex functions are important for mathematical inequalities. Many authors
obtained several inequalities for harmonic convex functions [12-15]. The most famous inequality
which has been used with harmonic convex functions is Hermite-Hadamard, which is stated as

follow:

Theorem 3. [12] Let f:1 c R\{0} be a hormanically convex function and u, v € [a, b]
with u < v. If f € L[u, v] then the following inequalities hold:

f (Zu_V) < PID gy < f_(u>;f(”>_ 3)

u+v/) — v-u’a x2

The aim of this paper is to establish Simpson type conformable fractional integral

inequalities based on harmonically convexity.
2. Preliminaries

In this section, we give some definitions and basic results for later use.
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Definition 4. Let a,b € R with a < b and f € L[a, b]. The left and right Riemann-

Liouville fractional integrals /&, f and Ji_f order @ > 0 are defined by

Ja. f = ﬁ [ -0 tf®dt, x> a,

1

b -
Jb-f =5 fy € =0 f(D)dt, x <b,
respectively, where (@) is the Gamma function defined by I'(a) = [ 000 e tt*1dt (see [16],
p.69).
The following definition of conformable fractional integrals can be found in [13, 17, 15].

Definition 5. Let a € (n,n+1],n=0,1,2,..., =a—n, a, b € Rwith a < b and
f € L[a, b]. The left and right conformable fractional integrals I¢f and °I,f order a > 0 are
defined by

I8f ==X — "t — a)f Hf(D)dt, x> a,
Plof == [t —x)"(b — )P f(D)dt, x <b,

respectively.

It is easily seen that if one takes @ = n + 1 in the Definition 5 (for the left and right
conformable fractional integrals), then the Definition 4 is obtained (the left and right Riemann-

Liouville fractional integrals) for ¢ € N.
3. Main Results

Throughout the paper, we will use the following notations for our results:

2ab

u (8) = (1-ta+(1+t)b’

2ab

uz(t) = (1+t)a+(1-t)b’

__ 2ab

a+b’

Let’s begin the following lemma which will help us to obtain the main results:

Lemma 6. Let ¢:1 c (0,) — R, be a differentiable function on I, a,b € I" and a < b.

If ¢’ € L[a, b], then the following equality holds:
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crarn| fGo®) ()

2 [p(a) + 4p(H) + p(b)] — 2¢71 .
6 pla ¥ 4 (b a) I'(a—n) Ela ((poqb) (%)

“4)

1
b—alTl(a+1)

= wa—m | PG eI © 0 (0 0) - () (ea)]

where
p(t;a,n) = fol (%ﬁ(n +1,a—n)— %,Bt(n +1,a— n)) dt

and ¢p(x) = %, a>0.
Proof. We begin by considering the following computations which follow from change of
variables and using the definition of the conformable fractional integrals.

L =2 f3 p(6 @) (s (6) 2 ((u () de =322 288 6 (uy ()1}

Lﬂ fol (f(f xn(l - x)a_n_ldx) (p((ul (t))dt

arash\ (1 - 0% e ((uy (0)dt
_2ab 1 I'a — 1 2ab T'(a —n)
a—b3F(a+1)( v(@) — o(H)) - br(a+1)"’( a)
1/ 2ab\**t 1 1 2ab T'(a —n) 1
+E(a—b> o (@) (ﬁ>_ bF(a+1)< ola)+3 q;(H))

G w0 ()
and similarly

L= 2 3 p(6 a,m) (u (0)% ((w (0)de

2ab T(a—n)( 1 1 1/2ab\*™t 1 1
=b—aF(oc+1)<_g(p(a)_§q)(H)>+E<b—a> I‘l‘](q)o‘p)(E)

Thus, we have

b-a I'la+1) (

2ab ['(a—-n) - 12) - % [(p(a) + 4(p(H) + q)(b)]
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3 1
—2“‘1< ab )“ ra+1)| 2@e¢) (ﬁ)
P d en (3)]

Remark 7. If we take « = n + 1 in Lemma 6, then we get

1 1 ( ab ]f+ (@) (%)
= 4¢(H b)] — 2%~ r D ° 5
=[p(@) + 49(H) + ()] (2 1@+ 1) E o) (2 5)

1
b — 1
- zabaj <_ - _> [ ()" (i (®) — (w2 ()%’ (uz(D)]dt.

0

Remark 8. If we take « = 1 in Remark 7, then we have

Lp(a) + 49(H) + p(B)] — 22 [2 22 gy (6)
b 1
a
- j == (ul(t))%p'((ul(t))—(uz(mch'((uz(t))]dt
0

Theorem 9. Let ¢: I © (0,0) — R, be a differentiable functionon I’,a,b € I" and a < b.
If ¢’ € L[a,b], and |¢@'| is harmonic convex function on [a, b], then the following inequality

holds:

cran| o9 (3)

“[p(a) + 49 (H) + p(b)] — 24 1(,, a) ] M (<p°¢)(%)

(7)

- b—alTl(a+1) < |<p’(a)|(~’1(t a,n)+ (3, a, n)) )
= 2ab nIT(@ =) \ 41 (B)| (S5 (8 @) + (34 (t: 2, )

where

1+t
)2

316 an) = f, Ip(t; a, )| (uy (0)
21 tq

3, (6 @) = [ Ip(t; @ n)| (uz (1))

S5(t;a,n) = f Ip(e; a,m) | (uy () S dt,
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2 1+t

St a,n) = [ Ip(t a, )| (u(£)?
where n = 0,1,2,...and ¢ € (n,n + 1].
Proof. From Lemma 6 and |¢’| is harmonic convex, we have

“Ta + 1) Io%(fp °$) (%)

Ma=ml, 2L (o) (%)

. b
£ [0(@) + 49D + o)) -2 (=)

1
b—alTl 1
e j Ip(6 0 M1 ()% (s () + (1 (£))%0" (uz (E))elt

b—alTl 1
S e j Ip(tia, n)l((ul(t))z (S5 1o @I+ 1o ®)1)

1-—
+ @) (1o @

b—all(a+1
< Zabamrgz i 13 (I<p’(a)|(31(t; a,n) + 32 (5a,n) + o' (B)|(33(t; a,n)

+%|(p’(b)|)> dt

+ 3, a, n))).
This completes the proof.

Theorem 10. Let ¢: 1 © (0, ) — R, be a differentiable functiononI’,a,b € I’ and a <
b. If ¢’ € L[a, b], and |¢’|? is harmonic convex function on [a, b] for g > 1 and% + % = 1, then

the following inequality holds:

: X
L1p(a) + 4(H) + p(b)] — 2071 (42) KetD) I‘i(‘p"d’)(ﬁ) (8)
< a)+ 4 + ¢ (b a) r'(a-n) Ela ((poqb) (%)
1

b—alF(a+1) 2q+1
= 2ab n!T(a —n) le(t a,n)|Pdt

1
(1@ a D)le" (@I +v2(q; a, bl (b))
1 )

+(r3(q; a, b) 9" (@17 + v4(q; a, b) 1@’ (b)|9)a

X

where
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a?1b24(((8b? — Bab)q — 4b* + 8ab)e?Mb+®4q
+((2a2 _ sz)q + bz —2ab — 3a2)ezln(2b)q_ 22q—1e—21n(b+a)q—21n(2b)q
(b —a)*(2q* —3q+ 1) '

v1(¢; a,b) = —

aquzq(4b2e21n(b+a)q + ((2b%? — 2a%)q — 3b? — 2ab + az)ezm(“’)q
) 22q—1ez In(b+a)q—21In(2b)q

(b —a)*(2q* —3q + 1) '

v2(q;a,b) =

aquzq(4b2e21n(b+a)q + ((2a? — 2b%)q + b%? — 2ab — 3a2)e21“(2a)q
) 22q—1ez In(b+a)q—21In(2a)q

(b —a)*(2q* —3q + 1) '

va(q;a,b) =

a?1b24(((8ab — 8a?)q — 8ab + 4a?)e?nb+ak
+((2a2 _ sz)q + 3b2 +2ab — az)ezln(Za)q_ 22q—1e—21n(b+a)q—21n(2a)q
(b —a)*(2q* —3q+ 1) ’

Y4(q;a,b) =

n=0,12,..and a € (n,n + 1].

Proof. From Lemma 6 and using Holder’s integral inequality and the harmonic convexity

of ||, we have

“Ta+ 1) Io%(fp °$) (%)

Ma=ml, 2L (o) (%)

£lop(@) + 4p(H) + ()] 271 (;2-)
6 P @ % b—a

1 1
b—alTl(a+1) :
— 2ab n'T(a—n)

1 1
le(t; a,n)|Pdt J((u1(t))2q|<l)'(u1(t))|th
0 0

1

1
+{ [ a@yio @ @)
0
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b—alTl(a+1)
= 2ab n!T(a—n) J|P(t a,n)|Pdt

Q=

f () [l @1 (-
0

7)o ()]

jl ((uz ()2 [Icp’(a)lq (1 > t) MOk (1 * t)] dt
0

1
)
b—alF(a+1) 2q+1
p
ab n!T(a —n) le(t a,n)|Pdt

1
X [(h(Q: a,b)|¢" (@) +y2(q; a, D)l (b)| D2

1
+ (r3(q; a, D)@' (@7 + va(q; a, b)|@"(b)|1)4|.
This completes the proof.

Remark 11. If we take @ = n + 1, after that if we take @ = 1 in Theorem 10, we obtain
the following inequality

1
1 ab (@)
S l0@ + 49D + (b)) - 5 [ £ ax
1 1
b—a (2Pt +1\P /1\q
< Z
12ab <3(p + 1)) (4)

1
X [(h(Q: a,b)|¢" (@) +v2(q; a, D)l (b)| D2

1
+ (r3(q; a, D)@' (@I + v4(q; a, D)@' (B)| D7

with

2P+2 4 2
t—— dt =————.
”2 (p + 1)6P+1
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Theorem 12. Let ¢: I c (0,00) - R be a differentiable function on I’,a,b € I" and a <
b.If ¢’ € L[a,b] and |¢@'|? is harmonic convex function on [a, b] for ¢ = 1, then the following

inequality holds:

a ) s o9 (2)

1
clo(@) +49(H) + (D)) — 271 (=) — X
"’ 62w e (020 (5)

)

1
b—alTl(a+1) 1
~ 2ab n!'T(a—n)

1
j Ip(t; @, m)[Pdt
0

1
(G1(q,t;a, @' (@) + (a6 a, )@ (B)9)a

X 1
+((q, ;@)@ (@19 + {4(q. t; a, 1) @' (b) |4

where

1+t

1 (q' ta,n) = follp(t; a, n)l(u1 (t))Zq - dt,

t

(g, 6an) = f) 1p(6 e ) (ug ()2 =4 dt,

2

t

33(q,ta,m) = [ 1p(6 a,m) (up ()29 L dt,

2

Su(@ tiam) = [y Ip(t @ m)l (u ()2 - dt,

2

n=0,12,..anda € (n,n+ 1].

Proof. From Lemma 6 and using the power mean inequality, we see that the following

inequality holds:
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1 1

1 w1 A \T(@+1) Iz(p o) (ﬁ)

Slo@ + 49 + o) - 27 (;22) pos| Y !
+ ol @9 (5)

1
b—alTl 1
B alTl(a+ )J|p(t; a,n)| ((ul(t))2|¢'(u1(t))|

~ 2ab EF(O( —-n)
0

+ (12(0) 19’ (ua ()] ) dt

1 1-
cboaller) (ﬁMamMWM>
0

— 2.n! T'(a—n)

1

1 q
X ( J lp(t; a, n)l(ul(t))z"|<p’(u1(t))|th>
0

1

1 q
+ ( J Ip(t; 05»n)l(uz(t))zq|¢’(u2(t))|th> :
0

By the harmonic convexity of |[¢'|? we write

S 1ot )| (un ()™ 19" (ur (0))19de

1
1
< o' (a)|? J|p(t; a,n)|(u1(t))2q %dt
0

1
1_
He' B [ @ ml(u @) 5 de
0

and

F1p(t @) (u2 () 19! (ua () 19dt

1
1—
< |(,0’(a)|qj|p(t; a,n)|(u2(t))2q Ttdt
0
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1
+wwwjmaammxm“'”

Using the last two inequalities, we obtain

“T(a + 1)— Io%(fp °$) (%)

Ta@—n) + al, (po9) (%)

1

Flo(@) + 4p(H) + p(0)] - 257 ()
6§0a (Y @ b—a

b—alF(a+1)
~ 2ab n!F(oc

jm@amm

1
x wmwjmaammmm”'”

QR

1
1
+ |<P'(b)|qjlp(t; a,n)l(ul(t))zq_
0

1
+|wwﬁMmmmmW“”

Q=

1
1
+ |<P'(b)|qjlp(t; a,n)l(uz(t))zq_
0

Remark 13. If we take @ = n + 1, after that if we take @« = 1 in Theorem 12, we obtain

the following inequality

“[p(a) + 4p(H) + ¢(b)] — = fb¢“>dx|

a x2

b—a/5\"q
=2 (g) [(Cl(q.t a,n)|e" (@ +$(q,t; a,n)|p’ (b)l")q

1
+ (Gs(q ta,mle" (@17 + 44(q, 6 a,n)le" (D).

4. Conclusion

In this paper, by using a new identity of Simpson-like type for conformable fractional

integral for harmonic convex functions, we obtained some new Simpson type conformable
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fractional integral inequalities. Furthermore, some interesting conclusions were obtained for some

special values of .
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