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NATURAL AND CONJUGATE MATES OF FRENET CURVES IN
THREE-DIMENSIONAL LIE GROUP

Mahmut MAK

Department of Mathematics, Kirgehir Ahi Evran University, Kirsehir, TURKEY

ABSTRACT. In this study, we introduce the natural mate and conjugate mate
of a Frenet curve in a three dimensional Lie group G with bi-invariant metric.
Also, we give some relationships between a Frenet curve and its natural mate
or its conjugate mate in G. Especially, we obtain some results for the natural
mate and the conjugate mate of a Frenet curve in G when the Frenet curve is
a general helix, a slant helix, a spherical curve, a rectifying curve, a Salkowski
(constant curvature and non-constant torsion), anti-Salkowski (non-constant
curvature and constant torsion), Bertrand curve. Finally, we give nice graphics
with numeric solution in Euclidean 3-space as a commutative Lie group.

1. INTRODUCTION

In the theory of curves in differential geometry, "generating a new curve from a
regular curve, examining the relationships between them and obtaining new charac-
terizations for them" is always a matter of curiosity and has taken its place among
popular topics. In this sense, in the category of curves associated with the Frenet
vector fields of regular curves; Bertrand curve, involute-evolute curve, Mannheim
curve, principal-direction or binormal-direction curve, and also with respect to their
position vector; rectifying curve, osculating curve, normal curve are among the lead-
ing examples. These curves and their geometric properties have been studied by
many authors in different ambient spaces.

From the fundamental theorem of curves, we have general information about the
structure of the curve if the curvatures of any regular curve are known. There-
fore, in the theory of curves, "to give the characterization of the curve in terms of
curvatures" is another attracted topic. For example; in Euclidean 3-space, for any
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regular curve with curvature x and torsion 7, the following characterizations are
well known:

e x =0 iff it is a straight line,
e 7 = ( iff it is a planar curve,
e 7 =0 and k = c is a non-zero constant iff it is a circle with radius ¢! [6],

and under assuming that x # 0;

. ((1/&)'(1/7))2 + (1/k)* = 72 iff it is a spherical curve which is lying on a
sphere with radius 7 [6],

e the ratio (7/k) is a constant iff it is a general helix. Especially, both of the
curvatures are a non-zero constant iff it is a circular helix [18,[12],

e the ratio (7/k) is a linear function with respect to arc-length parameter iff
it is rectifying curve [3|,

o (;@2/(7'2 + I<&2)3/2) (7/k)" is a constant iff it is a slant helix [10],

e r is a constant but 7 is a non-constant function iff it is a Salkowski curve.

Conversely, k is a non-constant function but 7 is a constant iff it is a anti-
Salkowski curve [17]13].

The other versions of the associated curves and the special curves were also de-
fined in various ambient spaces such as Riemannian or Lorentzian space forms. In
particularly, these curves and their geometric properties are also studied in three-
dimensional Lie groups. In this sense, general helix |2], slant helix [14], rectifying
curve |1] and recently Darboux helix [16] as special curves; Bertrand curve [15],
Mannheim curve [9] as mate curves; and also principal-direction curve [11] as asso-
ciated curves, are studied in a three-dimensional Lie group with bi-invariant Rie-
mannian metric.

In Euclidean 3-space, Choi and Kim introduced the concept of principal direction
curve and binormal direction curve, are defined as the integral curve of principal
normal N and binormal B of a Frenet curve (i.e. k¥ # 0), respectively [4]. However,
in Euclidean 3-space, Deshmukh et al. [5] defined a new mate curve which is tangent
to the principal normal vector (resp. binormal vector) of the curve, and it is called
the natural mate curve (resp. conjugate mate curve). The natural mate curve
and conjugate mate curve are same with principal-direction curve and binormal-
direction curve from algebraic viewpoint, respectively. But, Desmukh et al. [5]
used the terminology of natural mate or conjugate mate, which is more accurate
and comprehensive from geometric viewpoint since the integral curve is defined only
for vector fields on a region which containing a curve, not along a curve. This idea
be also valid in three-dimensional Lie groups.

In this paper, by using this idea, we defined natural mate and conjugate mate
of a Frenet curve in a three-dimensional Lie group G with bi-invariant Riemannian
metric. Moreover, we give some relationships between a Frenet curve and its natural
mate. Especially, we obtain new characterizations for the natural mate of a Frenet
curve which is a general helix, a slant helix, a spherical curve, a rectifying curve and
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a curve with constant curvature or torsion in G. However, we get some corollaries
for the conjugate mate of a Frenet curve which is a general helix, slant helix in G.
Finally, we show that a Frenet curve and its conjugate mate curve are Bertrand
mate curves and involute-evolute curves.

2. PRELIMINARY

Let G be a three dimensional Lie Group with a bi-invariant Riemannian metric
<, > and g be the Lie algebra of G, which is consisted of all smooth vector fields of
G. Then g is isomorphic to T.G, where e is identity of G. Moreover the following
equations

<X>[KZ]>_<[X7Y]’Z>:O (1)
and
VyY = %[X, Y] (2)

are satisfied with respect to bi-invariant metric for all X,Y, Z € g, where V is the
Levi-Civita connection of Lie group G.

Let v : I € R — G be arc-lenghted (unit speed) curve and {X;, X3, X35} be an
orthonormal basis of g. U = Z?Zl u; X; and V = E?Zl v; X; along the curve v
where u; and v; are smooth functions from I to R. Moreover, Lie bracket of two
vector fields U and V along the curve 7 is given by

3
U V] =Y uw;[Xi, X;]. (3)
ij=1

Let VU is the covariant derivative of U along the curve v and it is given by

1
Vol =U'+ 5 [T,U] (4)

du; SR
where T'=+" and U’ = Z?:l w; X; such that u}(t) = d—l;,t € I. Note that, if U is

the restriction of a left-invariant vector field to «y, then U’ = 0.
Let v : I C R — G be a unit speed curve with the Frenet-Serret apparatus
{T, N, B, k,7} such that £ > 0. Then the Frenet-Serret equations of 7 is given by

V1T =&kN,VrN = —xkT +7B,VrB =—7N, (5)
where the curvature and torsion of + is
k=|VrT|, 7=(VrN,B). (6)

If torsion 7 # 0, the curve = is called a Frenet curve in G. Also, a smooth function
Tg which is called Lie group torsion of «, is given by

re = 5T, N, B). (7
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Proposition 1. Let v : I CR — G be a unit speed curve in G with Frenet-Serret
apparatus {T, N, B, k,7}. Then the following equations
[T7N} = <[Ta N]aB> B = 27‘@3,
[N,B] = ([N, B],T)T = 27¢T, (8)
[B,T] = ([T, B], N) N = —27gN.
are satisfied [2,[19).
Let 7¢ be the Lie group torsion of -, which is given by . Then, we easily see
that
T = kN,
N' = —kT + (1 — 76)B, (9)
B'=—(r—1g)N,
by using the equations 7 , and .

Definition 2. Let v be a unit speed curve in G with Frenet-Serret apparatus
{T,N,B,k,7}. Then, the harmonic curvature function of the curve v is given

by

T—TG

H= (10)

K
where TG is the Lie group torsion of v [14).

Theorem 3. The curve v is a general heliz in G iff its harmonic function is a
constant function (2,|14).

Theorem 4. The curve v is a slant heliz in G iff the function

K H2+1 3/2

is a constant function, where H is harmonic curvature of v [14].

Theorem 5. Let vy be a unit speed curve in G with Frenet-Serret apparatus {T, N, B, k,T}.
Then v is a rectifying curve iff the harmonic function H is linear function of are
length parameter s of v (i.e. H(s) = as + b, where a # 0 and b are constant) [1]].

Definition 6. Lety be a unit speed curve with the Frenet-Serret apparatus {T, N, B, k,T}.
Then the Darboux vector of the curve vy is given by

D =71T + kB, (12)
which is satisfying the following equations
VT =D xT, ViN=Dx N, VrB=D x B. (13)

where "x " is (natural) cross product in three-dimensional Lie algebra g. Moreover,
we define the vector field is given by

Q= (1 —71¢)T + kB, (14)
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which is satisfying the following equations
T'=QxT, N=QxN, B=QxB. (15)

Hence Q2 is called extrinsic Darboux vector of the curve -y with respect to usual
derivative and its length is

w=+/(1—75)%+ K2 (16)
Definition 7. The extrinsic co-Darboux vector of the curve v is given by
O'=—-kT+ (r—716)B. (17)

It is easily seen that Q* corresponds to usual derivative (') of the principal normal
of the curve v. That is, Q* = N'.

Definition 8. Lety: I C R — G be an arc length parametrized curve, then a curve
a: I CR — g where g is the Lie algebra of G, for which o(s) = dL,-1(57'(s) for
all s € I is called the left shift of v [2].

Remark 9. A left shift is a canonical map from the tangent space of G to the Lie
algebra g /8]

Proposition 10. Let v : I C R — G be a curve, then there exists a left shift
(unique up to initial conditions) a: I C R — g [2].

Definition 11. The curve v is called a spherical curve in G if the left shift a of ~y
lies on the unit central sphere in g (i.e. {a(t),a(t)) =1 for allt € 1) [2].

By using equations @D and Definition we get easily the following characteri-
zation of spherical curves in G.

Theorem 12. Let v be a unit speed Frenet curve in G with Frenet-Serret apparatus
{T,N,B,k,7}. Then v is a spherical curve whose left shift is lying a sphere with
radius v if and only if the following equations satisfy:

(1) ifr =76 =0, then Kk =1/r,
(2) if T —7g #0, then

or equivalently,

(1)) vm=o 19

where H is harmonic curvature of 7.
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Remark 13. Under special cases, it is known that a three dimensional Lie group
G with bi-invariant metric contains S' x S! x S, S' x S x R, S' x R?, R? as
a commutative group, and also 3-dimensional unit sphere S® (or special unitary
group SU(2)), 8-dimensional special orthogonal group SO(3). Especially, G is a
commutative group, S* or SO(3) when 7¢ = 0,1 or %, respectively [7,|2]. Thus, we
say that a three dimensional Lie group G with bi-invariant metric has a very rich
structure and also, the following results are extended versions of the results which
is given in (9.

3. NATURAL MATES OF FRENET CURVES IN G

In this section, we introduce natural mate of a Frenet curve in three dimensional
Lie group G with bi-invariant metric. Also, we give some relationship between
Frenet curve and its natural mates. Moreover, we obtain some results for the
natural mate of a Frenet curve which is especially a general helix, a slant helix, a
spherical curve or a curve with constant curvature.

Definition 14. Let v : I C R — G be a unit speed Frenet curve in G with the
Frenet-Serret apparatus {I,E, E,K,T}. A unit speed curve f: I C R — G with

Frenet-Serret apparatus {T, N,B,E,?}, is called the natural mate of the curve v if
the curve (3 is tangent to the principal normal vector of the curve y (i.e. T = N ).

Remark 15. It is easily seen that the natural mate curve of the Frenet curve =y
is given by integral of principal normal N from Definition [T, So, natural mate
curve is same from algebraic viewpoint with principal-direction curve in [11|]. But
natural mate curve is different from geometric viewpoint since it is defined as along
the Frenet curve v in three-dimensional Lie group G.

Now, let v : I C R — G be a unit speed Frenet curve in G with the Frenet-Serret
apparatus {T, N, B, k, 7}. Then, it is easily seen that {N, %*, %
basis in Lie algebra g of G along the curve v, where Q,w, Q* are defined by (14)),

, , respectively. Now, by using , , , we get

A
(n)’ T—T¢ T—T¢ K
w c w o’

Also, by using equations @D with these functions, we have

} is an orthonormal

N’ , 0 w
% = —w 0
(Q)’ 0 _

w

(%) |- (20)

Qe ©

w
o

Moreover, equations (20) means that there exists a unit speed Frenet curve 5 in

G with Frenet-Serret apparatus {T, N, B,%,T} which is satisfying the following
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equations

=w=krV1+ H?, (21)

1, — — — —
where 7¢ = = (|1, N], B). Thus, we have T' = N along the curve v by equations
2

(21). That is, the curve g is natural mate of the curve v by Definition Then,
we obtain the following theorem for natural mate curve of a Frenet curve in G.

Theorem 16. Let v be a unit speed Frenet curve in G with Frenet-Serret apparatus
{T,N,B,k,7}. Then B is natural mate of the curve v iff there exists a unit speed
curve 3 in G with Frenet-Serret apparatus {T, N, B,R,T} which is given by the
equations , where Q,w,Q* are defined by , @, , respectively and
1, - —

Te=3 ([T,N],B).

By using Theorem [I6] we get easily following corollaries for natural mate § of a
Frenet curve v which is a general helix or slant helix.

Corollary 17. Let v be a unit speed Frenet curve in G. Then ~y is a general heliz

if and only if the torsion T of natural mate B of the curve 7y satisfies T —7g = 0
1

where Tg = 3 ([T,N],B).

Corollary 18. Let vy be a unit speed Frenet curve in G. Then v is a slant heliz if
and only if its natural mate B is a general heliz.

Remark 19. We remark that Theorem Corollary [I7 and Corollary [18 are
same from algebraic viewpoint with Theorem 5, Theorem 7 and Theorem 8 in [(11],
respectively.

Now, we give the following characterization for natural mate /3 of the curve ~
which is a rectifying curve.

Corollary 20. Let~y be a unit speed Frenet curve in G with curvature k and torsion
7. Then 7y is a rectifying curve iff the curvatures € and T of its natural mate satisfy

ar® = (T — 7g)R> (22)
1
where nonzero certain constant A\ and Tg = 3 ([T,N],B).

Proof. We suppose that v is rectifying curve in G with arc-length parameter s.
Then, by Theorem [5, the harmonic curvature of v is given by H(s) = as + b where
a # 0 and b are constants. Now, let the curvature and the torsion of the natural
mate of v be K and 7T, respectively. Then, by the equations ,

E = rV1+H?=r\/1+(as+b)
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_ H' a
T—Tg = = .
¢ 1+ H2 14 (as+b)>

Hence, we get easily the equation from the last equations.

On the other hand, let the curvatures of v and its natural mate satisfy the
the equation . Then, by using the equations (21]), we obtain that H'(s) = a
where a is non-zero constant and s is arc-length parameter of 7. This means that
H'(s) = as+ b and so + is a rectifying curve in G by Theorem O

Now, by using Theorem we give a result for natural mate 8 of « which is
especially a spherical curve.

Corollary 21. Let~y be a unit speed Frenet curve in G with curvature k and torsion
7. Then v is a spherical curve whose left shift is lying a sphere with radius v in
Lie algebra g of G if and only if the curvature ® and torsion T of its natural mate
satisfy

=FT-7g)H =+ (r—76) Vr2k2 —1. (23)

| =

Proof. We assume that - is a spherical curve whose left shift is lying a sphere with
radius 7 in Lie algebra g of G with curvature x and torsion 7. Then,

2
L + i = 2
k*(r—71g) K2
and so

K =4k (T —716) V22 — 1. (24)

Also, by the equations we get
!

K
— = —+(T-7¢)H
K K

and jointly with the equation , we obtain the equation .
On the other hand, let the curvatures of « and its natural mate satisfy the
equation . After differentiation of & and with using 7 in the equations 7 we

have
k' =r'\V1+H?+kH (T —7g)

and from the last equation, we get

R/

& K
E_F HE-T). 2
R (25)

by using the equation in the equation , we have

/

Kt VPR L (26)
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In that case, the equation gives

. rsz -1 _ (i)' <T jm)' (27)

Then, after differentiation of the equation and bearing the equation in

mind, we obtain
’ /
1 1 __T~7¢c
K T—Tg N ko

Thus, the last equation means that v is a spherical curve in G by the equation

([m9). 0

4. SPHERICAL NATURAL MATES IN G

Theorem 22. Let v be a Frenet curve in G with constant curvature Kk = ¢ > 0,
then its natural mate B is a spherical curve whose left shift is lying a sphere with
radius (1/c¢) in g. The converse holds if the torsion of the natural mate 5 is not
equal to the Lie group torsion of B, that is T # 7Tg.

Proof. We suppose that  is a Frenet curve in G with constant curvature k = ¢ > 0.
Then, by using the the equations , the curvatures of its natural mate 3 are given
by

k= ((’T—TG)2 +02) , T—TG = C(T—T([;)//((T—T(G)Q —|—62>7 (28)

where the harmonic curvature function of v is H = (7 — 7¢) /c.
Case (1): If 7 = 7¢, then we get

kR=c, T—7g=0.

Hence, by Theorem [I2] the natural mate 3 is a spherical curve whose left shift is
lying a sphere with radius (1/¢) in g.
Case (2): If 7 # 7¢, then by using the equation , we get

<<i> S _17‘“’)> e (¢ - (G;f))/ a (<Tc (G;f)y -
and

/ 2 ) o
<<;> (7_1m>> + <;) - 2 ((7(-_7-@()}2)4—02) + (T_T;)2+CQ = Ciz

where the harmonic curvature function of the natural mate 3 is H = (7 — 7g) /&.
Hence, by Theorem the natural mate (3 is a spherical curve in G.
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Conversely, under the case 7 # 7g, we assume that the natural mate (§ is a
spherical curve whose left shift is lying a sphere with radius (1/¢) in g. Then, by
Theorem [I2] we have

(7)* L1
(F-7g)°Rt R ¥
and so, we get
_, _
K 7:|:7' TG

RVRZ — 2 ¢
If we integrate the last equation after put & = cu, then we have

F

/Wfﬂm:i/ .

Rcsec(/(rm)ds). (29)

Now, by using the equations 7 the torsion 7 of J satisfies T—7g = H'/(l + HQ),
where the harmonic curvature function of v is H = (7 — 7¢) /k. Moreover, if we
take as H = tan(f + b), where b is arbitrary constant, then we find 7 — 7g = ¢'.
Hence, by using the equation (29)), & = c¢ sec (6 + 6) such that 6 is integration
constant. Also, if we take as b = 6, we have

E=csec(0+Db). (30)

On the other hand, by using the equation , k = kV1+ H2. Thus, for H =
tan( + b), we obtain

TG
ds,

and so,

E=rsec(0+D). (31)
Finally, by the equations (30) and , it is easily seen that k = c. O

5. NATURAL MATES WITH CONSTANT CURVATURE IN G

Now, let the curvatures of a Frenet curve v in G be given by

{ K CCOS(¢>(§)), (32)
T — 76 = csin(P(s)),
where ¢(s) is a differentiable function and ¢ is a non-zero positive constant. Then,
by the equations and (21)), the curvature & of the natural mate 8 of v is a
positive constant. That is, & = ¢ > 0.

Now, we give the following characterization for natural mates with constant
curvature.
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Theorem 23. Let v be a Frenet curve in G and 8 be its natural mate. If the
curvature ® of the natural mate 3 is a positive constant c, then the curvatures of

is given by
K = ccos </(T—T(G)d8> ,

T — TG = csin </(TTG)d5)~

Proof. We suppose that the curvature % of the natural mate (8 is a constant ¢ > 0.
Then, by the equations , we have

(r—7¢)’ + 5% =2, (34)

(33)

such that ® = w. Also, we get

(35)

by the equations jointly with |D Moreover, we have T—7g = csin (f (T—7g) ds)
after integrating of the equation (35)). Hence, by using the equation , it is easily
seen that r = ccos ([ (7 — 7g) ds).

Remark 24. Theorem means that the function ¢ in @, must be given by
#(s) = [ (T —7g) ds when the curvature of the natural mate (3 is a non-zero con-
stant.

Now, we give the following characterization for a spherical curve v in G whose
the curvature of its natural mate (3 is a non-zero constant.

Theorem 25. Let v be a Frenet curve in G with arc-length parameter s, and
be its natural mate whose the curvature K is a non-zero constant c. Then v is a
spherical curve in G if and only if there is a positive constant a > ¢ such that the
torsion T of B satisfies

c2va? — c2cos(cs)

e + (a2 — c2)sin®(cs)

T—Tg== (36)
Proof. We suppose that -y is a spherical curve in G with the curvature s and torsion
7, and also its natural mate is a Frenet curve with constant curvature & = ¢ > 0
and torsion 7. Then, by and , there exist a positive constant r such that

c%seCQ </ (T —75) ds) <02 + (7 = 78) sec? (/ (T —7¢) d5>> =7

2

Now, if we take as a = ¢*r in the previous equation, we have

(F — 75) sec? </ (T —7g) ds) + % = a’cos? (/ (T —T¢) ds) ’
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or equivalently,

(7 — 75) *sec? (/ (T —7G) ds> = a®cos? (/ (7 —7¢) dS) -

The last equation implies a > ¢, and so we get

oy ([ =) - LU0 T

sec ([ (T —7g) ds)

thus,
(T —7g)sec? ([ (T —7g)ds)
\/a2 — c?sec? ([ (7 — 7¢) ds)

After integrating by the last equation, we obtain

c
arcsin (| ———tan T —T7g)ds = Fcs + sg,
<va2—c2 </( ©) >> ’

where sg is arbitrary constant. Thus, after applying a suitable translation with
respect to s, we have

tan (/ (T —7G) ds) = i@ sin(cs),

= *ec.

or equivalently,

/(F — 7g)ds = arctan ( i@ sin(cs)) .

Thus, after differentiating the previous equation, we obtain the equation .

Conversely, let the curvature & of the natural mate 8 be equal to the a non-zero
constant ¢ and its torsion 7T satisfy the equation . Then, by Theorem the
curvatures of the curve  are given by

K = cCos (/(T—m)ds> , T—1Tg=csin </(T—7‘G)ds>.

Thus, we have

(1>/< 1 >:(T—T¢;)sec2(f(7—m)d8)’ H:taﬂ(/(T—TG)d5>’(37)

K T—Tg c?

where H is the harmonic curvature function of 4. Moreover, by the equation ,

we get
tan < / (7 —73) ds) _ g Yo? = csin(es) (38)

c
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and so,

o 4 (a® — ¢?) sin?(cs)
sec? </ (T—7¢) ds) = ( = ) . (39)
Now, by putting the equations and in the equation 7 we obtain

(1>< 1 )imcos(cs)

K T—Tg 2 ’

By differentiating of the last equation and bearing the equations and in

mind, we get
<<1>/< 1 )>/ Va? — ¢?sin(cs)
— ::F—:—H.
K T—Tg c

Consequently, we obtain the equation . That is, «y is a spherical curve in G. O

Now, we give the following result which is obtained by Corollary 2] for a spherical
curve in G whose natural mate has non-zero constant curvature.

Corollary 26. Let v be a Frenet curve in G with curvature k and torsion T, and
also B be its natural mate with non-zero constant curvature & = ¢ > 0 and torsion
7. Then 7 is a spherical curve whose left shift is lying a sphere with radius (1/r)

ingifand only if T— 16 =0 or T — Tg = FrVrik2 — 1.

Proof. We assume that v is a spherical curve whose left shift is lying a sphere with
radius (1/7) in g. Then, by Corollary 21] the equation is satisfied as a necessary
and sufficient condition. Also, since the natural mate S of v has non-zero constant
curvature £ = ¢ > 0, we obtain

(r —7¢) ((ﬂ@ inm) =0,

by using the equation . Consequently, it is clear that ~ is a spherical curve in
G iff either 7 = ¢ (i.e. f{:% )or T —7Tg = FrVr2k? — 1. O

6. CONJUGATE MATES FOR FRENET CURVES IN G

In this section, we introduce conjugate mate of a Frenet curve in G. Moreover, we
obtain corollaries for some special conjugate mate of a Frenet curve in G. Especially,
we give a characterization for the natural mate of a Frenet curve which is satisfying
the condition 7 — 7¢ = ¢ # 0 where c is non-zero constant.

Definition 27. Let v : I C R — G be a unit speed Frenet curve in G with
the Frenet-Serret apparatus {T,N,B,k,7}. A unit speed curve v* : I C R —
G with Frenet-Serret apparatus {T*, N*, B*,k*,7*}, is called the conjugate mate
of the curve 7 if the curve v* is tangent to the binormal vector of the curve ~y
(i.e. T* = B).
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Let v : I C R — G be a unit speed Frenet curve in G with the Frenet-Serret
1
apparatus {T, N, B,k,7} and 7¢ = 5([T, NJ],B). Then, it is easily seen that
{B, —sign(r — 7g)N, sign(r — 7¢)T'} is an orthonormal basis in Lie algebra g of
G along the curve v where 7 — 7 # 0. By using equations @, we have the follow-
ing Frenet equations

B’ 0 |T—7g| O B
—sign(t —1¢)N' | = | — |7 —7¢| 0 K —sign(1T — 7¢)N
sign(r — 7¢)1" 0 —K 0 sign(t — 7¢)T

Under the condition 7 — 7¢ # 0, the equations means that there exists a unit
speed Frenet curve v* in G with Frenet-Serret apparatus {T*, N*, B*, k*, 7*} which
is satisfying the following equations

T* =B, N*= —sign(r —1g)N, B* =sign(r —7¢)7T,

K* =t —1¢|, (41)
" — 716" =K,
1

where 7¢* = 5 ([T*,N*], B*). Thus, we have T* = B along the curve v by the

equations . That is, the curve v* is the conjugate mate of the curve v by
Definition [27] Moreover,

1
T6¢F = 5 ([B, —sign(r — 7¢)N], sign(t — 7¢)T) = 7¢,

and so,
™ =kKk+ TG (42)
Thus, we obtain the following theorem for conjugate mate of a Frenet curve in G.

Theorem 28. Let v be a unit speed Frenet curve in G with Frenet-Serret ap-
1

paratus {T,N,B,k,7} and 7¢ = §<[T’N]’B>' Then ~* is conjugate mate of
the curve v iff there exists a unit speed curve v* in G with Frenet-Serret appa-
ratus {T*, N*, B*,k*,7*} which is given by the equations and (@, where
T—16 #0.

By using Theorem [28] we get easily following results for conjugate mate v* of a
Frenet curve v which is a general helix or slant helix.

Corollary 29. Let v be a unit speed Frenet curve in G. Then v is a general helix
if and only if the conjugate mate v* of v is a general helix.

Proof. Let the harmonic curvatures of v and v* be H and H*, respectively. Then,
by using , we have

* * 1
=T % sign(t — 7¢) —=. (43)
K* T —Tg|

T

Thus, the proof is clear. O
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Corollary 30. Let v be a unit speed Frenet curve in G. Then v is a slant heliz if
and only if the conjugate mate v* of v is a slant heliz.

Proof. Let harmonic curvatures of v and v* be H and H*, respectively. Then, by

using and , we get

3/2
()T )
oF = = = —0.

(1) H’

Hence, the proof is clear. O

Now, we give the following results by Theorem [16| and Theorem [28] for involute-
evolute curves (see [14]) and Bertrand curve couple (see [15]) .

Corollary 31. Letv: I C R — G be a unit speed Frenet curve with 7 — g # 0.
Then there exists a unique pair of a unit speed curve B : 1 C R — G and a Frenet
curve v* : I C R — G, such that the curves v, 8 and v* are mutually orthogonal
curves (i.e. involute-evolute curves).

Corollary 32. Let v be a unit speed Frenet curve and v* be its conjugate mate in
G. Then v and v* are Bertrand curve couple in G.

Now, we give the following characterization for the natural mate of a Frenet curve
which is satisfying the condition 7 — 7¢ = ¢ # 0 where ¢ is non-zero constant.

Theorem 33. Let v be a unit speed Frenet curve with Frenet-Serret apparatus
{T,N,B,k,7} and B be its natural mate in G. If 7 —1g = ¢ # 0 is a non-zero

constant such that g = ={[T, N], B) then the natural mate 3 is a spherical curve

2
whose left shift is lying a sphere with radius (1/c) in g.

Proof. Let {T,N, B, k,7} be the Frenet-Serret apparatus of a unit speed Frenet
curve v and 7g be the its Lie torsion in G. We suppose that 7 —7¢ = c# 0 is a
non-zero constant. By Theorem the conjugate mate v* of the curve v has the
Frenet-Serret apparatus {7, N*, B*,x*,7*} which is satisfying by the equations

1
and where 7¢* = 3 ([T*, N*], B*).

Now, let {T, N, B, R, ?} be the Frenet-Serret apparatus of the natural mate /3
of ~v and {W, N*, B*, F,F} be the Frenet-Serret apparatus of the natural mate
~* of the conjugate mate v* with the equations . Then, by using Theorem
jointly with the equations , and , we get

\/(T* —76*) 4 k* = \/H2+(T—Tq;)2 =F (44)

F_—% — (H*) _—@-rme)H
T ¢ = T A ( ) ( c)  (45)

N
*
Il
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where Tg = — . Moreover, bearing Theorem [16{and Theorem [29(in mind,
jointly with (14 , and ., we obtain
T = (T—T(G,)T N*=—(r—7g)N, B*=B. (46)

Thus, we conclude that the curve 8 and the curve v* are congruent from the equa-
tions , and . Also, T — Tg = c¢ is non-zero constant from hypothesis,
so the curvature k* of the Frenet curve v* is non-zero constant |c| > 0 by using
(41). Finally, if we apply Theorem [22| and take into account that the curves S and
~v* are congruent, the proof is completed. (Il

Finally, when G is Euclidean 3-space as a commutative group (i.e. 7¢ = 0), we
give graphics of some special curves jointly with their natural mate and conjugate
mate. In addition, we should also mentioned that the graphics are obtained by
method of numerical solution in Mathematica.
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(a) (B) (©)

FIGURE 1. (A) rectifying curve v with curvature s(s) = s — 1
and torsion 7(s) = s? + s — 2 (B) its natural mate § with

R(s) = \/(5—1)2(32+4s+5) and 7(s) = 1/ (s> +4s+5) (C)
its conjugate mate v* with x* |s +s— 2| and 7%(s) = s — 1.
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(8)

FIGURE 2. (A) slant helix ~ with x(s) = 3cos(s) and
7(s) = 3sin(s) (B) general helix natural mate 8 with %(s) = 3 and
7(s) =1 (C) slant helix conjugate mate v* with £*(s) = |3sin(s)]
and 7*(s) = 3cos(s).

(a) (B) ()

FIGURE 3. (A) spherical curve v with (s) = 2(1 + 7sin® (28))_1/2
and 7(s) = 2/7sin(2s) (1 + 7Sin2(2$))_1/2

(B) Salkowski natural mate [ with %(s) = 2 and
T(s) = (4\/7cos(23)) /(9 —T7cos(4s)) (C) conjugate mate
v*  with  k*(s) = ‘2ﬁsin(23) (1+ 7sin2(23))_1/2‘

(s) =2(1+ 7sin2(25))_1/2.

and
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02!,

" (8) ()

FIGURE 4. (A) Salkowski curve v with x(s) = 3 and 7(s) = 2s

(B) spherical natural mate [ with ®(s) = +9+4s? and
7(s) = 6/(9+4s?) (C) anti-Salkowski conjugate mate v* with
K*(s) = |2s] and 7*(s) = 3.

e Mes{les e . I
10 - -
=
.

(4) (1) (c)

FIGURE 5. (A) anti-Salkowski curve 7 with k(s) = 3cos(s) and
7(s) = /2 (B) spherical natural mate 8 with &(s) = v/2 + 9s2
and 7T(s) = 3v2sin(s)/(2+ 9cos?(s)) (C) Salkowski con-
jugate mate v* with x*(s) = +/2 and 7*(s) = 3cos(s).
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