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Ispat yapma, iist diizey becerilerin aym anda ise kosulmasina araci olarak yasammmizda karsilasilan
problemleri ¢6zme ve olaylar arasinda iliski kurma gibi gerekliliklerin gerceklesmesinde biiyiik bir
rol oynamaktadir. Ogretim siirecinde matematiksel gerceklerin sebepleri ile birlikte anlasilmasi,
matematiksel bilginin yapilandirilmasi ve bu bilginin kalict hale gelmesini saglamasi ispatin
matematik egitiminin merkezinde oldugunu gdsterir niteliktedir. Bu dnem, matematik egitimine yon
verme noktasinda ispat ¢aligmalarinin biitiinsel bir bakis agisiyla incelenmesini anlamli kilmaktadir.
Bu aragtirmanin amaci, Tiirkiye’de ispat ¢alismalarini sistematik derleme yontemiyle analiz etmek
ve matematik egitimi alanindaki egilimi ortaya ¢ikarmaktir. Arastirma kapsaminda amacli 6rnekleme
yontemiyle secilen 49°u makale ve 55’1 tez olmak tizere toplam 104 ¢alisma analiz edilmistir.
Calismalarin se¢iminde YOK Ulusal Tez Merkezi, TUBITAK ULAKBIM DergiPark, Google
Akademik arama motorundan faydalanilmistir.  Calismalar; c¢aligmanin  yili, amaci,
yaklagimi/yontemi, Orneklemi ve veri toplama araglari olmak {izere bes boyutta incelenmistir.
Arastirmanin verileri, frekans ve yiizdeye dayali olarak yorumlanmis ve tablo ile grafiklerin
kullanimiyla mevcut durum gdosterilmistir. Arastirmanin bulgulari, son yillarda ispat ¢aligmalarinin
sayisinda kayda deger bir artis oldugunu gostermistir. Ayrica ¢aligmalarin 6nemli bir boliimiiniin
ispat siirecini ve ispata yonelik bakis acisini incelemeye yonelik oldugu tespit edilmistir. En ¢ok nitel
yaklagimin kullanildigi, 6gretmen adaylariyla yapilan galigmalarin agirlikta oldugu, veri toplama
aract olarak cogunlukla acik uglu sinav/test ve miilakatin tercih edildigi seklinde sonuglara
varilmistir. Bu sonuglara dayanarak her bir 6gretim kademesi igin ispat siirecinde yasanan zorluklar
ve bu zorluklarin giderilmesine yonelik Onlemler ile ispat Ogretimine iliskin siirecin tasarimina

yonelik konularin aydinlatilmasi gerektigi onerilmistir.
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Giris

I¢inde bulundugumuz bilgi ¢aginda bilim ve teknolojide yasanan gelismeler, toplumlarin
ihtiyag duydugu insan profilinin degismesine neden olmustur. Artik bireylerin yalnizca
bilgiye sahip olmalar1 degil, bilgiye ulasmalar1 beklenmektedir (Adigiizel, 2011). Bilgiye
ulagma noktasinda varsayimda bulunma, iligkilendirme, muhakeme yapma, genelleme gibi
eylemler dizisi gergeklesmektedir. Bu eylemler birer iist diizey beceri (Milli Egitim
Bakanligi [MEB], 2018) olarak ¢agimizda istenen insan profilinin olusumunda oldukca
onemlidir. Dolayisiyla bireylerin varsayimda bulunma, iliskilendirme, akil yliriitme,
problem c¢ozme gibi becerilerle donanmasi Yyasamlarindaki gereklilikler arasindadir.
Matematik egitimi bireylere bu gerekliligi kazandirabilecek 6nemli bir alandir (Umay,
2003). Ispatin yapilari ve degiskenleri belirleme, varsayimda bulunma ve mantiksal
gerekgeleri organize etme gibi bir dizi zihinsel aliskanliga (Ball, Hoyles, Jahnke ve
Movshovitz-Hadar, 2002) dayali bir siire¢ olmasi iist diizey becerilere iliskin eylemleri
icinde barindirdigint gosterir niteliktedir. Bununla birlikte ispatin matematik igerisinde
aciklama, kesfetme, iletisim, sistematiklestirme gibi rollerinin (de Villiers, 1999; Yackel ve
Hanna, 2003) olmasi belirtilen becerilerin gergeklestirilebilmesinde bir koprii vazifesi
gormektedir. Bu bakimdan matematik egitiminde yasam gerekliliklerin kazandirilmas1 ispat

yapmanin dogasimin Ogretim siirecine yansitilmasi ile miimkiin olabilmektedir (Oztiirk,

2016).

Matematiksel bilginin evrensel hale gelmesinde onemli bir yere sahip olan ispat
(Hanna ve Barbeau, 2008), herhangi bir problem durumu iizerinden kesifler yapma ile
baglayan varsayimlarda bulunarak bunlarin dogrulugunu inceleme ve gerekceler sunma
ihtiyac1 sonucunda formel bir ispatla sonlanan bilgi olusum siirecidir (Oztiirk, 2016; Turgut,
Yenilmez ve Uygan, 2013). Bu bakimdan ispat basit bir matematiksel islemin Gtesinde
zihinsel faaliyetleri iceren bir siireg niteligi tasimaktadir (Selden ve Selden, 2003) ve birgok
fonksiyonu iceren bir yapiya sahiptir (Bell, 1976; de Villiers, 1990; 1999). Bu dogrultuda
ispat, dogrulama fonksiyonu ile agiklama, kesfetme, sistemlestirme, iletisim ve zihinsel
meydan okuma fonksiyonlarini i¢inde barindiran kapsamli bir siireci temsil etmektedir. Bu

bakimdan ispatin kapsamindaki iglevlerin 6gretim siireci diginda tutulmasi diisiiniilemez.

Birgok arastirmaci ispatin, 6gretim siirecinin en dnemli unsurlarindan biri oldugu konusunda
hemfikirdir. (Almedia, 2000; Hanna, 1991; Hanna ve Jahnke, 1996; Knuth, 2002; Mariotti
ve Balacheff, 2008; Stylianides, 2007). Ispat ile Ogrenciler bir ifadenin dogrulugunu

gostermekten Ote matematiksel iletisim kurma ve kendi matematiksel bilgilerini olusturma
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firsat1 elde ederler (Schoenfeld, 1994). Ispat, Ogrencilerin matematiksel kavramlari

derinlemesine O6grenip bu kavramlarla ilgili neden, ni¢in sorularina mantikli cevaplar
bulmasina olanak vermektedir (Gililer ve Temizyiirek, 2015). Matematiksel ispatin
Ogrencilerin var olan matematiksel gercekleri sebepleri ile birlikte anlamalarin1 saglayarak
(Hanna, 1991) matematiksel bilginin insasini gerceklestirmesi ve bu bilginin kalici hale
gelmesine imkan sunmast (Stylianides, 2007) &gretim siirecindeki Onemini daha da
pekistirmektedir. Bu durum, ispatin kavramsal Ogrenmeyi desteklendigine ve anlamli
ogrenmelerin gerceklesmesinde bir koprii gorevi gordiigiine (Tucker, 1999) isaret
etmektedir. Ogretim siirecinde 6grencilerin bilgiyi daha anlamli hale getirmesini saglamanin
yaninda bir problemin ¢6ziimii ic¢in farkli yOntem, strateji gelistirmeleri, tahminlerde
bulunmalar1 ve kavramlar iligkilendirmelerini de saglamaktadir (Dede ve Karakus, 2014;
Mariotti ve Balacheff, 2008). Bunlar ise matematik egitiminin en 6nemli amaglarindan olan
matematiksel diistinme ve akil yiirlitme gibi becerilerin gelisimiyle dogrudan iliskilidir
(Stylianides, 2007). NCTM (2000, s. 342) matematiksel ispatin 6gretim siirecindeki dnemini
“Muhakeme ve ispat belirli zamanlar ya da 6gretim programlarinda yer alan belirli konular
icin ayrilmis 6zel bir etkinlik degildir. Aksine hangi konu olduguna bakilmaksizin ogretim
stirecinin dogal bir parcasi olmalidir.” seklindeki ifadelerle vurgulamakta ve O6gretimin
ayrilmaz bir parcasi olmasi gerektigine isaret etmektedir. Baska bir ifadeyle ispatin 6gretim
stirecinin her kademesinde ve her konuda yer verilmesi gerektiinin altin1 6nemle
cizmektedir. Ispatin matematik egitimindeki roliinii benzer ifadelerle birgok arastirmaci
destekleyerek Onemine oOzellikle vurgu yapmakta ve Ogretim kademelerinin en alt
basamagindan itibaren ispatin 6gretim silirecinde yer almasi gerektigini belirtmektedirler

(Ball ve Bass, 2003; Stylianides ve Ball, 2008; Stylianides ve Stylianides, 2008).

Matematik 6gretim programlart incelendiginde 6grencilere kazandirilmasi ongoriilen
beceriler arasinda problem ¢ézme, akil yiiriitme, iliskilendirme ve iletisim gibi {ist diizey
becerilere yer verildigi (MEB, 2018) dikkat ¢ekmektedir. Ancak matematik egitimindeki
tim Onemine ragmen ispata kavram olarak dogrudan yer verilmemesi dikkat ¢eken ve
lizerinde durulmasi gereken 6nemli bir husustur (Aylar, 2014; Dogan, 2019). Bunun dogal
bir sonucu olarak ispat, matematik 6gretimi uygulamalarina yansimamakta ve 6grenciler
onceki dgrenimlerinden 6n bir bilgiye sahip olmaksizin ispat kavramu ile lisans seviyesinde
karsilasmaktadir. Bu durum, iilkemizde ispatin matematik egitimi i¢in éneminin ne kadar
anlasildig1 sorusunu akillara getirmektedir. Ulkemizde ispat ile ilgili yapilan ¢aligmalari

incelemek ve ardindan bu calismalarin iginde bulundugu duruma yonelik ayrintilara yer
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vermek bu soruyu cevaplamada yol gdsterici bir rol oynayacaktir. Ilgili literatiir

incelendiginde ise Tiirkiye’de yapilan ispat ¢alismalarinin nasil bir egilim i¢inde oldugunu
kapsamli bir sekilde ortaya koyan bir ¢aligmaya rastlanmamistir. Ancak matematiksel ispat
calismalarinin incelendigi bir arastirma olarak Oztiirk, Akkan, Kaleli-Y1lmaz ve Kaplan’mn
(2015) yapt1g1 bir ¢calismadan s6z edilebilir. Belirtilen arastirmada ispat ile ilgili son {i¢ yilda
ulusal ve uluslararasi literatiirde ortaokul 6grencileri ve 6gretmenleri ile yiiriitiilen lisansiistii
tezler incelenmistir. Dolayisiyla Oztiirk ve digerlerinin (2015) ¢alismasinda yil, 6rneklem,
calismanin tiirii ve sayisi bakimindan belirgin bir smirlama mevcuttur. Bu ¢alisma, yil
siirlamasi yapilmaksizin matematik egitiminde ulusal literatiirdeki tiim ispat galismalarini
(bildiri ve teorik makale hari¢) ele alma ve arastirma yaklagimi agisindan bir ayrim
yapmama bakimindan belirtilen arastirmadan farklilasmaktadir. Bu bakimdan Tirkiye’deki
ispat calismalarindaki yonelimi resmedebilecek ve ilgili konudaki arastirmalarin gidisatina
yon verebilecek bir calismanin gerekliligi agikca goriilmektedir. Bu ¢calismada ispata yonelik
yapilan arastirmalarin biitiinsel bir bakis agisiyla incelenmesi, 6gretim siireglerine ya da
aragtirmalarin uygulamalarina yonelik eksikliklerin goriilebilmesi acisindan oldukca
onemlidir. Ayrica c¢aligmanin ispata yonelik bir farkindalik olusturulabilecegi
diigtiniildiiginde alana 6nemli katkilar sunabilecegi ongoriilmektedir. Bu dogrultuda ispata
yonelik yapilan ¢aligmalara genel bir ¢ergeveden bakmak, calismalari gesitli boyutlarda
incelemek, ispat arastirmalarinin i¢inde bulundugu durumu degerlendirerek egitim
sistemimiz igerisinde ispat 6gretiminin yerini ortaya koymak ve ileride yapilacak ¢alismalara
151k tutmak amaciyla bu calisma gerceklestirilmistir. Bu c¢alisma kapsaminda “Ulusal
literatiirde matematik egitimi alaninda yapilan ispat ile ilgili ¢calismalarin genel durumu
(egilimi) nasildir?” sorusuna cevap aranmistir. Bu arastirma problemi dogrultusunda cevap

aranan alt problemler ise su sekildedir:
1) Ulusal literatiirde yer alan ispat ile ilgili ¢aligmalarin yillara gore dagilimi nasildir?

2) Ulusal literatiirde yer alan ispat ile ilgili ¢aligmalarin amaglarina gére dagilimi

nasildir?

3) Ulusal literatiirde yer alan ispat ile ilgili ¢alismalarin kullanilan yontem dagilimi
nasildir?

4) Ulusal literatiirde yer alan ispat ile ilgili ¢alismalarn yapildigr 6rneklem dagilimi
nasildir?

5) Ulusal literatiirde yer alan ispat ile ilgili ¢alismalarda kullanilan veri toplama

araglarinin dagilimi nasildir?
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Yontem

Arastirma Deseni

Bu aragtirmada Tiirkiye’de matematik egitiminde ytiriitiilen ispat ile ilgili caligmalarin nasil
bir egilim igerisinde oldugunu tespit etmek amaciyla sistematik derleme yontemi
kullanilmistir. Sistematik derleme, gesitli dahil etme ve hari¢ tutma kriterleri kullanilarak
aynt konuda yapilan tiim caligmalar1 kapsamli bir sekilde tarayip hangi calismalarin
derlemeye alinacaginin belirlenmesi ve bu ¢aligsmalarin arastirma sorular1 baglaminda sentez
edilmesidir (Petticrew ve Roberts, 2006; Torgerson, 2003; Oakley, 2012). Sistematik
derleme; geleneksel bir literatiir taramasi1 degil (Lo, 2020), sistemli bir sekilde yiiriitiilen,
seffaf ve tekrarlanabilir olma oOzellikleri tasiyan bir arastirma yontemidir (Petticrew ve
Roberts, 2006; Zawacki-Richter, 2020). 1990’1 yillardan itibaren egitim arastirmalarinin
sayisindaki artig, belirli bir konuya yonelik birbirinden bagimsiz ¢ok sayida calismanin bir
biitiin halinde goriilebilme ihtiyacin1 beraberinde getirmistir. Son zamanlarda egitim
aragtirmalarinda sistematik derleme yonteminin daha fazla kullanilir hale gelmesi (or.,
Cevher ve Yildirim, 2020; llgaz, 2018; Lin, Yin, Tang, Hadad ve Zhai, 2020; Magalhaes,
Ferreira, Cunha ve Rosario, 2020; Martin, Sun ve Westine, 2020) de bu ifadeyi destekler
niteliktedir. Sistematik derleme bir siireci temsil etmekle birlikte belirli islem basamaklarina
sahiptir (Gough, Oliver ve Thomas, 2012; Torgerson, 2003). Bu islem basamaklar1 dikkate
alinarak mevcut ¢alisma gergeklestirilmistir. Bu islem basamaklarini temsil eden akis semasi

Sekil 1’de verilmistir.

~'1. Adim Arastirma sorunun belirlenmesi
2. Adim ¢ Dahil etme ve hari¢ tutma kriterlerinin belirlenmesi
3. Adim Literatiir taramasi

4. Adim v Derlemeye alinacak calismalarin belirlenmesi

Derlemeye alinan ¢alismalarin organize edilmesi
6. Adim 4 Verilerin toplanmasi ve analizi

7. Adim Sonuglarin yorumlanmasi ve raporun yazilmasi

Sekil 1. Sistematik derleme yonteminin islem basamaklar
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Sistematik derleme, bir konuda yapilan ¢ok sayida ¢alismanin sentezini sunarak ilgili

konudaki genel egilimi ortaya koymaktadir (Petticrew ve Roberts, 2006). Bunun yaninda
sistematik derleme sonucunda ilgili konuya yonelik literatiirdeki bosluklar ve alana yonelik
yapilabilecek uygulamalar belirlenmektedir (Gough vd., 2012). Boylece ileride yapilacak
olan c¢alismalara ve uygulamalara 1sik tutularak hem konunun bagli oldugu alan ve
arastirmacilar hem de politika yapicilar i¢in zengin bir igerik sunmaktadir (Petticrew ve

Roberts, 2006; Polanin, Maynard ve Dell, 2017).
Calismalarm Seciminde Kullanilan Olciitler

Bu arastirmanin 6rneklemini olusturan calismalarin se¢iminde Olgiite dayali 6rnekleme

yontemi kullanilmigtir. Calismalarin se¢iminde goz Oniine alinan dlgiitler su sekildedir:

a) Matematik egitimi alaninda yapilmis olmasi

b) Ispat, ispatlama, kanit, kanitlama anahtar kelimelerinin kullanilmis olmas1
c) Ulusal olmasi

d) Nitel/nicel/karma veri igermesi

e) Tez ve makale olmasi

f)  Erisime agik olmasi ve tam metnine ulasilmasi
Veri Toplama Siireci

Calisma kapsaminda dncelikle YOK Ulusal Tez Merkezi, TUBITAK ULAKBIM Dergipark,
Google Akademik arama motoru {izerinde anahtar kelime olarak “ispat”, “ispatlama”,
“kamt”, “kamitlama” olmak {lizere ifadeleri gegcen ve matematik egitimi alaninda
yayimlanmis makale ve tezler taranmistir. Ulasilan c¢alismalar iki arastirmaci tarafindan
incelenmistir. Inceleme sonucunda 6 calismanin nicel/nitel/karma veri sunmayip ispat
yontemleri, ispatin matematik egitimindeki 6nemi gibi bilgi icerikli bagliklara yer verdigi ve
3 calismanin da bildiri oldugu tespit edilmistir. Boylece toplamda 9 calisma belirtilen
olgiitleri saglamadigi i¢in analize dahil edilmemistir. Belirlenen dlgiitleri saglayan 49 makale

ve 55 tez (EK 1) analize tabi tutulmustur.
Veri Toplama Araci ve Veri Analizi

Calismanin degerlendirme siirecinde, dncelikle arastirma problemleri géz oniine alinarak bir
degerlendirme formu hazirlanmistir. Hazirlanan “Ispat Caligmalari Degerlendirme Formu”

Tablo 1’de yer almaktadir.
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Tablo 1. Ispat Calismalarini Degerlendirme Formu

Arastirmanin Adi:

Arastirmanin Kiinyesi:

Aragtirmanin Yapildig: Yil:

Arastirmanin Amaci:

Arastirmanin Orneklemi:

Arastirmanin Yaklasimi':

Arastirmada Kullanilan Veri Toplama Araglari:

* Aragtirmanin modeli agik¢a not edilmelidir.

Yukaridaki degerlendirme formu her bir c¢alisma i¢in doldurulmustur. Verilerin
¢Ozlimlenmesinde igerik ve betimsel analiz teknikleri bir arada kullanilmistir. Her bir
caligma i¢in doldurulan degerlendirme formu, iki arastirmaci tarafindan incelenmis ve bu
formdaki arastirmanin amaci kismi i¢in ortak kodlar belirlenmistir. Tiirkiye’de matematik
egitiminde yiiriitiilen ispat ile ilgili calismalarin nasil bir egilim igerisinde oldugunun tespit
edilmesi amacglandigindan ¢alismalarin se¢iminde yil kisitlamasi getirilmemistir. Ulagilan
calismalarin fazla sayida olmasindan dolay1 formda yer alan arastirmanin yapildigi yil kismi
icin kategorik yapilar olusturulmustur. Ayrica her bir calisma, degerlendirme formunda
incelendikten sonra aragtirmanin 6rneklemi, arastirmanin yaklasimi ve modeli, arastirmada
kullanilan veri toplama araci kisimlarina yonelik kategoriler belirlenmistir. Formun her bir
kismi icin kod ve kategorilerin belirlenmesi ile birlikte degerlendirme formunun son hali
olusturulmustur. Bununla birlikte ¢alismalarin her birine kodlar verilmistir. Calismalardan
makale olanlar M1, M2, M3, ...; tez olanlar ise T1, T2, T3, ... seklinde kodlanmstir. Ispat

Calismalar1 Degerlendirme Formu’nun son hali Tablo 2°de yer almaktadir.

Her bir c¢alisma, degerlendirme formunun son hali kullanilarak tekrar analiz
edilmistir. Son olarak formun her bir kismina yonelik kategori ve kodlarin frekanslar ile

birlikte yiizdeleri hesaplanmistir.
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Tablo 2. Ispat Calismalar: Degerlendirme Formu

Arastirmanin Kodu:

Arastirmanin Adi:

Arastirmanin Kiinyesi:

Aragtirmanin Yapildig: Yil: () 2005-2009 () 2010-2014 () 2015-2020

Arastirmanin Amaci:

() Ispat yapmaya yonelik zorluklar1 belirleme () Ispat ile ilgili bakis agilarin1 inceleme
() Ispat semalarini inceleme () Argiimantasyon ile ispat siirecini inceleme

() Ispat siirecini inceleme () Ogretim yaklasimlarinin ispat siirecine etkisini belirleme

() Ispata yonelik dlgme araci gelistirme () Ders kitaplarini ispat agisindan inceleme

Arastirmanin Orneklemi:
() Ortaokul 6grencileri () Ortadgretim 6grencileri () Ogretmen adaylar
() Farkli lisans programlar1 () Ogretmen () Ogretim eleman1 () Ders kitaplari

() Dokiiman

Arastirmanin Yaklagima:

Nitel:

() Eylem aragtirmasit () Durum ¢alismas1 () Kuram olusturma () Fenomenoloji

() Dokiiman analizi () Ogretim deneyi () Gelisimsel calisma

Nicel:
() Iliskisel galisma () Tarama ¢alismast () Yar1 deneysel ¢alisma

() Betimsel ¢alisma

Karma:

Arastirmada Kullanilan Veri Toplama Araglari:
() Miilakat” () Ac¢ik uglu smav/Test () Anket/Olgek () Gdzlem

() Ders kitaplari () Dokiiman () Etkinlikler

*Miilakat tiirlinii agik¢a not ediniz.
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Arastirmanin Gegerligi ve Giivenirligi

Aragtirmanin gegerligi ve gilivenirligini saglamak amaciyla belirli adimlar izlenmistir.
Oncelikle analize dahil edilecek ¢alismalarin segiminde hangi 6lgiitlerin dikkate almacagi ve
ne tiir anahtar kelimelerin kullanilacagi iki arastirmacinin tartismalar1 sonucunda
belirlenmistir. Belirlenen anahtar kelimeler ile yapilan tarama sonucunda dahil etme
Olciitlerine uygun olmayan c¢alismalar her iki aragtirmacinin ortak goriisii iizerine
cikarilmistir. Her bir calisma tek tek incelenerek Ispat Calismalari Degerlendirme
Formu’nun ilk hali {izerinde ilgili kisimlar doldurulmustur. Iki arastirmacinin degerlendirme
formunu incelemesi lizerine yaptiklar tartismalar sonucunda her bir kisim i¢in ortak kod ve
kategoriler olusturulmasinin daha uygun olacagina karar verilmistir. Bu dogrultuda iki
aragtirmacinin tekrar bir araya gelmesi sonucunda ortak kod ve kategorilerin yer aldigi
degerlendirme formunun son hali olusturulmustur. Ardindan bu degerlendirme formu ile
analize dahil edilen calismalar tekrar incelenmistir. Bu inceleme sonucunda iki
aragtirmacinin kodlamalar1 arasindaki tutarlilik tespit edilmistir. Kodlama giivenirligi, Goriis
Birligi / (Goriis Birligi + Gortis Ayrilig) (Miles ve Huberman, 1994) formiilii yardimiyla
hesaplanmistir. Bu dogrultuda iki arastirmacinin kodlamalari arasindaki uyum %92,35

olarak bulunmustur.
Bulgular

Bu boliimde verilerin analizi sonucunda elde edilen bulgular, belirtilen alt problemler
baglaminda sunulmustur. Ulusal literatiirde yer alan ispat ile ilgili ¢aligmalarin yillara gore

dagilimi Tablo 3’te yer almaktadir.

Tablo 3. Ulusal Literatiirde Yer Alan Ispat ile Iigili Calismalarin Yillara Gére Dagilimi

YIL MAKALELER f % TEZLER f %

2005-2009 M4, M16, M44 3  %6,12 T8, T11,T22,T42 4 %7,4

T1, T2, T3, T4, T12,

M1, M3, M5, M6,
T13, T15, Ti6, T17,

M8, M13, M15,
T18, T21, T23, T24,

2010-2014 M20, M27, M29, 16 %32, 65 25 946,29

T25, T26, T27, T28,

M31, M32, M34,
T29, T30, T38, T40,

M37, M40, M43

T41, T48, TS50, T52
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M2, M7, M9, M10,

M11, M12,
M17, M18,
M21, M22,
2015-2020 Mad, - M2,
M28, M30,
M35, M36,
M39, MA4L,
M45, M46,
M48, M49

M14,
M19,
M23,
M26,
M33,
M38,
M42,
M47,

30

%61, 23

T5, T6, T7, T9, T1O,
T14, T19, T20, T3L,
T32, T33, T34, T35,
T36, T37, T39, T43,
T44, T46, T47, T49,
T51, T53, T54, T55

25 %46,29

Not: T45 kodlu ¢alisma 2003 yilinda yayimlanmigtir. Olusturulan kategorinin disinda bulundugu i¢in ayrica belirtilmesi

uygun gorillmiistiir.

Ulusal literatiirde yer alan ispat ¢alismalariin yillara gére genel durumu Grafik 1°de

sunulmustur. Boylece belirlenen yil araliklarinda ispat konusu kapsaminda makale ve

tezlerin sayisi karsilastirmali olarak gortilebilmektedir.

35

30
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20

15

10
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0

2005-2009

2010-2014

=0 \akale e=Om=Tez
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Grafik 1. Ispat ile ilgili makale ve tezlerin yillara gére dagilimi

Ulusal literatiirde yer alan ispat ile ilgili ¢aligmalarin amaglara goére dagilimi Tablo

4’te yer almaktadir.
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Tablo 4. Ulusal Literatiirde Yer Alan Ispat ile Iigili Calismalarin Amaclara Gére Dagilimi

AMAC MAKALELER f % TEZLER f %
Ispat yapmaya yonelik T5, T13, T23,
patyapmayay M4, M21, M28 3 %5,55 %5,12
zorluklari belirleme T49
M5, M6, M8, T2, T6,T9, T12,
M16, M20, T17,T18, T19,
. M27, M29, T20, T21, T23,
Ispat ile ilgili bakis
M30, M31, 16 %29,63 T24,T26, T27, 20 %:25,64
acilarini inceleme
M32, M34, T28, T30, T31,
M37, M40, T33, T38, T40,
M44, M46, M48 T48
) M17, M25, T11, T27, T36,
Ispat semalarini inceleme 4  %7,41 5 %6,41
M41, M42 T45,T48
Argiimantasyon ile ispat T10, T14, T19,
M19, M35, M39 3  %5,55 4  9%5,12
siirecini inceleme T50
T3, T4, T7, T9,
M2, M3, M6, T12, T13, T22,
M7, M9, M10, T23, T25, T28,
M12, M14, T29, T30, T32,
1spat stirecini inceleme M18, M23, 17 %31,49 T34, T35, T39, 28 9%35,89
M24, M26, T41, T42, T44,
M31, M38, T45, T46, T47,
M40, M44, M45 T48, T49, T51,
T53, T54, T55
T1, T6, T8, T15,
Ogretim yaklagimlarinin T16, T17, T18,
M1, M11, M13,
ispat siirecine etkisini M4 4 %741 T20,T26, T31, 15 %19,23
belirleme T33, T37, T38,
T43, T52
1spata yonelik dlgme M8, M15, M22,
4 %741 - - -
araci gelistirme M43
Ders kitaplarini ispat
M33, M36, M49 3 %555 T4, T21 2 %256

acisindan inceleme




T, Oztiirk ve D, Demirel | Pamukkale Universitesi Egitim Fakiiltesi Dergisi, 54, 32-68, 2022 43
Calismanin amacinin birden fazla olmasi durumunda veri analizi siirecinde her bir

amac dikkate alinarak Tablo 4 olusturulmustur. Ornegin T30 kodlu ¢alismada matematik
ogretmeni adaylarinin cebir 6grenme alaninda ispat yapma siireclerinin incelenmesinin yani
sira ispata yonelik tutumlarinin belirlenmesi amacglanmistir. Bu dogrultuda T30, her iki amag
icin ayr1 ayr1 kodlanmistir. Bu durumda toplam c¢alisma sayis1 yerine incelenen Ozellige
bagli olarak toplam veri sayis1 belirlenmigstir. Tablo 4’ten goriildiigli gibi makale ve tezlerde
cogunlukla ispat siirecinin ve ispat ile ilgili bakis agilarinin incelenmesi amaglanmistir.
Arglimantasyon ile ispat siirecinin incelenmesi ve ders kitaplarinin ispat agisindan
incelenmesi ise amaglanan durumlar arasinda oldukga az bir orana sahiptir. Argiimantasyon
ile ispat siirecinin incelenmesi amaci altinda yer alan T50 kodlu ¢alisma, arglimantasyon ve
ispat arasindaki iligkiyi inceleyen c¢aligmalarin bir derlemesidir. Ayrica ulusal literatiirde
ispata yonelik 6lgme araci gelistirme amacina sahip 4 makale bulunurken bu amaca yonelik
hicbir tez bulunmamaktadir. Tablo 4’ten goriildiigli lizere 6gretim yaklasimlarinin ispat
stirecine etkisini belirlemeye yonelik olduk¢a az sayida makale yapilmistir. Tezlerde ise ayni

amaca yonelik yapilan ¢aligmalarin oraninin daha fazla oldugu dikkat ¢eken bir durumdur.

Ulusal literatiirde yer alan ispat ile ilgili ¢alismalarin yaklasim/yonteme gore

dagilimi Tablo 5°te yer almaktadir.

Tablo 5. Ulusal Literatiirde Yer Alan Ispat ile Iigili Calismalarin Yaklasim/Yonteme Gore

Dagilimi
YAKLASIM  YONTEM MAKALELER f % TEZLER f %
Eylem
M1, M11, M45 3  %6,12 T1,T38 2 %3,63
Arastirmasi
M2, M3, M6, T3, TS5, T7,
M7, M9, M10, T14, 716,
M17, M18, T17,T18,
M21, M23, T19, T24,
([;:lrl::lam M25, M26, 20  %40,81 122 Iiz 26 %45,27
NITEL 25, M T35, 736,
M38, M39, ’ ’
M40, M41, T40, T41,
M44, M47 T42, T45,

T46, T47,
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T49, T51,
T53, T54,
T55
Kuram
M30 1 %205 T25 1 %1,81
Olusturma
Fenomenoloji M29, M32 2 %4,08 T8 1 %1,81
Dokiiman M33, M36,
o 3  %6,12 T50 1 %1,81
Analizi M49
Ogretim
) - - - T6, T37, T52 3 %5,45
Deneyi
Gelisimsel
- - - T48 1 %181
Calisma
iliskisel M5, M15, M20,
4  9%8,16 T12,T20 2  %3,63
Yontem M24
Tarama M8, M27, M42,
5 %102 T2 1 %1,81
Yontemi M43, M48
NICEL  "Van
Deneysel M13 1 %205 - - -
Y ontem
Betimsel M16, M22,
3  %6,12 - - -
Y ontem M37
T4, T9, T10,
T11, T13,
T15, T21,
M4, M12, M14,
T22, T23,
KARMA M19, M31, 7 %14,29 17 %30,9
T27, T28,
M34, M46
T29, T31,
T33, T39,

T43, T44
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Tablo 5°ten goriildiigii iizere gerek makale gerekse tez ¢alismalarinda ¢ogunlukla

nitel yaklasim tercih edilmistir. Bununla birlikte nitel yaklagim kullanilarak yapilan
caligmalarda ise cogunlukla durum caligsmasi yonteminin tercih edildigi dikkat cekmektedir.
Bu arastirma kapsaminda incelenen tezlerin olduk¢a az bir kisminin nicel yaklasimla
yiriitildigi dikkat ¢eken diger bir durumdur. Karma yaklagimla yiiriitiilen ¢alismalarin ise

azimsanmayacak bir oranda oldugu goriilmektedir.

Ulusal literatiirde yer alan ispat ile ilgili calismalarin 6rnekleme gore dagilimi Tablo

6’da yer almaktadir.

Birden fazla 6rneklem grubu igeren caligmalarin analizi sirasinda her bir 6rneklem
grubu dikkate alinarak Tablo 6 olusturulmustur. Ornegin M11 kodlu ¢alismanin 6rneklem
grubu, 6gretmen ve ortadgretim dgrencileridir. Bu dogrultuda M11, her iki 6rneklem grubu
icin ayr1 ayrt kodlanmistir. Bu durumda toplam g¢alisma sayisi yerine incelenen 6zellige
baglh olarak toplam veri sayisi belirlenmistir. Incelenen makale ve tezlerde ilkokul
ogrencileri ile yapilan bir calismaya rastlanmadigi i¢in bu diizeye yonelik bir 6rneklem
grubu olusturulmamistir. Tablo 6’dan goriildiigii lizere makale ve tezlerde 6rneklem grubu
olarak en fazla Ogretmen adaylari tercih edilmistir. Incelenen makalelerde ortaokul
ogrencileriyle ¢cok az oranda calisma yliriitiiliirken tezlerde ise bu diizeydeki 6grenciler ile
daha fazla calisma yiiriitiildiigii goriilmektedir. Ispat iizerine yapilan ¢alismalarda genel
anlamda farkli lisans programlari, 6gretmen ve Ogretim elemanlarinin 6rneklem grubu
olarak tercih edilmedigi dikkat ¢ekmektedir. Bununla birlikte farkli lisans programlari ile
yiiriitiilen ¢aligmalarin tlimiiniin (M23, T12, T24 ve T39) matematik boliimii 6grencileri
oldugu dikkat ¢eken bir durumdur. Dolayisiyla 6gretmen adaylari ve matematik boliimii

ogrencileri disinda farkli bir lisans grubuyla hi¢bir ¢calisma yapilmadigi sdylenebilir.

Tablo 6. Ulusal Literatiirde Yer Alan Ispat ile ligili Calismalarin Ornekleme Gére Dagilimi

ORNEKLEM MAKALELER f % TEZLER f %
T1, T2, T3, T4,
Ortaokul T10, T15, T22,
. M1, M2, M45, M47 4 %74 12 %19,67
Ogrencileri T34, T37, T43,
T45, T51
T5,T6, T7, T9,
Ortadgretim M3, M11, M13, M38,
. 5 %9,26 T11, T20, T38, 10 %16,39
Ogrencileri M39

T41, T42, TS5
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M4, M5, M6, M7, M8, T8, T12, T13, T14,

M9, M10, M12, M14, T16, T17, T18,

M15, M16, M17, T19, T21, T23,

M18, M19, M20, T25, T26, T27,
Ogretmen M21, M23, M24, T28, T29, T30,

34 %62,97 30 %49,18

Aday1 M25, M27, M28, T31, T32, T33,

M29, M31, M32, T35, T36, T39,

M34, M35, M37, T40, T44, T46,

M40, M41, M42, T47, T48, T49,

M43, M44, M46, M48 T52, T53
Farkli Lisans

M23 1 %1,85 T12,T24,T39 3 %491
Programlari
. M3, M11, M12, M22,
Ogretmen 6 %11,11 T41,T54 2  %3,27

M26, M47
Ogretim

M30 1 %185 T21 1 %1,63
Elemani
Ders Kitaplar1 M33, M36, M49 3 %556 T4,T21 2  %3,27
Dokiiman - - - T50 1 %1,63

Not: Incelenen galismalarin bazilar1 birden fazla 6rneklem diizeyi igermektedir.

Ulusal literatiirde yer alan ispat ile ilgili caligmalarin veri toplama araglarina gore

dagilimi Tablo 7°de yer almaktadir.

Tablo 7. Ulusal Literatiirde Yer Alan Ispat ile Ilgili Calismalarin Veri Toplama Araclarina

Gore Dagilimi
VERI TOPLAMA
MAKALELER f % TEZLER f %
ARACLARI

M1, M2, M7, M9, T1, T5,T6, T7,
M12, M14, M18, T8, T9, T14, T16,
M19, M22, M25, T17,T18, T19,

Miilakat M29, M30, M31, T21, T22, T23,

23 9%28,05 37 %31,35

M32, M34, M35, T24, T25, T26,
M38, M40, M41, T27, T29, T30,
M42, M44, M45, T31, T32, T33,

M46 T35, T36, T38,
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T39, T40, T44,
T45, T46, T47,
T48, T49, T51,
T52, T53
T1, T3, T4, T5,
T6, T7, T8, T9,
T10, T11, T12,
M1, M2, M4, M6, T13, T15, T19,
M7, M9, M10, T22, T23, T24,
M12, M13, M14, T25, T26, T27,
Acik Uglu M17, M19, M21, T28, T29, T30,
25 %30,49 44 %37,28
Stnav/Test M22, M23, M24, T31, T32, T33,
M25, M28, M35, T34, T35, T36,
M39, M40, M41, T38, T39, T42,
M42, M44, M45 T43, T44, T45,
T46, T47, T48,
T49, T51, T52,
T53, T54, T55
M5, M8, M15,
T2, T12, T18,
M16, M20, M27,
) T20, T21, T23,
Anket/Olcek M31, M32, M34, 14 %17,07 11 %09,32
T27, T28, T29,
M37, M42, M43,
T33, T48
M46, M48
M3, M11, M12, T9, T39, T41,
Gozlem 5 9%6,1 %3,38
M26, M44 T47
Ders Kitaplart M33, M36, M49 3 %366 T4, T21 2 %1,69
T6, T9, T14, T16,
M3, M11, M14,
T17, T25, T31,
Dokiiman M18, M26, M44 7 %853 13 %11,01
T32, T37, T39,
M47
T41, T50, T52
T14, T15, T16,
. M12, M13, M26,
Etkinlikler 5 %61 T17,T18, T20, 7 %593
M34, M47 a7

Not: Incelenen ¢alismalarin bazilarinda birden fazla veri toplama aract kullamlmstir.
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Birden fazla veri toplama araci kullanilan ¢alismalarin analizi sirasinda her bir veri

toplama arac1 dikkate alinarak Tablo 7 olusturulmustur. Ornegin T33 kodlu calismada agik
uclu simav/test ile birlikte yar1 yapilandirilmig miilakat ve anket/dlgek kullanilmistir. Bu
dogrultuda T33, her ii¢ veri toplama araci i¢in ayr1 ayri kodlanmistir. Bu durumda toplam
caligma sayis1 yerine incelenen 6zellige bagli olarak toplam veri sayist belirlenmistir. Tablo
7 incelendiginde hem makale hem de tezlerde c¢ogunlukla agik uglu sinav/test ve
miilakatlarin kullanildig1 dikkat ¢ekmektedir. Bununla birlikte acik uglu sinav/testlerin
kullanildig1 c¢alismalarin bir kismiin miilakatlarla desteklendigi goriilmektedir. Veri
toplama araci olarak miilakatlarin kullanildig1r makalelerin 17’°si (M2, M9, M12, M14, M19,
M22, M29, M30, M31, M32, M34, M35, M38, M42, M44, M45, M46) yar1 yapilandirilmig
miilakat, 5’1 (M1, M7, M25, M40, M41) klinik miilakat, 1’1 (M18) de odak grup goriismesi
ile yiirtitiilmustiir. Tezlerde ise yar1 yapilandirilmis miilakat 29 (T1, T5, T6, T7, T8, T9, T17,
T18, T21, T22, T23, T24, T25, T26, T27, T29, T30, T32, T33, T38, T39, T40, T44, T46, T47,
T49, T51, T52, T53), klinik miilakat 7 (T16, T19, T31, T35, T36, T45, T48), odak grup
goriismesi 2 (T14, T37) calismada kullanilmistir. Dolayisiyla makale ve tezlerde miilakat
tiirlerinden ¢cogunlukla yar1 yapilandirilmis miilakatin tercih edildigi dikkat ¢ekmektedir.

Tartisma, Sonuc ve Oneriler

Bu arastirmada iilkemizdeki ispat c¢aligmalarinin genel egiliminin ortaya c¢ikarilmasi
amaclanmistir. Bu amac¢ dogrultusunda ulusal literatiirde yer alan ispat g¢alismalari;
aragtirmanin yili, amaci, yaklagim/yontemi, orneklemi, veri toplama araci olmak iizere bes
boyut agisindan incelenmistir. Bu boliimde arastirmadan elde edilen sonuglar belirtilen
boyutlar baglaminda tartisilmistir. Arastirmanin sonucunda ispat ile 1ilgili yapilan
caligmalarin sayisinda son yillara dogru bir artisin oldugu goriilmiistiir. Buradan hareketle
iilkemizde ispat ile ilgili aragtirmalarin egiliminin giinlimiize dogru bir ivme kazandigi
sOylenebilir. Matematigin temel yapi taslarindan biri olan ispatin ortaya ¢ikisi ¢ok eskiye
dayanmasina ragmen matematik egitiminde yerini almasi yeni denecek kadar yakin bir
tarthte gerceklesmistir. Matematiksel bilginin insa edilmesi ve gelistirilmesinde ispatin
onemli bir yere sahip olmasinin anlasilmasiyla birlikte yapilan ¢aligsmalarda da ispatin okul
matematiginin merkezinde yer almasi gerektigine yonelik vurgulamalar artmistir (Knuth,
2002; Stylianou, Blanton ve Knuth, 2010; Stylianides, 2007). Bu vurgulamalar, iilkemizdeki
aragtirmacilarin  bir kisminin odagmi ispat konusuna yoneltmis olabilir. Dolayisiyla
iilkemizde ispat ¢alismalarinin sayisinin son yillarda artmasi bu durum ile agiklanabilir.

Benzer sekilde uluslararasi literatiirde ispat {lizerine yapilan caligmalarin sayisinin son
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yillarda bir artis gosterdigi belirtilmektedir (Fan ve Jones, 2018; Karakus, Ersen ve Ocak,

2017; Stylianides, Bieda ve Morselli, 2016). Bu baglamda ulusal ve uluslararasi literatiirde
son yillara dogru ispat ¢alismalarinin yapilma egiliminin daha fazla olmasi yoniinden bir
benzerlik oldugu s6ylenebilir. Ancak uluslararasi literatiir, ispat ¢alismalar1 bakimindan gok
eski bir gecmise sahiptir. Ulusal literatiirde ispat ile ilgili ilk ¢alismalarin ise 2000’11 yillarin
basma dayandig fark edilmektedir. Bu bakimdan ispat ¢aligmalar1 kapsaminda uluslararasi
literatlirtin  1900°lii yillara dayanmasi ve giiniimiize kadar yaymn yapma kapasitesinin
devamliligina bagli olarak ulusal literatiire gore dagilimmin genel anlamda istikrarli bir

ilerleyise sahip oldugundan s6z edilebilir.

Ulusal literatiir incelendiginde matematik egitimi alaninda ispat siirecini incelemeyi
ve ispata yoOnelik bakis agisini belirlemeyi amacglayan caligmalarin ¢ogunlukta oldugu
goriilmiistiir. Matematik egitiminin merkezinde yer alan ispat; dogasi geregi kesfetme,
varsayimda bulunma, iliskilendirme, genelleme, mantiksal ¢ikarimda bulunma gibi zihinsel
etkinlikleri igeren bir siirectir (Ball vd., 2002; Greenberg 1993; Hoyles ve Healy, 2007,
Oztiirk, 2016). Dolayisiyla ispat siirecinin kapsamli bir yapiya sahip olmasi, icinde
barindirdig1 her bir eyleme yonelik farkli arastirmalarin yapilmasini ya da bu boyutlar
dahilinde ispat siirecinin incelenmesini gerektirebilir. Bu ¢aligma kapsaminda; ispat yapma
diizeylerinin incelenmesi, boliinebilme/fonksiyon ve sayilar konusu baglaminda ispat yapma
becerilerinin incelenmesi,  ispat yapma etkinli§i esnasindaki iletisim durumlarinin
incelenmesi, ispat yapma siireclerinin biligsel agidan incelenmesi, ispatlama becerisinin
gelisiminin incelenmesi, muhakeme hatalarinin ispatlama baglaminda incelenmesi, ispat
yontemlerini kullanabilme becerilerinin incelenmesi, ispat degerlendirme siireclerinin
incelenmesi gibi pek ¢ok amag ispat siirecinin incelenmesi temasi altinda kodlanmistir. Bu
durum, ispat siirecini incelemeyi amacglayan g¢aligmalarin sayisinin fazla olmasini agiklar
niteliktedir. Oztiirk ve digerlerinin (2015) meta-sentez ¢alismasinda 2012-2015 yillari
arasinda yayimlanan ve nitel yontemi benimseyen ispata yonelik 6 ulusal, 9 uluslararasi tez
incelenmistir. Bu inceleme sonucunda belirtilen yillar arasinda yapilan calismalarin
cogunlukla ispata yonelik goriis belirleme ve ispat yazma siireglerini incelemeye yonelik
oldugunu tespit etmeleri yil araligir degisse de bu egilimin devam ettigini gostermektedir.
Ispata yonelik yurt disinda yapilan galigmalar incelendiginde de &grencilerin, dgretmen
adaylarmin, o6gretmenlerin ya da Ogretim elemanlarinin ispata yonelik bakis acilarini
belirleme ve ispat yapma siireclerini inceleme amacina sahip ¢alismalarin ¢cogunlukta oldugu

dikkat ¢gekmektedir (Alcock ve Weber, 2005; Alcock, 2010; Almeida, 2000, 2003; Bleiler,
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Thompson, ve Krajcevski, 2014; Fukawa-Connelly, 2012; Harel ve Sowder, 1998; Hemmi,

2010; Jones, 2000; Knuth, 2002; Lai ve Weber, 2014; Lesseig, 2016; Martin ve Harel, 1989;
Raman, 2003; Solomon, 2006; Stylianides ve Stylianides, 2009; Stylianides, Stylianides ve
Philippou, 2007; Stylianou, Blanton ve Rotou, 2015; Varghese, 2009; Weber, 2012; Yopp,
2011; Zazkis, Weber ve Mejia-Ramos, 2016). Bu dogrultuda ulusal ve uluslararasi
literatiirdeki ispat ¢caligmalarinin amaglar1 dikkate alindiginda genel anlamda ispata iliskin
bakis agilarinin (inang, tutum, goriis vb.) belirlenmesi ve ispat siireglerinin incelenmesi

amacl arastirmalarin ¢ogunlukta olmasi bakimindan es deger bir durumun varligindan sz

edilebilir.

Gerek ulusal gerekse uluslararasi literatiir incelendiginde ispata yonelik bakis
acilarini belirleme amacina sahip ¢aligmalarin biiylik cogunlugunda 6gretim kademeleri ayirt
edilmeksizin 6grencilerin ispata yonelik olumsuz bir tutuma sahip olduklari, ispat yapmay1
basaramayacaklarina inandiklari, ispat yapmaktan korktuklar1 belirtilmektedir (6r., Almeida,
2003; de Villiers, 1990; Doruk, Kiymaz, Horzum ve Morkoyunlu, 2014; Doruk, Ozdemir ve
Kaplan, 2014; Gokkurt ve Soylu, 2012; Jones, 2000; Raman, 2003). Benzer sekilde ispat
siirecini inceleme amacina sahip caligmalar incelendiginde ogrencilerin herhangi bir
matematiksel iligkinin ispatin1 yapamadiklar1 ya da verilen bir ispati anlayamadiklart ileri
stiriilmektedir (6r., Anapa ve Samkar, 2010; Doruk ve Kaplan, 2017; Giiler ve Ekmekgi,
2016; Ko ve Knuth, 2009; Moore, 1994; Stylianides vd., 2007; Sahin, 2016). Calismalarda
stiregelen bu durum, ispat ile ilgili diisiincelerde ve bu siire¢ icinde yasanan zorluklarda
degisim olup olmadigini belirleme amagli olarak arastirmacilari daha ¢ok ispat siireci ve
ispata yonelik bakis acisimi inceleme egilimi gostermelerine sebep olabilir. Ispat konusu
kapsaminda Ogretimin nasil sekillenebilecegi ile ilgili fikirler edinme bakimdan bu tiir
aragtirmalarin yapilmast 6nemlidir. Bu durumlar dikkate alindiginda O6grencilerin ispat
stirecinde ne tiir zorluklar yasadiklar1 ve bu zorluklar1 ortadan kaldirabilmek i¢in ne gibi
onlemler alinabilecegi ile birlikte 6grencilere ispat yapmanin 6nemini kavratabilmek i¢in
Ogretim siirecini nasil tasarlamak gerektigi gibi konularin aydinlatilmasi gerekmektedir.
Bagka bir ifadeyle ulusal literatiir kapsaminda ispat ile ilgili ¢aligmalarda bu yo6ndeki

aragtirmalara yer verilmesinin ayr1 bir 6neme sahip oldugu sdylenebilir.

Ulusal literatiirde yer alan ispat ¢alismalar1 kapsaminda ispata yonelik 6lgme araci
gelistirme ve ders kitaplariin ispat agisindan incelenmesi amagclarina yonelik arastirmalarin
olduk¢a az bir oranda oldugu dikkat cekmektedir. Ispat siirecinin kesfetme, varsayimda

bulunma, iligkilendirme, genelleme vb. zihinsel eylemleri i¢eren bir yapiya sahip olmasi her
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bir eyleme yonelik farkli boyutlara yonelik incelemeleri gerektirmesi bu amaca sahip

caligmalarin az sayida olmasina sebep olmus olabilir. Daha acik bir ifadeyle ispat siirecinin
cok boyutlu bir yapiya sahip olmasina bagli olarak tek bir dlgekle belirlenmesinin miimkiin
olmamasi bu duruma yol agmis olabilir. Bu dogrultuda ispata yonelik 6lgme araci gelistirme
amagh calismalarin azinlikta olmasi beklenen durumlardan biridir. Bununla birlikte
belirtilen amaca yakin bir oranda olmasina ragmen ulusal literatiirde ders kitaplarinin ispat
acisindan incelenmesinin daha az bir oranda oldugu fark edilmektedir. Tim O6gretim
kademelerinde ve yiiriirliikte olan 6gretim programlarinda ispat kavramina gerekli dnemin
verilmedigi dikkat ¢ekmektedir (Aylar, 2014; Aylar ve Sahiner, 2016; Caliskan, 2012;
Yildiz, 2019). Bu durum, ispat ile ilgili calismalarda bu amacin pek fazla ele alinmamasini

aciklar niteliktedir.

Ispat calismalar1 arastirmanin yaklasimma gére degerlendirildiginde incelenen
aragtirmalarin ¢ogunlukla nitel yaklagimla yiriitildiigii fark edilmistir. Bununla birlikte
karma yaklagimin kullanildig1 calisma sayisinin ise arastirma yaklagiminin sadece nicel
oldugu caligma sayisindan fazla oldugu dikkat ¢eken bir durumdur. Sosyal olaylara yonelik
durumlarda nitel yaklasim nicel yaklasima goére daha derinlemesine bilgi saglamaktadir.
Ancak bu durum nitel yaklasimin nicel yaklasgimdan daha {istiin oldugu anlamina
gelmemektedir. Her yaklasimin kendi i¢inde giiclii ve zayif yonleri bulunmaktadir. Burada
asil nokta, arastirmacinin hangi problem durumlarinda ne tiir bir yaklasimi tercih etmesinin
uygun olacagini tespit edebilmesidir (Frankel ve Devers, 2000; Yildirim ve Simsek, 2005).
Egitim c¢alismalarinin dogas1 dikkate alindiginda da sadece nicel yaklasima dayali
yontemlerle toplanan verilerin ¢ok saglikli sonuclar vermeyecegi, eldeki verilerin daha
derinlemesine yorumlanabilmesi i¢in nitel yaklagima dayali yontemlerle desteklenmesi
gerekmektedir (Creswell ve Plano Clark, 2007). Bu bakimdan ispata yonelik calismalarda
nitel ve karma yaklagimin nicel yaklasima gore daha ¢ok tercih edilmesi beklenen bir
durumdur. Bununla birlikte ispat yapma bir¢ok zihinsel eylemi iginde barindiran bir siireg
(Oztiirk, 2016) olarak herhangi bir grup iizerinde bu siirece iliskin yapilan calismalarda
bireylerin yaptiklarinin tam anlamiyla anlasilmasi nitel yaklagimi gerektigi ifade edilebilir.
Bu bakimdan matematik egitimindeki konulardan biri olarak ispatin nitel yaklasimin

dogasina uygun bir ¢alisma alani oldugu sdylenebilir.

Calismada ulusal literatiirde ispata yonelik yapilan arastirmalarin ¢ogunlukla
Ogretmen adaylanyla yiritiildiigi sonucuna ulasilmistir. Bununla birlikte ispat

caligmalarinin  6gretmen adaylarina yakin bir oranda ortadgretim Ogrencileri ile
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gergeklestirildigi fark edilmektedir. Ancak 6gretim diizeyi asagiya dogru indik¢e daha kiiciik

yastaki 6grencilerle yapilan ispat ¢aligmalarinin da bu oranda asagiya diistiigii goriilmiistiir.
Bu dogrultuda ulusal literatiirde ortaokul d6grencileri ile yiiriitiilen ispat ¢alismalarinin sayisi
yok denecek kadar azdir. Ulusal literatiirde ilkokul seviyesindeki 6grencilerle yapilan ispat
caligmalarina rastlanmazken uluslararasi literatiirde bu seviyedeki 6grencilerle yapilan ispat
caligmalarinin varligi dikkat ¢ekmektedir (6r., Flegas ve Charalampos, 2013; Komatsu,
2010; Maher ve Martino, 1996; Stylianides, 2007). Buna karsin yapilan pek ¢ok ¢alismada,
ispat yapmanin her sinif seviyesinde okul matematiginin merkezinde olmasi gerektigi
vurgulanan durumlar arasindadir (Ball ve Bass, 2003; Ball vd., 2002; Hanna, 2000; Yackel
ve Hanna, 2003). Bu duruma paralel bir sekilde ispata yonelik ulusal literatiirde ortaggretim
oncesindeki 6grencilerle gerceklestiren ¢alismasinin ¢cok az olmasi elestirilen bir durumdur
(Aylar, 2014; Aylar ve Sahiner, 2016). Bu durumun sebebi olarak iilkemizde farkli 6gretim
kademelerinde ispata ayni derecede dnem verilmemesi gosterilebilir. Ispata lise ve iistii
ogretim kademelerinde, hatta yalnizca ileri matematik kapsaminda yer verilmesi gerektigine
yonelik geleneksel bir anlayisin hakim olmasi (Cooper vd., 2011; Fawcett, 1995; Knuth,
2002) bu durumu destekler niteliktedir. NCTM’in (2000) ispat Ogretimine okul Oncesi
donemden baglanarak her bir matematik konusuna yonelik yer verilmesi gerektigine iliskin
vurgusu bu anlayisin kismen zedelenmesine yol agmistir. Bunun aksine tilkemizdeki ilkokul
ve ortaokul 6gretim programlari incelendiginde ispat yapmanin halen ayr1 bir beceri olarak
ele alinmadigr goriilmektedir. Bununla birlikte ortadgretim diizeyine yonelik 6gretim
programinda da yalmizca birka¢ kazanimda ele alinan ispat ile ilgili kavramlar ve ispat
yontemleri baglaminda ispat yapmaya sinirl bir sekilde yer verilmektedir. Bu bakimdan tam
anlamiyla ispat kavramina lisans diizeyinde belirli programlar dahilinde yer verildigi
sOylenebilir. Bu bakimdan ulusal literatiirde yer alan ispat c¢alismalarimin c¢ogunlukla
ogretmen adaylartyla yiiriitiilmesinin bu durumun dogal bir sonucu olarak ortaya ¢iktigi
belirtilebilir. Bu dogrultuda ulusal literatiirde ispat ile ilgili ¢alismalarin gerek ilkokul ve
ortaokul gerekse ortadgretim diizeyinde yiiriitiilmesine yonelik bir ihtiyacin oldugu agikca

goriilmektedir.

Calisma dogrultusunda ulusal literatiirde yer alan ispat ¢aligmalarinda veri toplama
aract olarak cogunlukla a¢ik uglu smav/test ve miilakatlarin kullanildigi sonucuna
ulagilmistir.  Bununla birlikte agik uglu sinav/test kullanilan c¢alismalarin bir kisminda
miilakatlardan da yararlanildig1 dikkat ¢cekmektedir. Egitim caligmalarindaki verilerin hangi

kaynaklardan elde edildigi giivenilir sonuglara ulagsma bakimindan olduk¢a Onemlidir.
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Ayrica aragtirilan bir durumu daha detayli bir sekilde ortaya koyabilmek i¢in kullanilan veri

toplama araglarmin g¢esitlendirilmesi de dnemli etkenler arasindadir. Bu dogrultuda tek bir
veri toplama araci kullanilarak elde edilen veriler, arastirilan bir durumu tam anlamiyla
yorumlamada bir engel olusturabilir. Bu bakimdan ulusal literatiirdeki ispat ¢alismalarinda
birden fazla veri toplama araci ile ¢alisilmasi gerek arastirmanin detaylarina inmek gerekse

ispat gibi kapsamli bir siireci yansitmak bakimindan olduk¢a énemlidir.

Bu ¢aligma ile ulusal literatiirde yer alan ispat ¢aligmalarinin genel durumu biitiinciil
olarak yansitilmistir. Bdylece incelenen boyutlar baglaminda ispata yonelik ulusal
literatiiriin eksik yonleri ve agirlikli olarak ne yonde bir egiliminin oldugunu gérme firsati
saglanmistir. Bir iilkede herhangi bir alanda yapilan ¢aligsmalar, iilkenin o alanda ger¢eklesen
egitim reformlarini da sekillendirmektedir. Ancak ulusal literatiirde ispata yonelik yapilan
caligmalarin uluslararasi literatiirle kiyaslandiginda niceliksel olarak olduk¢a geride oldugu
belirtilmektedir (Ozer ve Arikan, 2002). Ayrica ulusal literatiirde yapilan calismalarin
ozellikle ama¢ ve ele aldigi Orneklem baglaminda benzer yonde egilim gosterdigi
goriilmustir. Bu durum farkli 6gretim kademelerinde arastirilmay: bekleyen bir¢ok durum
oldugu anlamina gelmektedir. Bu baglamda ulusal literatiirde yiiriitiilen ispat ¢aligmalarinin
bu gorevi yeterince yerine getirme noktasinda eksik kaldigi sdylenebilir. Bu bakimdan ispata
yonelik ileride yapilacak olan g¢alismalarda ozellikle literatiirde vurgulanan bosluklarin

dikkate alinmasi oldukga onemlidir.

Calisma kapsaminda sadece ulusal literatiirde yaymlanmis makale ve tezlere yer
verildiginden, yurt disinda yaymlanmis olan makale ve tezlerin ele alinmamasi ¢aligmanin
en onemli sinirhiliklart arasinda goriilebilir. Bu baglamda ileride yapilabilecek bir ¢aligma
olarak matematik egitimi alaninda yapilan yurt digsindaki ispat ¢alismalarinin incelenmesi,

yiiriitiilmesi planlanan sonraki ¢aligmalara yon verebilme bakimindan énemli goriilmektedir.

Etik Kurul izin Bilgisi: Bu arastirma, bir sistematik derleme ¢alismasi olmasi nedeniyle

Etik Kurul Onayr alinmasini gerektiren bir ¢aligma niteligi tasimamaktadir.
Cikar Catismasi: Yazarlarin beyan edecegi bir ¢ikar ¢atismast yoktur.
Yazar Katkisi: Her iki yazar, arastirmanin biitiin asamalarina esit oranda katki sunmustur.
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Abstract

Proof plays a key role in accomplishing requirements such as solving the problems we face in our
lives and establishing correlations between the events by concurrent employment of high-level skills.
The comprehension of the mathematical facts and their reasons during instruction, organization of
the mathematical knowledge, and ensuring its permanence indicates that proof is at the core of
mathematics education. Due to this significance, reviewing previous studies on proof with a holistic
approach to provide direction for mathematics education makes sense. The present study aims to
analyze the studies conducted on proof in Turkey with the systematic literature review method and
discover the trends in mathematics education. In the study, 49 articles and 55 theses, a total of 104
studies that were selected with purposive sampling method were analyzed. The sample studies were
accessed on YOK National Thesis Center, TUBITAK ULAKBIM DergiPark, and Google Academic
search engine. The studies were reviewed based on five dimensions: the year of publication, aim,
approach/methodology, sample, and data collection tools. The study data were interpreted with
frequencies and percentages, and the findings are presented in tables and graphs. The study findings
demonstrated a significant increase in the number of studies on proof in recent years. Furthermore, it
was determined that a significant section of these studies aimed to investigate the proof process and
related approaches. It was concluded that the most employed methodology was the qualitative
approach, and studies were predominantly conducted with pre-service teachers; and the preferred
data collection tools were exams/tests and interviews that included open-ended questions. Based on
these findings, it was suggested that the difficulties experienced in the proof process, the measures to
eliminate these difficulties, and the issues about the design of the proof instruction should be clear in
each level of instruction.
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Introduction

In the information age, scientific and technological advances have changed the human
profile required by the society. Today, individuals are not only expected to be
knowledgeable, but also need to access information (Adigiizel, 2011). A series of actions
such as assumptions, associations, reasoning, and generalization take place during access to
information. These high-level skills play a key role in the formation of the desired human
profile in current times (Ministry of National Education [MEB], 2018). Thus, individuals
should acquire assumption, association, reasoning, and problem-solving skills. Mathematics
education is an important field where individuals could acquire these skills (Umay, 2003).
The fact that proof is a process based on a series of cognitive habits such as the
identification of structures and variables, making assumptions, and organization of logical
justifications (Ball, Hoyles, Jahnke & Movshovitz-Hadar, 2002), demonstrates that it entails
high-level skills. However, since proof plays roles such as explanation, discovery,
communication, systematization in mathematics (de Villiers, 1999; Yackel & Hanna, 2003)
it serves as a bridge in the development of the above-mentioned skills. Thus, acquisition of
daily life requirements in mathematics education is possible through the adoption of proving

methods in mathematics instruction (Oztiirk, 2016).

Proof, which played an important role in the universalization of mathematical
knowledge (Hanna & Barbeau, 2008), is the process of knowledge development that leads to
a formal proof based on the investigation of the accuracy of assumptions by employing
discovery about any problem and providing justifications (Oztiirk, 2016; Turgut, Yenilmez
& Uygan, 2013). Thus, proof is a process that includes cognitive activities and several
functions (Bell, 1976; de Villiers, 1990; 1999) beyond simple mathematical operations
(Selden & Selden, 2003). Proof is a comprehensive process that includes the verification,
explanation, discovery, systematization, communication, and intellectual challenge
functions. Thus, it is not possible to exclude the functions associated with proof from the

instruction process.

Many authors agreed that proof is one of the most important elements in instruction
(Almedia, 2000; Hanna, 1991; Hanna & Jahnke, 1996; Knuth, 2002; Mariotti & Balacheff,
2008; Stylianides, 2007). The proof allows the students to establish mathematical
communications and create mathematical knowledge rather than evidencing the accuracy of
a statement (Schoenfeld, 1994). The proof allows the students to learn mathematical

concepts in-depth and find logical answers to why and why questions associated with these
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concepts (Giiler & Temizyiirek, 2015). The fact that mathematical proof allows the students

to understand the mathematical facts and their reasons (Hanna, 1991) and leads to the
permanence of this knowledge (Stylianides, 2007) further reinforces its significance in
instruction. Thus, proof supports conceptual learning and serves as a bridge to acquire
meaningful learning (Tucker, 1999). It also allows the students to develop various methods,
strategies, predictions, and associate concepts to solve a problem (Dede & Karakus, 2014;
Mariotti & Balacheff, 2008). These are directly associated with the development of
mathematical thinking and reasoning skills, among the most important objectives of
mathematics education (Stylianides, 2007). NCTM (2000, p. 342) emphasized the
significance of mathematical proof in instruction: Reasoning and proof is not a special
activity conducted at certain times or specific curriculum topics. On the contrary, it should
be a natural part of the instruction process regardless of the topic and indicated that it should
be an integral part of instruction. In other words, it was emphasized that proof should be
included in every stage of the instruction process in every topic. Several authors supported
the role of proof in mathematics education with similar statements and emphasized its
significance, and stated that proof should be included in the instruction starting from the
lowest level of education (Ball & Bass, 2003; Stylianides & Ball, 2008; Stylianides &
Stylianides, 2008).

The review of mathematics curricula would demonstrate that these aim to acquire
high-level skills such as problem-solving, reasoning, association, and communication by the
students (MEB, 2018). However, despite its significance in mathematics education, proof
has not been directly included as a concept in the curricula (Aylar, 2014; Dogan, 2019).
Thus, the proof is not included in mathematics instruction, and students only encounter the
concept of proof at the undergraduate level without prior knowledge. It is not clear whether
the significance of proof in mathematics education has been recognized in Turkey. A review
of the studies on proof in Turkish literature would help clarify this issue. The literature
review did not reveal a study on the trends observed in studies conducted in Turkey on proof
that tackled the topic with a comprehensive approach. However, only a study by Oztiirk,
Akkan, Kaleli-Yilmaz, and Kaplan (2015) reviewed studies on mathematical proof. The
study reviewed postgraduate theses conducted with middle school students and teachers in
national and international literature during the past three years on proof. This brings to mind
the question about the significance of proof in mathematics education in Turkey. The review

of the studies on proof conducted in Turkey and providing details about the findings of these
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studies would play a key role in answering this question. The literature review did not reveal

a study on the trends observed in studies conducted in Turkey on proof that tackled the topic
with a comprehensive approach. However, only a study by Oztiirk, Akkan, Kaleli-Yilmaz,
and Kaplan (2015) reviewed studies on mathematical proof. The study reviewed
postgraduate theses conducted with middle school students and teachers in national and
international literature during the past three years on proof. The study conducted by Oztiirk
et al. (2015) significantly limited by the time, sample, type of the study and number of
studies included in the review. The present study differs from the above research since it is
not limited to a period and includes all national proof studies (excluding proceedings and
theoretical studies). Thus, the need for a study to reveal the trends in studies on proof in
Turkey to guide future studies is clear. The review of previous studies on proof in the
present study with a holistic approach is quite important to reveal the problems in instruction
processes and the implementation of the previous studies. Furthermore, since the present
study could raise awareness about proof, it could be suggested that it would contribute
significantly to the literature. Thus, the present study was conducted to present a general
view of the studies on proof, investigate these studies based on various dimensions, analyze
the studies on proof, determine the status of proof instruction in the Turkish education
system, and provide a baseline for future studies. The following research problem was
determined in the study: "What is the general status (trends) of the studies on proof in
mathematics education in national literature?" Furthermore, the following sub-problems

were identified:

1) How are the previous studies on proof in national literature distributed based on
publication?

2) How are previous studies on proof in national literature distributed based on the
study aim?

3) How are previous studies on proof in national literature distributed based on
methodology?

4) How are the previous studies on proof in national literature distributed based on the

sample type?

5) How are the previous studies on proof in national literature distributed based on the

data collection tool?
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Method

The Research Design

In the present study, a systematic literature review methodology was employed to determine
the trends in studies on proof in mathematics education in Turkey. A systematic review is a
comprehensive review of all studies on the same topic based on various inclusion and
exclusion criteria, employed to determine the studies that would be included in the review,
and synthesis if these studies are based on the research problems (Petticrew & Roberts,
2006; Torgerson, 2003; Oakley, 2012). A systematic review is not a conventional literature
review method (Lo, 2020); it is a systematic, transparent and reproducible research method
(Petticrew & Roberts, 2006; Zawacki-Richter, 2020). Since the 1990s, the increase in the
number of educational studies introduced the need to review independent studies on a
specific topic with a holistic approach. The systematic review method became more popular
in educational research (e.g., Cevher & Yildirim, 2020; Ilgaz, 2018; Lin, Yin, Tang, Hadad
& Zhai, 2020; Magalhaes, Ferreira, Cunha & Rosario, 2020; Martin, Sun & Westine, 2020).
Although systematic review entails a single process, it includes certain steps (Gough, Oliver,
& Thomas, 2012; Torgerson, 2003). The present study was conducted based on these steps.

These steps are presented in Figure 1.

The systematic review provides a synthesis of several studies conducted on a topic
and reveals the general trend in the relevant topic (Petticrew & Roberts, 2006). Furthermore,
the systematic review reveals the gaps in the literature in the relevant topic and helps
determine future applications to fill these gaps (Gough et al., 2012). Thus, providing
guidelines for future studies and applications provides a significant baseline for researchers
and policymakers (Petticrew & Roberts, 2006; Polanin, Maynard & Dell, 2017).
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15t Step Determination of the research problem

2nd Step ’ Determination of inclusion and exclusion criteria
Ird Step Literature review

4th Step ' Determination of the included studies

' Sth ;;u.p Organization of the included studies

6th ;-jh'_l-p ' Data collection and analysis

7th Step  Interpretation of the findings and writing the report
J

Figure 1. Systematic review steps
The Inclusion Criteria

The criterion sampling method was employed in the assignment of the studies included in

the study sample. The inclusion criteria included the following:

a) Studies conducted on mathematics education

b) Studies that included the keywords proof, proving, evidence, and evidencing
c) Studies published in Turkish literature

d) Studies conducted with qualitative/quantitative/mixed data

e) Studies in these and article formats

f)  Open access articles where the whole text is available
Data Collection

In the study, initially, the articles and theses published in mathematics education and
included the "proof", "proving", "evidence", and "evidencing" keywords in the YOK
National Thesis Center, TUBITAK ULAKBIM Dergipark, and Google Academic search
engine were identified. The accessed studies were examined by two researchers. And it was
determined that 6 studies did not include quantitative/qualitative/mixed data, but included
sections such as proof methods, the significance of proof in mathematics education, and 3
studies were proceedings. Thus, 9 studies were not included in the analysis since they did
not meet the study criteria. Forty-nine articles and 55 theses (Appendix 1) that met the study

criteria were analyzed.
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Data Collection Tool and Data Analysis

In the analysis, an analysis form was initially developed based on the research problems.
The developed "Proof Studies Analysis Form™ is presented in Table 1.

Table 1. Proof Studies Analysis Form

Study Title:

Study ID:

Year of Publication:

Study Aim:

Study Sample:

Study Methodology ™

Data Collection Tools:

*Study methodology should be identified clearly.

The analysis mentioned above form was completed for each study. Content and
descriptive analysis techniques were employed in data analysis. Two researchers reviewed
the analysis forms, and codes were determined for the study aim field in the form with the
intercoder agreement. Since the study aimed to determine the trends in studies conducted in
Turkey on proof in mathematics education, all studies conducted on the topic were included
without a time limit. Due to many available studies, categories were determined for the year
of publication field in the form. Furthermore, after each study was analyzed using the
analysis form, categories were determined for the study sample, methodology, and data
collection tool fields. The analysis form was finalized after these codes and categories were
determined for each field. Each study was also coded. Articles were coded as M1, M2, M3,

. and theses were coded as T1, T2, T3, ... . The final Proof Studies Analysis Form is

presented in Table 2.
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Table 2. Proof Studies Analysis Form

Study Code:

Study Title:

Study ID:

Year of Publication: () 2005-2009 () 2010-2014 () 2015-2020

Study Aim:

() Determination of the challenges in proving () analysis of proof approaches

() Analysis of proof diagrams () Argumentative analysis of the proving process

() Analysis of the proving process () Determination of the effects of instructional methods
on the proving process

() Development of a measurement tool for proving () Analysis of textbooks based on

proof

Study Sample:
() Middle school students () Secondary education students () Pre-service teachers
() Various undergraduate programs () Teachers () Faculty members () Textbooks

() Documents

Study Methodology:

Qualitative:
() Action research () Case study () Theoretical () Phenomenological

() Document analysis (') Teaching experiment (') Developmental study

Quantitative:
() Comparative study () Literature review () Quasi-experimental study

(') Descriptive study

Mixed:

Data Collection Tools:

() Interview” () Open-ended exam/test () Survey/Scale () Observation
() Textbooks () Documents () Activities

*Please indicate the interview type clearly.

Each study was analyzed again with the final analysis form. Finally, the category and
code frequencies and percentages were calculated for each form field.
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Study Validity and Reliability

The validity and reliability of the study were determined based on certain steps. First, the
inclusion criteria and the search keywords were determined based on the discussion between
the two authors. The studies identified in the search but did not meet the study criteria were
excluded with the consensus of both authors. Each study was analyzed separately, and the
initial Proof Studies Analysis Form fields were completed. After the discussions conducted
by the two authors upon the initial analysis of the form, it was decided that it would be more
adequate to create codes and categories for each field. Thus, the form that included field
codes and categories was finalized with the collaboration of the two authors. Then, the
studies included in the analysis were re-analyzed. The intercoder agreement was tested after
this analysis. Coding reliability was calculated with the Agreement / (Agreement +
Disagreement) formula (Miles & Huberman, 1994). Thus, the reliability coefficient was
determined as 92.35%.

Findings

In this section, the findings obtained with the study data analysis are presented based on the
research sub-problems. The annual distribution of the studies on proof in Turkish literature

is presented in Table 3.

Table 3. The annual distribution of the studies on proof in Turkish literature

YEARS ARTICLES f % THESES f %

2005-2009 M4, M16, M44 3 %6,12 T8, T11, T22, T42 4 %74

T1, T2, T3, T4, T12,

M1, M3, M5, M6,
T13, T15, Tle6, T17,

M8, M13, M15,
T18, T21, T23, T24,

2010-2014 M20, M27, M29, 16 %32, 65 25 9%46,29

T25, T26, T27, T28,

M31, M32, Ma34,

T29, T30, T38, T40,

M37, M40, M43
T41, T48, T50, T52
M2, M7, M9, M10, TS5, T6, T7, T9, T10,
2015-2020 M1l Mi2, Mi4, 30 %61, 23 T14, T19, 720, T3l, 25  %46,29
M17, M18, M19, T32, T33, T34, T35

M21, M22, M23, T36, T37, T39, T43,
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M24, M25,
M28, M30,
M35, M36,
M39, M41,
M45, M46,
M48, M49

M26,
M33,
M38,
M42,
M47,

T44, T46, T47, T49,
T51, T53, T54, T55

Note: The study T45 was published in 2003. Since it was outside the category rage, it is indicated separately.

As seen in Table 3, the highest number of articles on proof was published between

2015 and 2020. It was observed that the trend was similar in theses, and the same number of
theses were published between 2010 and 2014 and between 2015 and 2020. An only a

limited number of studies on proof, including both articles and theses, were conducted

between 2005 and 2009. As seen in Table 3, it could be suggested that the number of studies

on proof has increased in Turkish literature in recent years.

The annual distribution of the studies on proof in Turkish literature is presented in

Figure 2. Thus, the number of articles and theses on proof could be observed comparatively

based on the specific intervals.

35
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Figure 2. Annual distribution of the articles and theses on proof

The distribution of the studies on proof in Turkish literature based on the study aim is

presented in Table 4.
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Table 4. Distribution of the studies on proof in Turkish literature based on the study aim

AIM ARTICLES f % THESES f %
Determination of the T5, T13, T23,
) ) M4, M21, M28 3  %5,55 %5,12
challenges in proving T49
M5, M6, M8,
T2,T6, T9, T12,
M16, M20,
T17,T18, T19,
M27, M29,
_ T20, T21, T23,
Analysis of proof M30, M31,
16 %29,63 T24,T26,T27, 20 %25,64
approaches M32, M34,
T28, T30, T31,
M37, M40,
T33, T38, T40,
M44, M46,
T48
M48
Analysis of proof M17, M25, T11, T27, T36,
) 4 %741 5 %6,41
diagrams M41, M42 T45, T48
Argumentative analysis ~ M19, M35, T10, T14, T19,
] 3 %b5,55 4 %5,12
of the proving process M39 T50
T3, T4, T7,T9,
M2, M3, M6,
T12, T13, T22,
M7, M9, M10,
T23, T25, T28,
M12, M14,
_ _ T29, T30, T32,
Analysis of the proving M18, M23,
17 %31,49 T34,T35,T39, 28 %35,89
process M24, M26,
T41, T42, T44,
M31, M38,
T45, T46, T47,
M40, M44,
T48, T49, T51,
M45
T53, T54, T55
Determination of the T1, T6, T8, T15,
effects of instructional M1, M11,
_ 4 %741 T16,T17, 718, 15 %19,23
methods on the proving ~ M13, M47 T20, T26, T31,

process

T33, T37, T38,
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T43, T52
Development of a
M8, M15,
measurement tool for 4  %7,41 - - -
_ M22, M43
proving
Analysis of textbooks M33, M36,
3 %555 T4,T21 2  %2,56

based on proof M49

When a study had more than one aim, Table 4 was constructed to include each study
aim in data analysis. For example, the study T30 aimed to determine the attitudes towards
proving and to investigate the proving processes employed when learning algebra. Thus,
T30 was coded twice to reflect both study aims. Thus, instead of the total number of studies,
the total data count was determined based on the investigated properties. As seen in Table 4,
articles and theses mostly aimed to investigated the proving process and approaches. The
studies that investigated proving with an argumentative approach and those that analyzed the
textbooks based on proving, on the other hand, were only a few. The study T50 that aimed to
analyze argumentative proving process, was a literature review of previous studies on the
correlation between argumentation and proving. Furthermore, there were 4 articles in the
national literature that aimed to develop a measurement tool for proving, while there was no
thesis in this group. As seen in Table 4, quite a few articles were conducted to determine the
effect of instructional methods on the proving process. It was an interesting finding that the

number of theses with the same aim was higher.

The distribution of the studies on proof in Turkish literature based on the study

methodology is presented in Table 5.

Table 5. Distribution of the studies on proof in Turkish literature based on the study

methodology

METHOD TECHNIQUE ARTICLES f % THESES f %

) M1, M11,
Action research 3 96,12 T1,T38 2  %3,63
M45
M2, M3, T3, T5,T7,
Case study M6, M7, 20 %4081 T14,T16, 26 %4527

M9, M10, T17, T18,
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QUALITATI M17, M18, T19, T24,
VE M21, M23, T26, T30,
M25, M26, T32, T34,
M28, M35, T35, T36,
M38, M39, T40, T41,
M40, M41, T42, T45,
M44, M47 T46, T47,
T49, T51,
T53, T54,
T55
Theoretical M30 1 %205 T25 %1,81
Phenomenological M29, M32 2  %4,08 T8 %1,81
~ M33, M36,
Document analysis %6,12 T50 %1,81
M49
Teaching T6, T37,
_ . - - %5,45
experiment T52
Developmental - - - T48 %1,81
) M5, M15,
Comparative %8,16 T12,T20 %3,63
M20, M24
M8, M27,
QUANTITA Literature review M42, M43, 5 %102 T2 %1,81
TIVE M48
Quasi-experimental M13 1 %205 - -
o M16, M22,
Descriptive 3 %612 - -
M37
M4, M12, 4,79,
MIXED ML, MIS, 7 %14,29 i %30,9
0 y 0 1
M31, M34, T13, 715,
M6 T21, T22,

T23, T27,
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128, T29,
T31, T33,
T39, T43,
T44

As seen in Table 5, a mostly qualitative approach was preferred in both articles and
theses. However, it should be noted that the most preferred method was a case study among
qualitative studies. Quite a few theses analyzed in the present study were quantitative
research. It was observed that the number of studies conducted with the mixed method was
significant.

The distribution of the studies on proof in Turkish literature based on the study

sample is presented in Table 6.

Each sample group was included in the analysis of studies conducted with more than
one sample group in Table 6. For example, the sample in the study M11 included both
teachers and secondary education students. Study M11 was included in both sample
categories. Thus, instead of the total number of studies, the total data count was determined
based on the categories in the table. Since no studies were conducted with primary school
students, no sample category included primary school students. As seen in Table 6, mostly
pre-service teachers were included in study samples in reviewed articles and theses. Only a
few articles included middle school students in the sample; however, several theses were

conducted with middle school students.

It should be noted that the authors did not prefer other undergraduate programs,
teachers, and faculty members. However, all studies conducted with other undergraduate
programs (M23, T12, T24, and T39) included mathematics department students. Thus, it
could be suggested that studies were not conducted with other undergraduate students,

except pre-service teachers and mathematics department students.
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Table 6. Distribution of the studies on proof in Turkish literature based on the sample

SAMPLE ARTICLES f % THESES f %
T1, T2, T3, T4,
Middle school T10, T15, T22,
M1, M2, M45, M47 4 %74 12 %19,67
students T34, T37, T43,
T45, T51
Secondary 15, T6, T7, T9,
_ M3, M11, M13, M38,
education M39 5 99,26 T11, T20, T38, 10 %16,39
students T41, T42, T55
M4, M5, M6, M7,
T8, T12, T13, T14,
M8, M9, M10, M12,
T16, T17, T18,
M14, M15, M16,
T19, T21, T23,
M17, M18, M19,
T25, T26, T27,
M20, M21, M23,
Pre-service T28, T29, T30,
M24, M25, M27, 34 %6297 30 %49,18
teachers T31, T32, T33,
M28, M29, M31,
T35, T36, T39,
M32, M34, M35,
T40, T44, T46,
M37, M40, M41,
T47, T48, T49,
M42, M43, M44,
T52, T53
M46, M48
Other
undergraduate M23 1 %185 T12,T24,T39 3 %491
students
M3, M11, M12, M22,
Teachers 6 %11,11 T41,T54 2 %3,27
M26, M47
Faculty
M30 1 %185 T21 1 %1,63
members
Textbooks M33, M36, M49 3 %556 T4,T21 2 %3,27
Documents - - - T50 1 %1,63

Note: Certain studies included more than one study group.
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The distribution of the studies on proof in Turkish literature based on the data

collection tool is presented in Table 7.

Table 7.  Distribution of the studies on proof in Turkish literature based on the data

collection tool

DATA
COLLECTION ARTICLES f % THESES f %
TOOL
T1, T5, T6, T7,
T8, T9, T14, T16,
M1, M2, M7, M9, T17,T18, T19,
M12, M14, M18, T21, T22, T23,
M19, M22, M25, T24, T25, T26,
Interview M29, M30, M31, T27, T29, T30,
M32, M34, M35, 23 28,05 T31, 732, T33, 37 W3L3
M38, M40, M41, T35, T36, T38,
M42, M44, M45, T39, T40, T44,
M46 T45, T46, T47,
T48, T49, T51,
T52, T53
T1, T3, T4, T5,
T6, T7, T8, T9,
ML M2. M4, M6, T10, T11, T12,
M7. MO, M10, T13, T15, T19,
M12, M13. M14 T22, T23, T24,
Open ended M17, M19, M21, 25 230,49 Ii: ES EZ) 44 %3728
exam/test M22, M23, M24, ' ’ ’
M25, M28. M35, T31, T32, T33,
M39, M40, MAL T34, T35, T36,
MA42. Ma4. Md5 T38, T39, T42,
T43, T44, T45,
T46, TA7, T48,

T49, T51, T52,
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T53, T54, T55
M5, M8, M15,
T2, T12, T18,
M16, M20, M27,
T20, T21, T23,
Survey/Scale M31, M32, M34, 14 %17,07 11 %09,32
T27,T28, T29,
M37, M42, M43,
T33, T48
M46, M48
_ M3, M11, M12, T9, T39, T41,
Observation 5 %06,1 4  9%3,38
M26, M44 T47
Textbooks M33, M36, M49 3 %366 T4,T21 2  %1,69
T6, T9, T14, T16,
M3, M11, M14,
T17,T25, T31,
Documents M18, M26, M44 7  %8,53 13 %11,01
T32, T37, T39,
M47
T41, T50, T52
T14, T15, T16,
o M12, M13, M26,
Activities 5 %6,1 T17,6T18, T20, 7 9%5,93
M34, M47 Ta7

Note: Certain studies employed more than one data collection tool.

The studies where more than one data collection tool was employed were included in
more than one category in Table 7. For example, the study T33 employed a semi-structured
interview form, a survey/scale and open-ended exam/test. The study T33 was included in all
three categories. Thus, instead of the total number of studies, the total data count was
determined based on the categories in the table. As seen in Table 7, open-ended exam/test
and interview methods were the most common data collection tools in both articles and
theses. However, it was observed that in certain studies, both open-ended exam/test and
interview were used. In articles where interviews were employed as data collection tools,
semi-structured interviews were used in 17 (M2, M9, M12, M14, M19, M22, M29, M30,
M31, M32, M34, M35, M38, M42, M44, M45, M46), semi-structured interview forms were
used in 5 (M1, M7, M25, M40, M41), and focus group interview was employed in 1 (M18)
study. Among theses, semi-structured interviews were used in 29 (T1, T5, T6, T7, T8, T9,
T17, T18, T21, T22, T23, T24, T25, T26, T27, T29, T30, T32, T33, T38, T39, T40 T44,
T46, T47, T49, T51, T52, T53), clinical interviews were used in 7 (T16, T19, T31, T35,
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T36, T45, T48), and focus group interviews were used in 2 (T14, T37) studies. Thus, it

could be suggested that both in articles and theses, the semi-structured interview method was
preferred.

Discussion and Conclusion

The present study aimed to reveal the general trends in studies on proof conducted in
Turkey. Thus, the studies on proof in the national literature were analyzed based on five
dimensions: the year of publication, study aim, methodology, sample, and the data collection
tool. This section discusses the study findings based on the dimensions as mentioned earlier.
In the study, it was observed that there had been an increase in the number of studies on
proof in recent years. Thus, it could be suggested that the trend is upward in studies on proof
in Turkey. Although proof, one of the main building blocks of mathematics, was developed
long before, its employment in mathematics education is relatively recent. As it was
recognized that proof plays a key role in the construction and development of mathematical
knowledge, more studies have been conducted to demonstrate that proof should be at the
core of mathematics curricula (Knuth, 2002; Stylianou, Blanton & Knuth, 2010; Stylianides,
2007). This emphasis could have led certain authors in Turkey to conduct studies on the
topic. Thus, the recent increase in the number of studies on proof in Turkey could be
explained by this fact. Similarly, it was reported that the number of studies on proof has
increased in recent years in the international literature as well (Fan & Jones, 2018; Karakus,
Ersen & Ocak, 2017; Stylianides, Bieda & Morselli, 2016). Thus, it could be suggested that
there is a similarity between the trends in the national and international literature in recent
years. However, international literature has a long history in studies on proof. The first
studies on proof in Turkish literature date back to the early 2000s. It could be suggested that
the studies on proof in international literature exhibited stable progress compared to the
national literature since the initial studies in international literature date back to the early
1900s.

The literature review conducted on national studies revealed that most studies
investigated the proving process in mathematics education and determined the approach to
proof. Proof, which is the core of mathematics education, is a process that entails cognitive
activities such as discovery, conjecturing, association, generalization, and reasoning by
nature (Ball et al., 2002; Greenberg 1993; Hoyles & Healy, 2007; Oztiirk, 2016). Thus, the
comprehensive nature of proof may require various studies on each step it entails or analyses

based on these dimensions. In the present study, several objectives such as the analysis of
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proving levels, analysis of proving skills based on the divisibility/functions and numbers

topics, investigation of communications during proving activities, cognitive analysis of
proving processes, investigation of the development of proving skills, investigation of
reasoning mistakes in proving, investigation of the employment of proving methods skills,
and the investigation of proof analysis processes were coded in the analysis of the proving
process theme. This could explain the high number of studies investigating the proving
process. In a meta-synthesis conducted by Oztiirk et al. (2015), 6 national and 9 international
theses on proof conducted with qualitative methods and published between 2012 and 2015
were reviewed. The fact that the studies conducted between 2012 and 2015 mostly aimed to
investigate the views on proving and analyzing proving processes demonstrated that the
trend continues in the studies reviewed in the present study. The review of the international
studies on proof demonstrated that the majority of studies aimed to determine the views of
students, pre-service teachers, teachers or faculty members about proof and investigate the
proving processes (Alcock & Weber, 2005; Alcock, 2010; Almeida, 2000, 2003; Bleiler,
Thompson & Krajcevski, 2014; Fukawa-Connelly, 2012; Harel & Sowder, 1998; Hemmi,
2010; Jones, 2000; Knuth, 2002; Lai & Weber, 2014; Lesseig, 2016; Martin & Harel, 1989 ;
Raman, 2003; Solomon, 2006; Stylianides & Stylianides, 2009; Stylianides, Stylianides &
Philippou, 2007; Stylianou, Blanton & Rotou, 2015; Varghese, 2009; Weber, 2012; Yopp,
2011; Zazkis, Weber & Mejia-Ramos , 2016). Thus, based on the aims of the studies in the
national and international literature on proof, it could be suggested that both groups of
studies were similar since most aimed to determine general views (beliefs, attitudes,

opinions, etc.) on proof and analysis of the proving process.

The review of both national and international literature revealed that students
adopted a negative attitude towards proving, believed that they would fail in proving, and
were afraid of it independent of their education level in most studies that aimed to determine
the views of the participants on proof (e.g., Almeida, 2003; de Villiers, 1990; Doruk,
Kiymaz, Horzum & Morkoyunlu, 2014; Doruk, Ozdemir & Kaplan, 2014; Gékkurt & Soylu,
2012; Jones, 2000; Raman, 2003). Similarly, the review of studies that aimed to investigate
proving process demonstrated that students could not prove any mathematical correlation or
comprehend a provided proof (e.g., Anapa & Samkar, 2010; Doruk & Kaplan, 2017; Giiler
& Ekmekei, 2016; Ko & Knuth, 2009; Moore, 1994; Stylianides et al., 2007; Sahin, 2016).
These study findings could lead to further studies on proving processes and participant

views on proving to determine whether there was a change in the views on proof and the



T, Oztiirk, & D. Demirel / Pamukkale University Journal of Education, 54, 32-68, 2022 51
difficulties experienced in this process. It is important to conduct such studies to collect

information about the possible revisions in instruction methods used in proving. Thus, it is
necessary to determine the problems that students experience in the proving process and the
possible measures for the elimination of these difficulties, as well as the design of a novel
instruction method, to realize the significance of proof in mathematics by the students. In

other words, these types of studies should be prioritized in national literature.

The literature review conducted on national studies revealed that only a few studies
on the development of measurement tools for proving and studies that investigated
textbooks based on proof. The fact that the proving process entails certain cognitive efforts
such as discovery, conjecturing, association, generalization, etc., and requires the analysis of
various dimensions for each effort could have limited the number of studies on the topic. In
other words, since the proving process has a multi-dimensional structure, it is not possible to
quantify it with a single scale, which could have led to this fact. Thus, the number of studies
on the development of proof measurement tools could be expected to be limited. However, it
was also determined that the number of studies conducted to analyze the textbooks based on
proof was even more limited. It was noted that the concept of proof was not included in the
current curricula for all education levels (Aylar, 2014; Aylar & Sahiner, 2016; Caliskan,
2012; Yildiz, 2019). This could explain the findings mentioned above.

The studies' analysis on proof-based methodology demonstrated that most studies
were qualitative. On the other hand, mixed-method research was higher than qualitative
studies. About social events, the qualitative approach provides more in-depth knowledge
when compared to the quantitative approach. However, this does not mean that the
qualitative approach is superior to the quantitative approach. Each approach has its own
strengths and weaknesses. The main point is the ability of the researcher to determine the
accurate approach for the given research problem (Frankel & Devers, 2000; Yildirrm &
Simsek, 2005). In educational studies, data collected with only quantitative methods would
not yield sufficient outcomes, and the quantitative data should be supported with qualitative
methods to allow in-depth interpretation of the data (Creswell & Plano Clark, 2007). Thus,
qualitative and mixed methods preference could be expected in studies on proof. However, it
could also be suggested that since proving entails several cognitive processes (Oztiirk,
2016), a qualitative approach is required to fully recognize the efforts of the individuals in
any sample group. Thus, it could be argued that proof, as a topic in mathematics education,

is suitable for the realm of qualitative research.
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The study determined that the national studies on proof were mostly conducted with

pre-service teachers. However, a similar number of studies were conducted with secondary
education students. Furthermore, the number of studies conducted with the students
decreased with the decrease in education level. Thus, almost no studies were conducted with
middle school students in the national literature. Also, there were no studies on proof that
were conducted with primary school students in the national literature, while there are
several studies in the international literature (e.g., Flegas & Charalampos, 2013; Komatsu,
2010; Maher & Martino, 1996; Stylianides, 2007). Furthermore, several studies emphasized
that proving should be at the core of mathematics education in every grade (Ball & Bass,
2003; Ball et al., 2002; Hanna, 2000; Yackel & Hanna, 2003). Thus, the fact that there were
only a few studies with primary and middle school students in Turkish literature on proof
could be criticized (Aylar, 2014; Aylar & Sahiner, 2016). This could be due to the fact that
proving is not emphasized in various education levels in Turkey. The prevalence of the
conventional approach that proving should only be included in high school and higher
education curricula, or only in advanced mathematics curricula (Cooper et al., 2011;
Fawcett, 1995; Knuth, 2002) is consistent with this finding. NCTM's (2000) emphasis on the
need to include proof instruction in each mathematics topic starting from pre-school changed
the prevalence of the approach mentioned above to a certain extent. However, an analysis of
the primary and middle school curricula would demonstrate that proving is still not a
separate skill. Furthermore, secondary education curricula are limited by a few achievements
in proving concepts and methods. Thus, it could be suggested that the concept of proof was
only included in certain undergraduate programs. Therefore, most of the studies on proof in
Turkish literature were conducted with pre-service teachers. It was observed that there is a
significant need to conduct further studies on proof with both primary and middle school

students.

The study determined that most studies on proof in the national literature employed
open-ended exam/test and interview methods as data collection tools. On the other hand, it
should be noted that certain studies employed both open-ended exam/test and interview
methods. The data sources are significant for acquiring reliable findings in educational
studies. Furthermore, the diversification of data collection tools is important to collect in-
depth data. Accordingly, the data collected with a single data collection tool could be an
obstacle to the interpretation of the findings. It is important to employ more than one data
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collection tool in studies on proof to achieve detailed information about the study topic and

to represent a comprehensive process such as proving.

The current study reflected the general status of the studies on proof in Turkish
literature with a holistic approach. Thus, the study provided an opportunity to observe the
shortcomings and the trends in the national literature on proof based on the analyzed
dimensions. Studies conducted in any educational discipline in a country could determine
the future educational reforms in the country. However, it was observed that the studies
conducted on proof in the national literature were quantitatively behind when compared to
the international literature (Ozer & Arikan, 2002). Furthermore, it was observed that the
studies conducted in the national literature exhibited a similar trend, especially in the study
objectives and samples. Thus, several issues need to be investigated in various levels of
education. It could be suggested that the studies on proof in the national literature could not
fulfill this goal properly. It is very important to consider these gaps in the literature in future

studies on proof.

Since the present study included only articles and theses published in the national
literature, the most significant limitation of the study is the exclusion of the articles and
theses published in the international literature. Thus, it could be suggested that future studies
should investigate international studies on proof in mathematics education to fill that gap in
the literature.
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