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Abstract

Let (X, d) be a complete metric space. In this paper, we study some new fixed point theorems for generalized
Tr-contractive mapping defined on complete metric spaces by using graph closed concept and we proved the
existence and uniqueness of a fixed point. These conditions are analogous to Ciri¢ conditions. In this paper,
we compare the two concepts of graph closed and sequentially convergent, and we show that the concept of
sequentially convergent is a special case of the concept of graph closed. Also, we provide an counterexample
for Dubey et. al. and provide an example in support of our main results. Finally, by using our main results,
we present an application to solving some polynomials. Our results, extend several results on the topic in
the corresponding literature.
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1. Introduction
In 2002 [5], Branciari established the Banach Contractive Principle [4] in the following theorem.

Theorem 1.1. Let (X,d) be a complete metric space, o € [0,1) and S : X — X be a mapping such that,

for each x,y € X,
d(Sz,Sy) d(z,y)
/ S(1)dt < a / S(1)dt,
0 0
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where ¢ : [0,+00) — [0,400) is a Lebesque-integrable mapping which is summable (i.e., with finite integral)
on each compact subset of [0, +00), nonnegative, and such that for each € > 0, foe o(t)dt > 0; then S has a
unique fized point b € X such that for each x € X, lim Sz = b.

n—oo

After this result in 2003 [17], Rhoades extended the Branciari Theorem in the following. His results also
extended the Ciri¢’s theorem [7].

Theorem 1.2. Let (X,d) be a complete metric space, o € [0,1) and f: X — X a mapping such that, for

each x,y € X,
d(fz,fy) m(z,y)
[ ewie<a [ o 1)
0 0

m(z,y) = max{d(x,y),d(x, fr),d(y, fy), d(z, fy) ;d(y, f:v)}

and ¢ : [0,400) — [0,4+00) is a Lebesgue-integrable mapping which is summable (i.e., with finite integral)
on each compact subset of [0,400), nonnegative, and such that for each e > 0, [ ¢(t)dt > 0. Then f has a
unique fized point b € X such that for each x € X, lim f"x =b.

n—o0

where

In 2010, Moradi and Beiranvand [13] introduced a new class of contractive mappings and extend the
Branciari’s theorem as follows:

Theorem 1.3. Let (X,d) be a complete metric space, o € [0,1), T, f : X — X be two mappings such that
T is one-to-one and graph closed and f is a Tr-contraction; that is:

F(d(Tfz,Tfy)) < aF(d(Tz, Ty)),

for all z,y € X, where F : [0,+00) — [0,+00) is nondecreasing and continuous from the right with
F~Y0) = {0}; then f has a unique fized point a € X. Also for every x € X, the sequence of iterates {T "z}
converges to Ta.

In 2015, Mehmet Kir and Hukmi Kiziltunc [I1], extended Kannan fixed point theorem by using T'p-
contraction mappings. After that in 2017, Dubey et. al. [9], proved some fixed point theorems for Tr type
contractive conditions in the framework of complete metric spaces. Some of their results, as follows:

Theorem 1.4. [9] Let (X,d) be a complete metric space and T, f : X — X be mappings such that T is
continuous, one-to-one and subsequentially convergent. If a,b € [0,1) and z,y € X

Fd(Tfx, Tfy)) < a[F(d(Tz,Ty))] + b[F(d(Tz, Tfx)) + F(d(Tz, Tfy))],

where F : [0, +00) — [0, 4+00) is nondecreasing and continuous from the right with F~1(0) = {0}. Then f
has a unique fized point a € X. Also, if T is sequentially convergent then for every xg € X the sequence of
iterates {f"xo} converges to the fized point.

Theorem 1.5. [9] Let (X,d) be a complete metric space and T, f : X — X be mappings such that T is
continuous, one-to-one and subsequentially convergent. If a,b,c € [0,1) and z,y € X

F(Tfx,Tfy)) < alF(d(Tz,Ty))]+b[F(d(Tz,Tfy)) + F(d(Ty,Tfxy))]
+c[F(d(Tz,Tfx)) + F(d(Tz, T fy))],
where F : [0,+00) —> [0, +00) is nondecreasing and continuous from the right with F~1(0) = {0}. Then f

has a unique fized point a € X. Also, if T is sequentially convergent then for every xo € X the sequence of
iterates { f"xo} converges to the fized point.
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Theorem 1.6. [J] Let (X,d) be a complete metric space and T, f : X — X be mappings such that T is
continuous, one-to-one and subsequentially convergent. For all xz,y € X

Fd(Tfz,Tfy) < a(z,y)[FdTz,Ty))]
+b(z, y) [F(d(Tx, T fy)) + F(d(Ty, T fry))]
+c(z,y)[F(d(Tz, Tfx)) + F(d(Tz, Tfy))], (2)
where a(x,y),b(x,y), c(z,y) >0 and
supla(z,y) + 2b(z,y) + 2¢(z,y)] <A < 1

and where F : [0, +00) — [0, 4+00) is nondecreasing and continuous from the right with F~1(0) = {0}. Then
f has a unique fixed point a € X. Also, if T is sequentially convergent then for every xo € X the sequence
of iterates { f"xo} converges to the fized point.

Remark 1.7. In the proof of above theorems, the boundedness of the sequence {T f"xo} is used by the
authores, but not proved. Also the authores just considered a,b,c € [0,1) for Theorem and Theorem .
In the following, we give counterexamples for these tow theorems. In the main resualts of this paper, we
extend and correct the above theorems.

Example 1.8. Let X = {1,2} endowed with the Fuclidean metric and let f : X — X defined by f(1) =

2
2, f(2) = 1. Suppose that a =b=c =~ and T(z) = F(x) =z for all x € X. It can be easily verified that,
the condition of Theorems[I.4) and[1.5 are hold. But f has not fized point.

In 2011, Samet and Vetro [19], generalized the Ciri¢’s fixed point theorem as follows:

Theorem 1.9. Let (X,d) be a complete metric space, f : X — X be a given mapping and N € N be
fized. Let ¢; : [0,400) — [0,+00)(i = 1,...,N) be a Lebesgue integrable mapping on each compact subset
of [0,+00) such that for all e > 0,

/ ¢i(t)dt >0 foralli=1,...,N.
0
For all t > 0, we define

L) = /0 61(5)ds,
Ii(t)
Ix(t) :/0 oa(s)ds,

In_1(t)
IN(t) = /0 ¢N(S)d8.

We assume that for every x,y € X there exist non-negative numbers q(z,y), r(x,y), s(z,y) and t(z,y) such
that

sup{q(z,y) + r(x,y) + s(z,y) + 2t(z,y)} = A < 1,

reX
and
In(d(fx, fy)) q(z,y)In(d(z,y)) + r(z,y)In(d(z, f2))
s(x,y)In(d(y, fy))
d(z, fy) +d(y, fz)

5 )

<
+
+ 2t(z,y)In(
X. Then f admits a unique fized point w € X and for each x € X, the sequence { f™z}

holds for every x,y €
converges to u.
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Many authors have studies fixed point and established the Banach Contraction Principle and Ciri¢’s
theorem. Among many authors, see for example, [1], [2], [6], [8], [10], [14], [15], [16], [19] and [20].

In Section 3 we extend Ciri¢, Branciari, Rhoades, Moradi and Beiranvand, Dubey et. al., Mehmet Kir
and Hukmi Kiziltunc and Samet-Vetro’s Theorems. In Section 4, as an application, we provide a solution to
find an answer to some polynomials.

2. Preliminaries
In this paper (X, d) denotes a complete metric space.

Definition 2.1. [13] Let (X, d) be a metric space. A mapping T : X — X is said to be graph closed if for

every sequence {x,} such that lim Tx, = a then for some b€ X, Tb = a.
n—oo

Definition 2.2. [12] Let (X,d) be a metric space. A mapping T : X — X s said to be sequentially
convergent if we have, for every sequence {yn} , if {Tyn} is convergent then {y,} also is convergent. T is
said to be subsequentially convergent if we have, for every sequence {yn} , if {Tyn} is convergent then {yn}
has a convergent subsequence.

Let ¥ denotes the class of all nondecreasing and continuous maps F : [0, +00) — [0, +00) with F~1{0} =

{0}.

Definition 2.3. Let (X,d) be a metric space. A mapping f : X — X 1is said to be generalized Tp-
contractive, if there exists F € U and one-to-one and graph closed mapping T : X — X such that

F(d(T fz, T fy)) < aF(N(z,y)),
for all x,y € X and some a € [0, 1), where

N(z,y) = max{d(Tz,Ty),d(Tz, T fzx),d(Ty, T fy), ATz, Tfy) —2Fd(Ty, Tfz) }.

For the main results of this paper, we prove the following usful lemma.

Lemma 2.4. Let (X,d) be a complete metric space and let T : X — X be a mapping such that T is
continuous and subsequentially convergent. Then T is a graph closed map.

Proof. Suppose that {z,} is a sequence such that lim Tz, = a. Since T is subsequentially convergent, then

n—oo
there exists a subsequence {z,)} such that lim z,) = b. Since T is continuous and lim Tz, = a, then
k—r00 n—00
we conclude that Th = a. This completes the proof. O

Remark 2.5. In 2012 Aydi et. al. [3] proved that the main results of some papers; that consider the
sequentially convergent; are particular results of previous existing theorems in the literature. We can not
conclude that, every graph closed map is subsequentially convergent. For example, suppose that X = R
endowed with the Euclidean metric and T : X — X defined by, Tx := sinxz. Obuviousley, T is continuous
and graph closed, but T is not subsequentially convergent. Because the sequence {sin(2nm)} is convergent, but
the sequence {2n7} has not any convergent subsequence. In this paper we consider the graph closed mappins
for the main results.
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3. Main Results
The following theorem is the main result of this paper.

Theorem 3.1. Let (X,d) be a complete metric space and let f : X — X be a mapping such that,
F(d(T fz, Tfy)) < aF(N(z,y)), (3)

for all xz,y € X and some o € [0,1) (i.e., generalized Tr-contractive) where FF € ¥ and T : X — X is a
one-to-one and graph closed map. Then f has a unique fized point b € X and for every x € X the sequence
of iterates {T f"x} converges to Th. Also if T is sequentially convergent then for every x € X the sequence
of iterates { f"x} converges to b (the fixed point of f).

Proof. Unicity of the fixed point follows from
Since F' € W, for every € > 0

F(e) > 0. (4)
From if x # y then,
d(T'fz,Tfy) < N(z,y). (5)
Let z € X. Define z,, =T f™x.
We break the argument into four steps.
Step 1. ILm d(xp, Tnt1) = 0.
proof. For every n € N, from ,
F(d(zn, tny1)) < aF (N(zp-1,2n)), (6)
where,
N(xnfla I'n) — max{d(mn,l, xn)v d(ﬁnfla :L‘n)a d(ﬂjn, xn+1)7

d(l’n,h xn+1) + d(.’En, Zﬂn) }
2

= max{d(zp_1,%n),d(Tn, Tni1),

d(mn—lv xn—&-l)}
2
d(l‘nflv xn) + d(l‘n, anrl)

< max{d(zp—1, ), d(Tn, Tnt1), B }
= max{d(a:n_l, xn)v d(l‘nv xn-i—l)} (from and )
= d(zp-1,7n). (7)

Hence, using @ and and using induction,
F(d(zn, zni1)) < o"F(d(z, 71)). (8)

Letting n — oo in lﬁ} we get le F(d(zp,xnt+1)) = 0. Since F € ¥,
n o0

T}Ln;od(xn,xn+1) =0.

Step 2. {x,} is a bounded sequence.
proof. If {z,} were unbounded, then, we choose the sequence {n(k)}?2, such that n(1) = 1 and for each
k € N; n(k + 1) > n(k) is minimal in the sense that d(zy 1), Tn)) > 1. Obviously n(k) > k, for every
ke N.
By using Step 1, there exists kg € N such that for every k > ko; d(xgs1, zx) < % So for every k > ko;

1 < d(xn(k+1), xn(k))
AT (kt1)s Tn(rt1)=1) T AZnt1)=15 Tn(r))
A(Tp(kt1)s Tn(ht1)—1) + 1.

IN N
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Hence,

Jim d(2n (1), Tngr) = 1.

Also,

A(Ln(k+1) Tr(k)) = AZn(e1) 415 Lnirr1) = AL (k)+1 Tnr))
< AT (k1)+15 Tn(k)+1)
< d(Trks1)+15 Tn(ks1) T ATnr1)s Tr)) + ATnk), Tuk)+1)
and this shows that,
Jim (k1) 415 Tngy1) = 1. (9)

Also,

A(Tp(k11)> Tngr)) < N(Tpkr1)s Tngr))
= max {d(Tp(k+1)> Tn(k))> AT (k+1)> Tr(he1)+1)s

d(xn k)s Tn(k+1 +1) + d(xn k+1)) Tn(k +1)
Ay Oty 1), T Tl ! (41 Tl 1)y

[A(Zn(k)s Trgky+1) + ATn(k)+15 Tr(ht1)+1)]

< max {d(xn(kJrl)a xn(k))?

2
[A(Tr(41)> Tkt 1)+1) + ATkt 1) 115 Trgr)+1)]
+ 5 }.
This shows that
lim N (Zp(e41)s Tnk)) = 1. (10)

n—o0

Since @ and are hold and

F(d(xn(k—l-l)—l-l? xn(k)-}-l)) < aF(N(xn(k+l)v xn(k)))v
we conclude that,
F(1) < aF(1).
Since a € [0,1), F(1) = 0 and this is a contradiction.
Step 3. {x,} is a Cauchy sequence.
proof. Since F' € VU, for every m,n € N with m >n
F(d(wm, #0)) < aF(N(@m_1,701))
= aF (max{d(zm—1,Tn-1), d(Tm—1,Tm), d(Tn-1,Tn),
d(xmfla :L'n) + d(xnfly :L'm)
! )
< aF(maX{d(xm—l, $71—1)7 d(xm—ly l’m), d(l'n—la xn)a d(xm—la xn)’
d(p-1,2m)})
= aF(d(xr(l),xS(l))), (11)
where s(1) >n —1 and r(1) > s(1).
By the same method, there exist 7(2), s(2) € N such that s(2) > s(1) =1 >n — 2, r(2) > s(2) and

F(d(zy, 251))) < aF(d(Ty(2), T5(2)))- (12)

By (D) and (D)
F(d(m, 7n)) < @ F(d(y(2), T5(2)))-

Using induction, there exist r(n), s(n) € N such that s(n) >n —n =0, r(n) > s(n) and

F(d(xmv .%'n)) < O‘nF(d<xr(n)>$s(n)>) (13)
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Since {xy,} is bounded and holds, we have

lim F(d(zy,z,)) =0.

m,n—00

Hence, from F € ¥,

lim d(zp,,z,) =0.
m,n—00

Therefore {z,} is Cauchy.
Step 4. f has a fixed point.
proof. Since (X,d) is complete and {z,} is Cauchy, there exists a € X such that

lim z, = lim Tf"(x) = a.

Since T' is graph closed, there exists b € X such that Tb = a. Now we show that b is a fixed point of f.
From F' € ¥ we conclude that

F(d(Tb, Tfb)) = JLH;OF(d(Tf”Hx, Tfb)) < oni_}n;oF(N(Tf"J:, Tb)), (14)
where

N(Tf"x,Tb) = max{d(zy,Tb),d(xn,xn+1),d(Th,Tfb),

d(xn, Tfb) + d(Th, p41)
2 }

Hence

Tim N(Tf", Tb) = d(Tb, T fb). (15)

Hence, from

F(d(Tb, Tfb)) < aF(d(Th,Tfb)),
and this shows that F(d(Tb, T fb)) = 0. From (), d(Tb,Tfb) = 0. Hence Tb = T fb. Since T is one-to-one,
fo="0.
Obviousely, if T' is sequentially convergent then for every x € X the sequence of iterates { f"x} converges to
b and this completes the proof. O

Remark 3.2. Theorem is a generalization of the Rhoades theorem (Theorem , by letting Tx = x and
t
F(t) = [y o(s)ds.
The following example shows that is indeed a proper extension of .
Example 3.3. Let X = [1,4+00) endowed with the Euclidean metric. We consider a mapping S : X — X

defined by Sx = 4\/x. Obviously S has a unique fized point b = 16.
If holds, then for every x,y € X such that x # y, we must have

|Sx — Sy| < m(z,y).

But by taking x = 1 and y = 4 we have, |Sx — Sy| = m(x,y) = 4. Therefore we can not use the Rhoades

theorem (Theorem [1.9).

Now we define T : X — X by Tx = In(e.x). Obviously T is one-to-one and graph closed. By taking
F(t) =t, all conditions of Theorem are hold and therefore S has a unique fixed point.
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Remark 3.4. Let F : [0,4+00) — [0, +00) define by F(t) = Iy(t) in Theorem[1.5 Obviously, F € V.
Since @ holds and F' is nondecreasing,

F(d(fz, fy)) < q(z,y)F(d(z,y)) +r(z,y)F(d(z, fz)) + sz, y)F(d(y, fy))
q(z, y) F(N(2,y)) +r(z,y) F(N(z,y)) + s(z, y) F (N (2, y))
2t(z, y) F(N(z,y))

AF(N(z,y)).

IN + IN +

holds for every x,y € X. So by letting Tx = x, all conditions in Theorem are hold. Hence by using
Theorem[3.1] f has a unique fized point. Therefore Theorem[3.1] is a generalization of Theorem[1.9.

In the following, we extend the Theorem [I.6]
Corollary 3.5. Let (X,d) be a complete metric space and let f: X — X be a mapping such that,
Fd(Tfz,Tfy)) < alx,y)|Fd(Tz,Ty))]
+b(z, y)[F(d(Tz, T fy)) + F(d(Ty, T fxy))]
+e(z,y)[F(d(Tz, T fx)) + F(d(Tz, T fy))],
where a(x,y),b(z,y),c(x,y) >0 for all x,y € X and

sup [a(x,y) + 2b(z,y) + 2¢(z,y)] <A< 1
z,yeX

for some X\ € [0,1), and where F € ¥ and T : X — X is a one-to-one and graph closed map. Then f has
a unique fizved point b € X and for every x € X the sequence of iterates {T f"x} converges to Tb. Also if T
is sequentially convergent then for every x € X the sequence of iterates { f"x} converges to b (the fixed point

of f).

Proof. One can esealy shows that

a(z,y)[F(d(Tz, Ty))] + b(x, y) [F(d(Tz, T fy)) + F(d(Ty, T fry))]
+c(z,y)[F(d(Tz, T fz)) + F(d(Tz, Tfy))] < AF(N(z,y)),
for all z,y € X. Now by using Theorem the result is obtained. O

4. Application to solving polynomials

As an application of the main theorem of this paper we conclude the existence of solution of some
polynomials.

Theorem 4.1. Let b,c > 0 and n > 1. Then the equation
y'=by+c (16)
has a unique solution on [{/c, +00).

Proof. Let 0 < & < b{/c be arbitrary. Put &« = ¢+ ¢. It is enough to show that the problem has a
unique solution on [{/a, +00).

There exists 8 > 0 such that In(a — ¢) + 8 > a. Suppose f : [a, +00) — [, +00) defined by fx = b{/x+¢
and T : [a, +00) — [, +00) defined by Tx = In(z — ¢) + 8. For all z,y € [a, +00) with z > y we have

VT
Yy

1 xr—c

[Tz~ Tyl = (V) = )= [T~ Ty| < *N(z,y).

1
n oy n y—c



S. Moradi, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 167-175. 175

Hence f is generalized Tp-contractive. So f has a unique fixed point z on [a, +00) and the sequence of
iterates {Tf"(c + 1)} converges to Tz and therefore, the sequence of iterates {f"(c 4+ 1)} converges to z.
Therefore the equation = b{/x + ¢ has a unique solution on [, +00). Also there exists a unique y > 0 such
that y™ = z. Obviously y € [{/a, +00). Hence from z = b{/z + ¢ we have y"™ = by + ¢ and this completes
the proof. O
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