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Abstract: Self-dual codes over finite fields and over some finite rings have been of interest and extensively
studied due to their nice algebraic structures and wide applications. Recently, characterization and
enumeration of Euclidean self-dual linear codes over the ring F, + uF, + u?F, with u® = 0 have
been established. In this paper, Hermitian self-dual linear codes over F, + uF, + u’F, are studied
for all square prime powers q. Complete characterization and enumeration of such codes are given.
Subsequently, algebraic characterization of H-quasi-abelian codes in Fy[G] is studied, where H < G
are finite abelian groups and Fy[H] is a principal ideal group algebra. General characterization and
enumeration of H-quasi-abelian codes and self-dual H-quasi-abelian codes in F,[G] are given. For
the special case where the field characteristic is 3, an explicit formula for the number of self-dual
A X Zsz-quasi-abelian codes in Fzm[A X Z3 x B] is determined for all finite abelian groups A and B
such that 3 { |A| as well as their construction. Precisely, such codes can be represented in terms of
linear codes and self-dual linear codes over Fsm + uFsm + u?Fsm. Some illustrative examples are
provided as well.
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1. Introduction

Self-dual linear codes over finite fields form an interesting class of linear codes that have been
extensively studied due to their nice algebraic structures and wide applications (see [8], [11], [12], [22]
and references therein). Codes over finite rings have been of interest after it was shown that some binary
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non-linear codes such as the Kerdock, Preparata and Goethal codes are the Gray images of linear codes
over Zy in [7]. In general, families of linear codes and self-dual linear codes over finite chain rings are now
become of interest. In [16], the mass formula for Euclidean self-dual linear codes over Z,s has been studied.
Characterization and enumeration of Euclidean self-dual linear codes over the ring F, + uF, + u*F, with
u3 = 0 have been given in [3].

Algebraically structured codes over finite fields such as cyclic codes, abelian codes and quasi-abelian
codes are another important family of linear codes that have been extensively studied for both theoretical
and practical reasons (see [2], [8], [10], [11], [12] and references therein). In [10], H-quasi-abelian codes
and self-dual H-quasi-abelian codes in F,[G] have been studied in the case where F,[H] is semisimple

To the best of our knowledge, Hermitian self-dual linear codes over F, + uF, + u*F, and non-
semisimple H-quasi-abelian codes in F,[G] have not been well studied. The goals of this paper are to
investigate the following families of linear codes and their links. 1) Hermitian self-dual linear codes over
Fq+ulF, —|—u2ﬂ?q where ¢ is a square prime power. 2) H-quasi-abelian codes and self-dual H-quasi-abelian
codes in group algebras Fy[G], where H < G are finite abelian groups and F,[H] is a principal ideal group
algebra.

The paper is organized as follows. In Section 2, some results on linear codes and Euclidean self-
dual linear codes over F, + uF, + u?F, are recalled. In Section 3, characterization and enumeration
Hermitian self-dual linear codes of length n over F, + uF, + u?F, are established for all square prime
powers ¢ together with an algorithm to determine all Hermitian self-dual codes and illustrative examples.
In Section 4, the study of H-quasi-abelian codes in F4[G] is given, where F,[H] is a principal ideal group
algebra. In the special case where the field characteristic is 3, the characterization and enumeration of
A X Zs-quasi-abelian codes and self-dual A x Zs-quasi-abelian codes in Fsm[A X Z3 x B] are completely
determined in terms of linear and self-dual linear codes over Fsm + uF3m + u?Fgm obtained in Section 3
for all finite abelian groups A and B such that 31 |A|. Summary and remarks are given in Section 5.

2. Preliminaries

In this section, basic results on linear codes and Fuclidean self-dual linear codes over rings are
recalled.

2.1. Linear codes over F, + uF, + -+ u*'F,

For a prime power ¢, denote by F, the finite field of order ¢. Let F, + uF, + --- + u®~'F, :=
{ao+uar+---+u*"tac_1 | a; € Fy for all 0 < i < e} be a ring, where the addition and multiplication are
defined as in the usual polynomial ring over F, with indeterminate u together with the condition u® = 0.
It is easily seen that F, +uF, +---+u®"'F, is isomorphic to Fy[u]/(u®) as rings. The Galois extension of
F,+uF,+---+u®"'F, of degree m is defined to be the quotient ring (F, +uF,+- - - +u®~'F,)[z]/{f(x)),
where f(z) is an irreducible polynomial of degree m over F,. It is not difficult to see that the Galois
extension of Fy +uF, + - - -+ u*~'F, of degree m is isomorphic to Fym + uFym + - - +u*"!Fym. The ring
Fg+uFg+---+ ue’qu is a finite chain ring with maximal ideal (u), nilpotency index e and residue field
F,. In addition, if ¢ is a square, the mapping ~ : F, — F, defined by a + aV¥ is a field automorphism
on F, of order 2. Extend ~ to be a ring automorphism of order 2 on F, + uF, + - - - + u®~'F, of the form

ap +uaj + - +ulta._ 1 =ag+uay + - +u" a1

Let n be a positive integer and let R be a finite ring. The Fuclidean inner product of u =
(ug,u1, ..., up—1) and v = (vo,v1,...,v,—1) in R™ is defined to be

n—1
(u,v)g := Zuivi.
i=0

In the case where ¢ is a square and R € {F,,F, +uF, + - - -+ u°"'F,}, the Hermitian inner product of u
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and v in R"™ is defined to be

A linear code C of length n over the ring R is defined to be an R-submodule of the R-module R™. A
linear code over R is said to be free if it is a free R-module. Denote by wt(v) the Hamming weight of an
element v € R". Precisely, wt(v) is the number of non-zero components in v. For a linear code C over
R, let wt(C) = min{wt(c) | ¢ € C} be the minimum Hamming weight of C. If R = F, a linear code C of
length n and dimension k over R with wt(C) = d is referred as an [n, k,d], code. The parameters of a
linear code C of length n over R satisfies the Singleton bond [14], i.e., wt(C) < n—logg|(|C|)+1. A linear
code C is called a Maximum Distance Separable (MDS) code if the equality in the Singleton bound holds.
A matrix G over R is called a generator matriz for C if the rows of G generate all the elements of C and
none of the rows can be written as a linear combination of the others. Linear codes C; and Cy over R are
said to be equivalent if there exists a monomial matrix P such that C; = C1 P := {cP | ¢ € C1}. Denote
by Cte = {v € R" | (u,v)g =0} and C*" = {v € R" | (u,v)y = 0} the Euclidean and Hermitian duals
of C, respectively. A linear code C is said to be Euclidean (resp., Hermitian) self-orthogonal if C C C*®
(resp., C C Ct#). It is called Euclidean (resp., Hermitian) self-dual if C = C*® (resp., C = C*H).

In Section 3 and the remaining parts of this section, we focus on linear and self-dual linear codes
over Fy + ulfy + uqu. In [19], it has been shown that every linear code of length n over F, + ulF, + "U,QIE“q
is permutation equivalent to a code C with generator matrix

Iy Ay Az Ay A
G=1|0 ul; uBs uBy| = |uB'|, (1)
0 0 2L, u?C, u2C

where I, is the identity matrix of order r, Az = Asg 4+ uAs1, By = Bag +uBu1, Ax = Ago + udy +u?Ass,
and Aj, B3, Cy, A;j and B;; are matrices of appropriate sizes over IF,. In this case, the code C is said to
be of type {k,l,m} and it contains ¢***2+™ codewords.

For each linear code C of length n over F, + uF, + v?F, and i € {0,1,2}, the ith torsion code of C
is a linear code of length n over Fy defined to be
Tor;(C) = {v(modu) |v e (Fg+uF, + uQ]Fq)n and u'v € C} .
The code Torg(C) is sometime called the residue code of C and denoted it by Res(C). From the definitions,
it is obvious that Res(C) = Tory(C) C Tor;(C) C Tora(C).

For a linear code C of length n over F, +uF, +u2Fq with generator matrix G given in (1), the residue
code Res(C) has dimension k and generator matrix

G=[Ir Ay Az As], (2)
the first torsion code Tor;(C) has dimension & 4 [ and generator matrix

Al I Ay Az Ay 3)
B| |0 I, Bz By’

and the second torsion code Tory(C) has dimension &k + [ + m and generator matrix

A (1, Ay Azg Ago
Bl=|0 I, By Byl. (4)
cl oo 1, o

For 0 < k < n, the Gaussian coefficient is defined to be

m _ @ =D"—q) (" ="
kK, (=1 —q) - (¢F—g"1)
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Let N.(gq,n) denote the number of distinct linear codes of length n over F, + uF, + - - + u®"'F,.
The number N.(g,n) has been studied and summarized in [4]. For e = 3, we have the following result.
Proposition 2.1 ([4, Lemma 2.2]). Let ¢ be a prime power and let n be a positive integer. Then

t

3
_ NP1 | by (nhy)
Ns(g,n) =1+ Z Z H {hj - thLq +1 .

t=1 n>hi>hy>->h>he1=0 j=1

2.2. Euclidean self-dual linear codes over F, 4 uF, + UZFq

Let C be a linear code of length n and type {k,l, m} over F, +uF,+u?F, and let h = n— (k+1+m).
In [3], it has been shown that the Euclidean dual C*& of C is of type {h,m,l} and it contains ¢3h+2m+!
codewords. Therefore, k = h and [ = m whenever C is Euclidean self-dual. Consequently, every Euclidean
self-dual code of type {k,I,m} over F, + uF, + u?F, has even length n = 2(k + ).

Characterization of Euclidean self-dual linear codes of even length n over F, + uF, + u*F, has been
established in [3].

Proposition 2.2 ([3, Proposition 1]). Let g be a prime power and let C be a linear code of length n and
type {k,l,m} over F, + uF, + u®F, with generator matriz G in the form of (1). Then C is Euclidean
self-dual if and only if kK = h,l = m and the following conditions hold:

AAT =0 (mod u?), (5)
A'B" =0 (mod u?), (6)
BB =0 (modu), (7)
A'CT=0 (mod u) (8)

For a positive integer n and a prime power ¢, let og(g,n) denote the number of Euclidean self-dual
linear codes of length n over F,. Further, if ¢ is a square prime power, let oy (g, n) denote the number of
Hermitian self-dual linear codes of length n over F,. The following results in [21] and [22] are useful in
the enumeration of self-dual linear codes over F, 4+ ulF, + uQFq.

Lemma 2.3 ([21] and [22]). Let q be a prime power and let n be a positive integer. Then

H (¢"+1)  ifq and n are even,

n_q
2
2 ‘4+1) ifqg=1(mod4) and 2| n,
or(q,l) = g (g ) a ( ) | 9)
ng
2[[(@+1) ifq=3(mod4) and4|n,
i=1
0 otherwise.
If q is square, then
21
H (QH% +1) ifn is even,
UH(Q,TL) = 1=0 (10)
0 otherwise.
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The empty product is regarded as 1.

Let NE.(g,n) denote the number of distinct Euclidean self-dual linear codes of length n over F, +
uF, + - +u°"'F,. The value of NE3(g,n) has been completely determined in [3].

Theorem 2.4 ([3, Theorem 1]). Let g be a prime power and let n be a positive integer. Then

n/2 'ﬁ'
og(gq,n) Z 2| ¢/ if q is even and n is even,
=0 LF | q
NEs(q,n) = K5 k(n/2—1)  p ,
og(gq,n) Z 2| ¢*\" if q is odd and n is even,
=0 LF | q
0 otherwise.

3. Hermitian self-dual linear codes over F, + ulf, + u2]Fq

In this section, we focus on characterization and enumeration of Hermitian self-dual linear codes of
length n over Fy + ulF, + u2IE‘q.

Throughout this section, we assume that ¢ is a square prime power. For each positive integer n, let
NH.(g,n) denote the number of distinct Hermitian self-dual linear codes of length n over Fy + ulF, +
R ueleq. By extending techniques introduced in [3], the characterization and the number N H3(q,n)
of Hermitian self-dual linear codes of length n over F, + uF, + u?F, are established.

Let C be a linear code of length n over F, + uF, + u®F, of type {k,l,m} and let h = n— (k+1+m).
Using argument similar to those in Section 2 of [3], it can be deduced that the Hermitian dual Ct# of C
is of type {h,m, [} and it contains ¢*"*2™+! codewords. It follows that k = h and | = m if C is Hermitian
self-dual. Hence, every Hermitian self-dual code of type {k,l,m} over F, + uF, + u?F, has even length
n=2(k+1).

For a matrix A = [a;;]sx+ over Fy + uF, + u?F,, let A := [@i5] 4, and At .= A", Characterization of

Hermitian self-dual linear codes of even length n over F+-uF, —|—u2Fq is given in the following proposition.

Proposition 3.1. Let q be a square prime power and let C be a linear code of even length n and type
{k,1,m} over F,+uF,+u?F, with generator matriz G in the form of (1). Then C is Hermitian self-dual
if and only if k = h, Il = m and the following hold:

AAT=0 (mod u?), (11)
ABT=0 (mod u?), (12)
B'BT=0 (mod u), (13)
ACT=0 (mod u). (14)

Proof. Assume that C is Hermitian self-dual. By the above discussion, we have k = h, [ = m and

A/ A/ T
uB'| |uB"| =1[0] (mod u®)
u?C| |u?C

which are equivalent to the conditions (11)—(14).
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Conversely, assume that C is a linear code such that k = h,! = m and the conditions (11)—(14) hold.
From (11)—(14), it is not difficult to see that C is Hermitian self-orthogonal. Equivalently, C C C*. Since
k = h and | = m, we have |C| = |C1H| which implies that C = C1#. Therefore, C is Hermitian self-dual
as desired. O

Corollary 3.2. Let C be a Hermitian self-dual linear code of length n over Fy + uF, + u*F,. Then the
following statements holds.

1) Tory(C) is a Hermitian self-dual code of length n over F,.
2) Tory(C) = Res(C)1n

Proof. Assume that C is of type {k,l,m} over F, + uF, 4+ u?F,. Then From (11)—(13), it follows that
Tor;(C) is Hermitian self-orthogonal. Since dim(Tor(C)) = k +1 = § = dim((Tor;(C ))+1), Tory (C)
is Hermitian self-dual. From (11)—(14), we have Tora(C) C Res(C)1#. Since dim(Torz(C)) = k + 21 =

n — k = dim((Res(C))*1#), we have Tora(C) = Res(C)~1H. O

Since Res(C) = Torg(C) C Tor;(C) C Tore(C), it can be concluded further that Res(C) is Hermitian
self-orthogonal for all Hermitian self-dual linear codes C over F, + uF, + u?F,,.

From Corollary 3.2, a Hermitian self-dual code C of length n over F, 4+ uF, + u?F, can be induced
by Hermitian self-dual linear codes of length n over F,. For a given Hermitian self-dual code C; of length
n over Fy, we first aim to determine the number of Hermitian self-dual linear codes C of length n over
F, + uF, + u?F, such that Tor;(C) = C;.

Proposition 3.3. Let g be a square prime power and let n be an even positive integer. Let C; be a
Hermitian self-dual linear code of length n over Fy. Then, for each 0 < k < 5, there are q%n Hermitian
self-dual linear codes of length n over F, +uF, +u*F, corresponding to each subspace of C1 of dimension

k.

Proof. Let C; be a Hermitian self-dual linear code of length n over F, with dimension § = k + [ and
generator matrix

Al |1 Az Aszo Ay
HE L (1)

where the columns are grouped into blocks of sizes k,[,[ and k.

Since C; is Hermitian self-dual, we have

I + Ay AL + Agg AL + AyAl, =0, (16)
Ay + Aso B + Ay Bl =0, (17)
I, + B3 Bl + ByBl, = 0. (18)

Let H = A0 Aso . From (16)—(18), it can be deduced that
B3 Bao

H(-H")=-HH'
= —HH'
—Az0 A%y — ATOAEEOT —A30 B3 — Ay B
(—A3oBg: - A40BZ—'0) —Bng - B4OBZE)

In + A:AT A,
AT Il
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Iy —Ay
—A7 I+ AT A,
Let Cy be a k-dimensional F,-subspace of C; with generator matrix A. Since C; is Hermitian self-
dual, it follows that Cy is Hermitian self-orthogonal. Up to permutation of the last (k + ) columns (if
necessary), its follows that COLH has a generator matrix of the form

I, O

Let J = 0 I

. Then H(—H")J = { ] which implies that H is invertible.

I, Ay Az Ago
0 I, Bs Bu. (19)
0 0 I, C4

~AaC

Then Az = —14400:1r which implies that H = [ 5
3

ﬂ‘m . Since H is invertible, it follows that Ay
40
is invertible.

Next, we determined the matrices over F, + uF, + u?F, satisfying conditions (11)-(14) which are
equivalent to

Iy + A AL + A3 AL + A4 AL =0 (mod u?) (20)
Ay + AsBl + 4,Bl =0 (mod u?) (21)

I+ BsBY + B4Bl =0 (mod u) (22)

As+ A,CL =0 (mod u). (23)

The matrices As, B3 and C, are considered modulo u, i.e. all the entries in Ay, Bs and Cy4 are in Fy.
The matrices As and B, are considered modulo u? while Ay is considered modulo u3. From these fact,
let A3 = A30 + ’U,Agl, B4 = B40 + UB41 and A4 = A40 + ’U,A41 + ’11,214427 where Ag]_, B41, A41 and A42 are
matrices of appropriate sizes over F,. Therefore, we can write (20) as

(Ik + AQA; —|— A30A§0 —|— A40AZO> + u <A30A£1 —|— A40A211)
+u? (AglAgl + Ap Al + A40A:£2) =0 (mod u?),

where X := X + XT. We can also rewrite (21) as

(AQ + A3oB; + A4OBZO) +u (Angg + A4OBJLLI + A41‘BZO) 0 (mod u2)

By substituting (18) into (21), we obtain that
Bl = —Ay (ABlBST, + A41310> )
From (23), Cy is uniquely determined as
Cy = (— Az Aso) "

It is sufficient to focus on (20) because (18) is the same as (22). From (16), we have to determined the
matrices satisfying the following:

Agp AL, + AgAlL =0, (24)

A AL+ A AL+ AgAl, = 0. (25)

Hence, the code C with generator matrix of the form (1) is a Hermitian self-dual linear code if and only
if conditions (24) and (25) are satisfied.
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Therefore, the number of Hermitian self-dual linear codes of length n over F, + uF, + u*F, whose
the 1st torsion is C; is equal to the number of solutions of the system of matrix equations (24) and (25).

—_~

We take an arbitrary matrix As; € My (F,) and put [g;;] = A30A;§1 and [z;;] = A40AL. Then
condition (24) is equivalent to
Gij +JCZ‘j +Tﬂ:0

Then —g;; = x4 + Ty = Tr(zy;) € IE‘\/@ for each 1 <7 <k, where Tr : Fy — IF\/a is the trace map defined
by o+ @+ a for all a € F,. Note that | Tr~!(a)| = Vg for all a € F 5. Then we have z;; € T (—gis)
forall 1 <i <k, xj; € Fy and x;; = —gi5 — Tj; for each 1 <7 < j < k. Therefore,

Ay = (Ay [z

Kl . . k(k*1)+& . k2
Thus we have ¢** possible choices for A3; and ¢~ 2 z =qz for Ay.

For fixed matrices Az and A4q, let [hi;] = A31A§1 + A41A}11 and [y;;] = A40A12. Then (25) is
equivalent to

hij +yi; + Y5 = 0.
2
Using a similar argument as above, we have qkT possible choices for
Az = (Afg lyis)T-

Therefore, we have

k2

k2 2 kn
7 x g X T = @R = gD

q

possible choices for the matrices As;, A41 and Ags over F,. Therefore, the desired result follows immedi-
ately. O

The number of distinct Hermitian self-dual linear codes of even length n over F, + uF, + u?F, can
be summarized in the following theorem.

Theorem 3.4. Let q be a square prime power and let n be a positive integer. Then the number of distinct
Hermitian self-dual linear codes of length n over F, + uF, + u?F, is

n/2 ﬁ
ou(q,n) 2| ¢"%  ifn is even,
NH3 (qa n) = kzzo ] g
0 otherwise.

From the proof of Theorem 3.3, we obtain not only the number of Hermitian self-dual linear codes
of length n over Fy + ulF, + uz]Fq but also a construction of such Hermitian self-dual linear codes. The
construction of Hermitian self-dual linear codes of length n over Fy 4 ulF, + u2IE‘q induced by a Hermitian
self-dual linear code of length n over [ in the proof of Theorem 3.3 is summarized in Algorithm 1.

Based on Algorithm 1, an illustrative example of a Hermitian self-dual linear code of length 6 over
Fg +uFg +u?Fy constructed from a Hermitian self-dual linear code of length 6 over Fy is given as follows.

Example 3.5. Let Fg = F3[a] be the finite field of order 9, where « is a oot of 2% + x + 2 over Fs. Let
Co and Cy be linear codes of length 6 over Fg with generator matrices

101112 lad a2 1 0|1]a?|a® a2
[010()&016”””‘1 0110jall a |,
00[1[e®|a 1
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Algorithm 1. Construction of Hermitian self-dual linear codes of length n over F, + uF, + u*F,

For a given Hermitian self-dual linear code C; of length n over F,; and its linear subcode Cy of dimension
0 <k < 5, do the following steps.

1. Define I = 5 — k.

2. Construct a generator matrix A = [Ik Az Asp A40} for Cy, where the columns are grouped into
blocks of sizes k,[,l and k.

I Az Aszo Aao

0 I, Bs Buo for Cy.

3. Extend A to be a generator matrix

4. Set Cy = — (At Aso) .

5. Set Asi to be a k x | matrix over Fy.

6. Define [g;;] = A30AL, and set [z;;] to be a k x k matrix over F, such that the strictly lower triangular
elements are arbitrary in Fg, zi; € Tr™'(—gs:), and x5 = —gi; — T for all i < j. (If k = 2, set [gi;]
to be the k x k zero matrix over F,.)

7. Set Ay = (A [zi])'
+
8. Set By = — (A4_01 (A31B;,L + A4lBlo)) .

9. Define [hi;] = Az AL, + An Al and set [yi;] to be a k x k matrix over F, such that the strictly
lower triangular elements are arbitrary in Fy, yii € Tr™(—hi;), and yi; = —gi; — T;; for all i < 7.
(If k= %, set [h”] = A41AL.)

10. Set A42 = (AZOI [y“])T
11. Define C to be a linear code of length n over F, + uF, + u*F, with generator matrix
I Ay Aso+udsy Aso +udsr + u” Ay
0 ul;,  uBs uByo + v’ Ba
0 0 W’ u?Cy
The C is Hermitian self-dual by Theorem 3.3.

12. Repeat 5. — 11. with different choices of As1, A41, and A4o. The Hermitian self-dual linear codes of
length n over F, + uF, + u*F, determined by Co C C1 are obtained.

respectively. Then Cy is Hermitian self-dual and Cy C Cy. Based on Algorithm 1, we have k = 2,

2 5 2
=1, Ay = 1 , Agg = la , Ao = [a @ , B3 = {af’}, and By = [a 1}. Then we have
0 « 1
-1
B t 5 2 2
Oy = — (Ajg As0) ' =~ [01 O;] la ] B [O 2}

ad 2
{0,02,0%} = Tr 1(0) = Tr ' (—g11), 202 = 2 € {2,0°,07} = Tr'(1) = Tr™ ' (—g22), 221 = 1, and

—_ 2-
By choosing Az = ﬂ, we have [g;;] = Az Al = la {1 1} = [0 a]. We choose x17 = 0 €
a

0 o 1 2 «
Tis = —g12 — To1 = —a — 1 = o, It follows that [z;;] = L o and Ay = (A [z45]) = 1
a

Consequently, Byy = — (Alol (A3lB§ + 14413210))Jr = [a 0}.



P. Choosuwan, S. Jitman / J. Algebra Comb. Discrete Appl. 7(3) (2020) 209-227

1
Let [h”] = A31A1?;1 + A41A11 = |}] {1 1} +

4 4 3 3
o ol |lo* « 1 o

= . We choose =1¢€
a 1] LS 1] l 1] i

1
_ 1 _
Y12 = —h1a — o1 = —a3 —1=a. Then [y”} = [1 ?] and Ass = (A401[yij])T = [

From Algorithm 1, the matrix

1 0|1a®+ula®+2u+a’u?® o® 4 au+ au?
Iy Az Aszo+uAsr Aso +udan +u?Age 5 o
N 01 a+u 14+ au a+u+ a’u
0 ’LLIZ UB3 uB40+U B41 = 5 2
5 9 0 Oju| a’u oau + au U
0 0 u“l; u“Cy 5 3
00 U 0 2u

is a generator matriz for a Hermitian self-dual code of length 6 over Fg + uFg + u?Fg with type {2,1,1}.

When k£ = % in Theorem 3.3 (equivalently, in Algorithm 1), we have the following extension on the
parameters of Hermitian self-dual linear codes over F, + uF, + u*F,. Let n be an even positive integer
and let C; = Cy be a Hermitian self-dual code of length n over Fy with parameters [n,k = %,d], and

2
generator matrix
A= [Ig A40} ) (26)

where Ayg is a k x k invertible matrix over F,. Based on Algorithm 1, the linear code C of length n and
type {%,0,0} over F, 4+ uF, + u*F, with generator matrix

G= [Ik Ago +ulgy + u2A42} (27)

is Hermitian self-dual. Since C is a free code, wt(C) = wt(C1) = d by [18, Corollary 4.3]. Hence, the
following two theorems can be derived directly.

Theorem 3.6. Let q be a prime power and let n be an even positive integer. If there exists an [n, 5, 541],
MDS Hermitian self-dual code over Fy, then an MDS Hermitian self-dual code of length n over Fy+ulF,+
u?F, of type 5,0,0} can be constructed with minimum Hamming weight 3§ 4 1.

Proof. Assume that there exists an [n, %, 5 + 1], MDS Hermitian self-dual code C; over F, with
generator matrix of the form (26). By Algorithm 1, a linear code C of length n and type {%,0,0}
over F, + uF, + u?F, with generator matrix of the form (27) is Hermitian self-dual. Since C is free,
we have wt(C) = wt(C1) = § + 1 and log,s(|C]) = 5§ = dim(Cy) by the discussion above. Hence,

wt(C) = § +1=n—log,(|C|) + 1 which implies that C is MDS. O

Using the above theorem, numerous MDS Hermitian self-dual codes over F, + uF, + u*F, can be
construct based on known MDS Hermitian self-dual codes over F, (see, for example, [13], [17], [24]).

4. Self-dual quasi-abelian codes over principal ideal group alge-
bras

In this section, the study of quasi-abelian codes over principal ideal group algebras is given. In the
special case where the field characteristic is 3 and the Sylow 3-subgroup of the underlying finite abelian
group has order 3, complete characterization and enumeration of quasi-abelian codes and self-dual quasi-
abelian codes are presented in terms linear codes and self-dual linear codes over Fzm + ulF3m + ©2Fgm
obtained in [3|, [4] and Section 3.
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4.1. Group rings and quasi-abelian codes

Let R be a finite commutative ring with nonzero identity and let G be a finite abelian group. Then

R[G] = Zang |lageR,geG
geG

is a commutative ring under the addition and multiplication given for the usual polynomial ring over R
with indeterminate Y, where the indices are computed additively in G. The ring R[G] is called a group
ring of G over R. In the case where R is the finite field Fpm, the group ring Fp=[G] is called a group
algebra of G over Fpm and it is called a Principal Ideal Group Algebra (PIGA) if every ideal in Fpm |[G]
is principal. The readers may refer to [15] for more details on group rings. A linear code of length |G|
over R can be viewed as an embedded R-submodule of the R-module in R[G] by indexing the |G|-tuples
by the elements in G. Given a subgroup H of G with index n = [G : H], a linear code C of length |G]|
viewed as an R-submodule of R[G] is called an H -quasi-abelian code (specifically, an H -quasi-abelian code
of index n) in R[G] if C is an R[H]-module, i.e., C is closed under the multiplication by the elements in
R[H]. Such a code will be called a quasi-abelian code if H is not specified or where it is clear in the
context.

Let {g1,92;--.,9n} be a fixed set of representatives of the cosets of H in G. Let R := F,[H]. Define
®:F,[G] - R" by

o <Z Zah-‘rgiyh-i_gj) = (al(y)7 a2(Y)’ R an(Y))a

heH i=1

where o;(Y) = Z Qhig,Y" € R for all i = 1,2,...,n. Tt is well known that ® is an R-module

heH
isomorphism interpreted as follows.

Lemma 4.1 ([10, Lemma 2.1|). The map ® induces a one-to-one correspondence between H -quasi-abelian
codes in F,[G] and linear codes of length n over R.

We note that a group algebra Fym [H] is semisimple if and only if the Sylow p-subgroup of H is trivial
(see [20, Chapter 2: Theorem 4.2|), and it is a PIGA if and only if he Sylow p-subgroup of H is cyclic
(see [6]). In [10], complete characterization and enumeration of H-quasi-abelian codes in F,m[G] have
been established in the case where F,n [H] is semisimple. Here, we focus on a more general case where
F,=[H] is a PIGA, or equivalently, the Sylow p-subgroup of H is cyclic. Precisely, H = A x Zym; and
G = A X Z,s x B, where s is a non-negative integer, A and B are finite abelian groups such that p { | A|.
General characterization is given in Subsection 4.2. In the special case where p = 3 and s = 1, complete
characterization and enumeration of A x Zs-quasi-abelian codes and self-dual A x Zs-quasi-abelian codes
in Fgm[A X Z3 x B] are given in Subsection 4.3.

4.2. A X Zp-Quasi-Abelian Codes in F,m[A x Z,: X B]

We focus on H-quasi-abelian codes in F,m[G], where F,m [H] is a PIGA. Equivalently, H = A X Zs
and G = A X Z,- x B, where s is a positive integer, A and B are finite abelian groups such that p t |A
(see [6] and [12]).

Note that the group algebra F,m[A] is semisimple [2] and it can be decomposed using the Discrete
Fourier Transform in [23] (see [12] and [11] for more details). For completeness, the decomposition used
in this paper are summarized as follows.

For co-prime positive integers ¢ and j, denote by ord; (i) the multiplicative order of ¢ modulo j. For
each a € A, denote by ord(a) the additive order of a in A and the p™-cyclotomic class of A containing

219
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a € A is defined to be the set
Spm (@) = {P™-ali=0,1,...} ={p™-a|0<i< ordora(a) (™)}

_ P
where p** - a := Y a in A. A subset {aj,as,...,a:} of A is called a complete set of representatives of

¢
p™-cyclotomic classes of A if Sym (a1), Spm(az),...,Spm(a;) are distinct and U Spm (a;) = A.

i=1

An idempotent in F,m[A] is a nonzero element e such that e* = e. It is called primitive if for
every other idempotent f, either ef = e or ef = 0. The existence of primitive idempotent elements
in Fpm [A] is proved in [5]. They are induced by the p™-cyclotomic classes of A (see |5, Proposition IL.4]).
Consequently, F,m[A] can be viewed as a direct sum of principal ideals generated by these primitive
idempotent elements.

Proposition 4.2 ([5, Corollary 111.6]). Let {a1,aq,...,a:} be a complete set of representatives of p™-
cyclotomic classes of a finite abelian group A where p{|A| and let e; be the primitive idempotent induced
by Spm(a;) for all1 <i<t. Then

t
pm @ F m e’i = H ]Fp""i y
=1

where m; = m - Ordord(ai)(pm)'

A PIGA Fpm[A x Zy=] can be decomposed in the following theorem.

Theorem 4.3. Let s be a positive integer. Let {ay,as,...,ar} be a complete set of representatives of
p™-cyclotomic classes of a finite abelian group A where pt|A|. Then

t
pm[A X Zps %H( i 4 uFpm; +..,+ups,1FPMi)

=1

where m; = m - ordgpq(q,) (p") for all 1 <i < t.

Proof. Foreachl <i <t,lete; be the primitive idempotent induced by Spm(a;). From Proposition 4.2,
we have

Fym [A] 2 Fpym [A X Zps H]F m (28)
and hence,

Fpm[A X Zps] =2 (Fpm [A])[Zps] = HFpmi (Zy:]. (29)

Under the ring isomorphism that fixes the elements in Fym; and Y! — u+ 1, it is not difficult to see
that

Fymi [Zps] = Fymi + uFpm; + - + ups_l]Fp""i (30)
as rings. Therefore,
t 3
mAx Zy ] 2] ( i+ uFpmi 4 -+ + u”b‘lJpr) (31)
=1
as desired. O
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For each finite abelian group B of order n, every A x Z,--quasi-abelian code in Fym[A X Z,- x B|
can be viewed as a linear code of length n over F,m[A x Zp:] by Lemma 4.1. The next corollary follows
directly from Theorem 4.3.

Corollary 4.4. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| =n
and pt|A|. Then every A X Zy--quasi-abelian code C in Fym[A X Zye x B] can be viewed as

t
HCia
i=1

where C; is a linear code of length n over Fypm; + ulFpm; + - + upﬂ_lem,; foralli=1,2,... t.

C

I

The enumeration of A x Zys-quasi-abelian code in F,m[A x Z,s x B] is given as follows.

Theorem 4.5. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and the exponent of A is M andp{ M. Then the number of AXZ,s-quasi-abelian codes in Fpm [AXZ,: X B]
18

Na(d)

H (Npg (pm'ordd(Pm))n)> ordg (p™) ,

d|M

where Na(d) is the number of elements of order d in A determined in [1] and Nps(p™° 4a(P™) 'n) is the
number of linear codes of length n over ¥ m-orazem) + uF pmoragom) + -+ + P I orayomy determined
in [4, Lemma 2.2].

p

Proof. From Theorem 4.3, it suffices to determine the number of linear codes of length n over the ring
Fpmi + uFpmi 4 +uP “1Fpm, foralli=1,2,..., ¢

For each divisor d of M, each p™-cyclotomic class containing an element of order d has ord;(p™)

#&1}”). By Theorem 4.3, it follows that the

. s _ .
number of linear codes of length n over IFpm.ordd(pm) +uIFpm-ordd(pm 4+ 4uP 1]Fpm-ordd(pm) corresponding
to d is

elements and the number of such p™-cyclotomic classes is

Na(d)
(Nps (pm.ordd(pm)’ Tl)) ordg (p™) )
By taking the summation over all the divisors d of M, the desired result follows. O
Example 4.6. Let A < H < G be finite abelian groups such that A = Zo X Zy, H =2 A X Z3, and
G = H x Z4. Then the 3-cyclotomic classes of A are S5((0,0)) = {(0,0)}, S3((0,2)) = {(0,2)},
S3((1,0)) = {(170)}7 S3((1,2)) = {(17 2)}7 S3((0, 1)) = {(07 1), (0, 3)}) and 53((17 1)) = {(17 1), (1, 3)} It
follows that Ordord((o,o))(?)) = ordord((o’g))(3) = Ordord((LO))(g) = ordord((l,g))(?)) =1 and Ordord((O,l))(g) =
orderd((1,1))(3) = 2. By Proposition 4.2, F3[A] has 4 primitive idempotents e; such that F3[Ale; = F3 and
2 primitive idempotents e; such that F3[Ale; =2 Fg. Such primitive idempotents are induced by the above 6
cyclotomic classes while their explicit forms can be determined using [5, Proposition II.4]. Consequently,

Fs[A] 2 F3 x F3 x F3 x F3 x Fg x Fy
and
Fs[H] = F3[A X Zs] =2 F3[Z3] x F3(Z3] x F3[Z3] x F3[Z3] x Fo[Zs] x Fy[Z3].
By Proposition 4.3, we have F3[Z3] = Fs + uF3 + u?F3 and Fo[Z3] = Fg + uFy + u*Fgy, where u? = 0.
Hence,

4 2
Fg,[H} = H(Fg + UIFg + UZIF;;) X H(Fg + UIFQ + UZIFQ). (32)

i=1 j=1
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Using Corollary 4.4, every H-quasi-abelian code in F5[G] is isomorphic to a code of the form
C1 x Cy x C3 X Cy4 x C5 x Cg,

where Cy, Co, C3, and Cy are linear codes of length |Z,4| = 4 over Fs + uF3 + u®F3, and Cs and Cg are
linear codes of length 4 over Fg 4+ uFg + u?Fy.

In the next subsections, we focus on self-dual A x Z,s-quasi-abelian codes in F,m[A x Z,: x B] with
respect to both the Euclidean and Hermitian inner products.

4.3. Euclidean self-dual A x Z,.-quasi-abelian codes in F,n[A x Z,: X B]

Euclidean self-dual A x Zs-quasi-abelian codes in Fpm [A X Z,s x B] is studied in terms of the following
types of p™-cyclotomic classes. A p™-cyclotomic class S,m(a) is said to be of type I if @ = —a (in this
case, Spm(a) = Spm(—a)), type L if Sym(a) = Spm(—a) and a # —a, or type I if Sym (—a) # Spm(a). The
primitive idempotent e induced by Spm (a) is said to be of type A € {I, I, I} if Spm () is a p™-cyclotomic
class of type A.

Rearrange the terms in the decomposition in Theorem 4.3 based on the p™-cyclotomic classes of
types I, T and I, we have the next theorem.

Theorem 4.7. Let m and s be positive integers and let A be a finite abelian group such that p 1 |A|.
Then

L2t T (rm)/2
Fpm[A X Zps] = (H Rl> X HS]» X H (TixT) |,
i=1 j=1 =1

where r1, 7y and rp are the numbers of elements in a complete set of representatives of p™-cyclotomic
classes of A of types 1,1, and I, respectively, R; = Fym + uFpm + -+ 4+ u? "'Fpm for alli=1,2,...,ry,
Sj =F meys +FulFpmes +- - —&—upa_lIFpm”H forallj=1,2,... .11, and Ty = Fymegprgr + Ul prrp e 0 +
WP TR g for all 1 =1,2,. ., (rm) /2.

Using Theorem 4.7 and the analysis similar to those in [11, Section I1.D], a A x Zps-quasi-abelian
code C in Fym[A x Zy- x B] and its Euclidean dual are given.

Proposition 4.8. Let s and m be positive integers. Let A and B be finite abelian groups such that
|B| =n and p1|A|. Then an A x Zys-quasi-abelian code in Fym[A X Zp= X B] can be viewed as

r1 o (rm)/2
C = (HBZ) <(TIc | x| I] @ xD)|, (33)
i=1 j=1 =1

where B;, Cj, D; and D} are linear codes of length n over R;, S;, T, and Tj, respectively, for all i =
1L,2,...,r,i=12,...;rpand l=1,2,...,(rm)/2.

Furthermore, the Fuclidean dual of C in (33) is of the form

1 T (rm)/2
cle (HB#E) < (TIei | x| II (@ xp)

i=1 j=1 I=1

The characterization of Euclidean self-dual A x Z,s-quasi-abelian codes in F,m[A X Z,: x B] is
established in terms of a product of linear codes, Euclidean self-dual linear codes, and Hermitian self-
dual linear codes over Galois extensions of the ring Fpm + uFym + -« 4+ uP" 1 Fpm.
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Corollary 4.9. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
and pt|A|. Then a A x Zys-quasi-abelian code C in Fym[A x Zps x B] is Euclidean self-dual if and only
if in the decomposition (33),

i) B; is a Euclidean self-dual linear code of length n over R; for alli=1,2,... 11,
i) C; is o Hermitian self-dual linear code of length n over S; for all j =1,2,... 1, and

iii) D} = D" is a linear code of length n over T, for alll =1,2,..., (rm)/2.

From Corollary 4.9, the Euclidean self-duality of A x Z,s-quasi-abelian code C in Fym[A X Z,: X B|
depends only on the structure of A x Z,s and the index n = |B| but not the structure of B itself.

Given positive integers m and j, the pair (j,p™) is said to be good if j divides p™ + 1 for some
positive integer ¢, and bad otherwise. This notion have been introduced in [8] and [11] for the enumeration
of self-dual cyclic codes and self-dual abelian codes over finite fields and it is completely determined in
[9]. Let x be a function defined on pairs (j,p™) as follows.

0 if (j,p"f) is good, (34)
1 otherwise.

X0 p™) = {
The number of Euclidean self-dual AxZ,--quasi-abelian code C in Fym [A X Z,: x B] can be determined
as follows.

Theorem 4.10. Let s and m be positive integers. Let A and B be finite abelian groups such that |B| = n
is even and the exponent of A is M and pt M. Then the number of Euclidean self-dual A X Z,s:-quasi-
abelian codes in Fpm[A X Zy: x B] is

Na(d)

(1=x(d,p™))Na(d) )(1_X(d’pm))7ordd(pm)

>
(NEps (pm’ n))d\]\l,ordd(pm)zl % H (NHps (pm~0rdd(p )’ n)
d|M

ordg(p™)#1
my_ Na(d)
X(d,p™) sordtemy
m-ordg(p™ 2ordg (P™)
T () |
d|M

where N'a(d) denotes the number of elements in A of order d determined in [1].

Proof. From Corollary 4.9, it suffices to determine the numbers of linear codes B;’s, C;’s, and D;’s such
that B; and C; are Euclidean and Hermitian self-dual, respectively.

From [12, Remark 2.5], the elements in A of the same order are partitioned into p™-cyclotomic classes
of the same type. For each divisor d of M, a p™-cyclotomic class containing an element of order d has

cardinality ord,(p") and the number of such p™-cyclotomic classes is or/:{:((;lgz)' We consider the following
3 cases.

Case 1: x(d,p™) = 0 and ordy(3%) = 1. By [11, Remark 2.6], every 3*-cyclotomic class of A containing

. . Na(d)
an element of order d is of type I. Since there are - 30 (o)

Euclidean self-dual linear codes B;’s of length n corresponding to d is

such p™-cyclotomic classes, the number of

Na(d)

(NEy: (p", 1)) 750™ = (N Epe (p™, ) X P DNal)

Case 2: x(d,p™) = 0 and ordy(p™) # 1. By [11, Remark 2.6], every p"-cyclotomic class of A containing
an element of order d is of type I and of even cardinality ordg(p™). Hence, the number of Hermitian
self-dual linear codes C;’s of length n corresponding to d is

Na(d)

Noa(d) m
m ordy (p) m (I=x(d,p™)) siascpm
(NHP> (pm-ordd(ln ), n)) dg(P™) _ (NHW (pm»ordd(p )’ ’Il)) dg(P™) )
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Case 3: x(d,p™) = 1. By [11, Lemma 4.5], every p™-cyclotomic class of A containing an element of
order d is of type . Then the number of linear codes D;’s of length n corresponding to d is

_Na@d) X(dpﬂz)M
) m 2ord g (p™) . m ’ 2ord g (p™)
(Npe (prorda™ ) =50 = (N (prordate™ ) o

The formula for the number of Euclidean self-dual A x Z,--quasi-abelian codes in Fpm [A x Z,= x B] follows
since d runs over all divisors of M. O

Remark 4.11. In general, the numbers NE,s(p™,n) and NHps(p™,n) in Theorem 4.10 have not been
well studied. In the case where the field characteristic is 3, we have the following conclusions.

1. The numbers N3(3™,n), NE5(3™,n) and NHs(3™,n) have been determined in Proposition 2.1, [3,
Theorem 1] and Theorem 3.4. By Theorem 4.10, the enumeration for Euclidean self-dual A X Z3-
quasi-abelian codes in Fzm[A X Z3 x B] is completed. .

2. The construction/characterization of linear, Euclidean self-dual and Hermitian self-dual codes of
length n over Fzm + uFzm + u?F3m have been given in [3], [4] and in the proof of Proposition
3.3. Hence, the construction/characterization of Euclidean self-dual A X Zs-quasi-abelian code in
Fsm[A x Zg x B] can be obtained from Corollary 4.9.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over Fgm + ulF3m +
u?F3m by Theorem 3.4. Hence, there are no Euclidean self-dual A x Zsz-quasi-abelian codes in
Fsm[A X Zg x B] for all abelian groups B of odd order.

Example 4.12. Let A < H < G be finite abelian groups such that A = Zo X Zy, H = A X Z3, and
G = H x Zy4. Form Example 4.6, it is easily seen that the 3-cyclotomic classes S3((0,0)) = {(0,0)},
$5((0,2)) = {(0,2)}, S5((1,0)) = {(1,0)}, S5((1,2)) = {(1.2)} of A = Zy x Zy are of type 1, the 3-
cyclotomic classes S3((0,1)) = {(0,1),(0,3)} and S5((1,1)) = {(1,1),(1,3)} are of type I, and there are
no 3-cyclotomic classes of type . Then vy = 4, rp = 2, and rm = 0. In view of Theorem 4.7, (32) is
recalled as

4 2
Fs[H] = [ [(Fs + uFs + u’Fs) x [ [ (Fo + uFo + u’Fo).
j=1

i=1

Hence, by Corollary 4.9, each Euclidean self-dual H-quasi-abelian code in F3|G] is isomorphic to a code
of the form

C1 X Cy x C3 x Cy4 x C5 x Cg,

where C1, Ca, C3, and Cy are Euclidean self-dual linear codes of length 4 over Fz 4+ uFs + u*Fs, and Cs
and Cg are Hermitian self-dual linear codes of length 4 over Fg 4+ uFg + u?Fy.

4.4. Hermitian self-dual A x Z,:-quasi-abelian codes in F,n[A X Z,: x B]

In this subsection, we focus on the case where m is even and study Hermitian self-dual A x Z.-
quasi-abelian codes in Fym[A x Zps x B].

The characterization and enumeration of Hermitian self-dual A X Z,<-quasi-abelian codes in Fpm [A X
Zy x B] are given based on the decomposition of a group algebra Fym[A x Z,:] in terms of the following
types of p™-cyclotomic classes of A. A p™-cyclotomic class Spm (a) is said to be of type I if Sym(a) =
Sym(—p%a) or type U if Sym(a) # Spm(—p?a). The primitive idempotent e induced by S,m (a) is said
to be of type A € {I,I'} if Spm (a) is a p™-cyclotomic class of type .

Rearrange the terms in the decomposition in Theorem 4.3 based on the p™-cyclotomic classes of
types I and I, the next theorem follows.



P. Choosuwan, S. Jitman / J. Algebra Comb. Discrete Appl. 7(3) (2020) 209-227

Theorem 4.13. Let m be an even positive integer and let A be a finite abelian group such that p 1t |A|.

Ty (rw)/2
For[AxZp ]2 [ T[S x| T] ix™].
j=1 =1

where v and ry are the numbers of elements in a complete set of representatives of p™™-cyclotomic classes

of A of types I and I, respectively, S; = Fpmi + ulfpm; + -+ + uptlemj forallj =1,2,...,ry and
T = IFmeI,H + uIFkaI,H + 4 ups_lemTl,H foralll=1,2,...,(ry)/2.

Using Theorem 4.13 and the analysis similar to those in [12, Section IL.D|, the A x Zs-quasi-abelian
code C in Fym[A X Zp- x B] and its Hermitian dual are given.

Proposition 4.14. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p 1 |A|. Then an A X Zy--quasi-abelian code in Fpm[A X Zy= x B] can be
viewed as

Ty (’I“H/)/Q
c [ [Ic| x| I] @xD)], (35)
j=1 1=1
where Cj, D; and D] are linear codes of length n over S;, T, and T, respectively, for all j =1,2,... 1y
andl=1,2,...,(ryp)/2.
Furthermore, the Hermitian dual of C in (35) is of the form

Ty (T‘H/ )/2

= HC]LH X H ((DZ)J‘EXDZJ‘E)

j=1 =1

The characterization of Hermitian self-dual A x Z,s:-quasi-abelian codes in F,m[A X Z,: x B] in
term of a product of linear codes, and Hermitian self-dual linear codes over Galois extensions of the ring
Fpm + uFpm + -+ uP ~1F,m is established.

Corollary 4.15. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n and p { |A|. Then an A X Zps-quasi-abelian code in Fpm[A X Zps x B] is
Hermitian self-dual if and only if in the decomposition (35),

i) C; is a Hermitian self-dual linear code of length n over S; for all j =1,2,...,ry, and
ii) D} = D" is a linear code of length n over T; for alll =1,2,..., (ry)/2.

From Corollary 4.15, it follows that the Hermitian self-duality of A x Z,s-quasi-abelian codes in
Fpm[A x Zps x B] depends only on the structure of A x Z,- and the index n = |B| but not the structure
of B itself.

Given a positive integer m and a positive integer j, the pair (j,p™) is said to be oddly good if j
divides p™* +1 for some odd positive integer ¢. This notion has been introduced in [12] for characterizing
the Hermitian self-dual abelian codes in principal ideal group algebra and completely determined in [9].

Let A be a function defined on the pair (j, p™) as

0 if (j,p™) is oddly good,

. (36)
1 otherwise.

A, p™) = {

The number of Hermitian self-dual A x Z,:-quasi-abelian codes in F,,m [A X Z,: X B] can be determined
as follows.

ot
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Theorem 4.16. Let s and m be positive integers such that m is even. Let A and B be finite abelian
groups such that |B| = n is even and the exponent of A is M and pt M. Then the number of Fuclidean
self-dual A X Zy,s-quasi-abelian codes in Fpm[A X Zps x B] is

- (1-Adp %)) A0 N Mdip B )t
H (NHps(pm'ordd(p )7p3)) d, (™) % H (Nps(pm'ordd(p )7p5)> Tordg (™) ’
d|M d M

where Na(d) denotes the number of elements of order d in A determined in [1].

Proof. By Corollary 4.15, it is enough to determine the numbers linear codes C;’s and D;’s of length n
in (35) such that C; is Hermitian self-dual. The result can be deduced using arguments similar to those
in the proof of Theorem 4.10, where [12, Lemma 3.5] is applied instead of [11, Lemma 4.5]. O

Remark 4.17. In general, the number N Hps (p™,n) of Hermitian self-dual linear codes of length n over
Fpm 4 uFpym + -+ uP " Fym in Theorem 4.16 has not been well studied. In the case where the field
characteristic is 3, we have the following results.

1. The numbers N3(p™,n) and NH3(3™,n) have been determined in Proposition 2.1 and Theorem 3.4.
Hence, the complete enumeration of Hermitian self-dual A x Zs-quasi-abelian codes in Fym [A X Zz X
B follows.

2. The construction/characterization of linear and Hermitian self-dual dual linear codes of length n
over Fzm + uFzm + u?F3m have been given in [{] and in the proof of Proposition 3.3. Hence, the
construction/characterization of Hermitian self-dual A X Zs-quasi-abelian code in Fym[A X Z3 x B]
can be obtained from Corollary 4.15.

3. Note that, if n is odd, there are no Hermitian self-dual linear codes of length n over Fgm + ulF3m +
u?F3m by Theorem 5.4. Hence, there are no Hermitian self-dual A x Zsz-quasi-abelian codes in
Fym[A X Zs x B] for all abelian groups B of odd order.

5. Conclusion and remarks

By extending the technique used in the study of Euclidean self-dual linear codes over F, +uF, +u?F,
in [3], complete characterization and enumeration of Hermitian self-dual linear codes over F,+uF,+u*F,
have been established for all square prime powers ¢q. An algorithm for constructions of such self-dual
codes has veen provided as well as an illustrative example. Subsequently, algebraic characterization of
H-quasi-abelian codes in Fm [G] has been studied, where H < G are finite abelian groups and the Sylow
p-subgroup of H is cyclic, or equivalently, F,m[H] is a principal ideal group algebra. In the special
case where H = A x Zz with 3 1 |A|, characterization and enumeration of H-quasi-abelian codes and
self-dual H-quasi-abelian codes in Fsm[H X B] have been completely determined for all finite abelian
group B. As applications, characterization and enumeration of self-dual A x Zs-quasi-abelian codes
in Fgm[A X Z3 x B] can be presented in terms of linear codes and self-dual linear codes over some
extensions of Fym + uF3m + u?Fsm determined in [3], [4] and Section 3.

In general, it would be interesting to studied A x P-quasi-abelian codes and self-dual A x P-quasi-
abelian codes in F,m [A x P x B] for all primes p and finite abelian p-groups P. For e > 4, characterization
and enumeration of self-dual linear codes over Fpm +uFpm + - -—|—ue_1IFpm are other interesting problems.
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