Hacettepe Journal of Hacet. J. Math. Stat.
Volume 51 (4) (2022), 981994
Mathematics & Statistics DOI : 10.15672/hujms.787479

RESEARCH ARTICLE

Some betweenness relation topologies induced by
simplicial complexes

Abd El Fattah El Atik*@, Ashgan Wahba

Department of Mathematics, Faculty of Science, Tanta University, Tanta, Egypt

Abstract

This article aims to create an approximation space from any simplicial complex by repre-
senting a finite simplicial complex as a union of its components. These components are
arranged into levels beginning with the highest-dimensional simplices. The universal set
of the approximation space is comprised of a collection of all vertices, edges, faces, and
tetrahedrons, and so on. Moreover, new types of upper and lower approximations in terms
of a betweenness relation will be defined. A betweenness relation means that an element
lies between two elements: an upper bound and a lower bound. In this work, based on
Zhang et al’s concept, a betweenness relation on any simplicial complex, which produces
a set of order relations, is established and some of its topologies are studied.
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1. Introduction and preliminaries

Simplices are the building blocks of simplicial complexes. Finite simplicial com-
plexes are widely used to represent multidimensional objects, such as faces, which are
2-dimensional complexes, or graphs, which are 1-dimensional complexes. This means
that a 0-dimensional simplex is a point, a 1-dimensional simplex is a line segment, a
2-dimensional simplex is a filled triangle, and a 3-dimensional simplex is a tetrahedron.
Higher-dimensional simplices live comfortably in the Euclidean space of the appropriate
dimension. In other words, drawing them or imagining what they look like is not possible.
In general, a k-simplex S = [ug, uy,- - ,ug] is a convex hull of k£ + 1 affinely independent
of ug,u1,--- ,u; points in R? where k& denotes the dimension of the simplex [20]. An
r-face is a convex hull of any subset of r + 1 vertices of the k-simplex [3,9], » < k. The
0-face, 1-face, and 2-face, for example, are points, edges, and triangles of the k-simplex,
respectively, where the k-face is the k-simplex. The boundary of an n-simplex is made of
n + 1 simplices of the n — 1 dimension. For instance, a 1-simplex has two O-simplicies as
boundaries, a 2-simplex has three 1-simplicies as boundaries, and so on. The simplicial
complex o is a finite class of simplices, in which each face belongs to o and the intersection
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of two simplices S1,S2 € o is either empty or a face of both. A simplicial complex o is
n-dimensional if the highest dimension of its simplices is n [3,9,22].

A collection 7 of a nonempty set X is said to be a topology [14] on X if X, 0 € 7, a
finite intersection of elements of 7 belongs to 7, and an arbitrary union of elements of 7
belongs to 7. For two topologies 71 and 79 on X, if 71 C 79, then 75 is finer than 7;. The
intersection of a collection of topologies on the same set is a topology, while their union
is not always a topology. The collection B C 7 is a basis for 7 on X if each element of 7
is a union of elements in B. Furthermore, 8§ C 7 is a subbase for 7 on X if each element

belongs to 7 is a union of intersections of elements of 8. Although | 7; of a collection
el

of topologies {7;}icr on X is not a topology, in general, the supremum [21] of topologies

{7 }ier, which is considered the coarsest topology on X and finer than topologies {7;}icr,

denoted by \/ 7;, is assured to exist. Obviously, this can be represented as | 7 C V 7.
icl = icl
The equality holds if and only if |J 7; is a topology on X. Moreover, |J 7; is a subbase
i€l il
of \V 7;. In Alexandroff spaces [1], each open set means a smallest open set which is the
iel
inteersection of all open sets.

A betweenness relation is a multiple of order three, which was introduced by Pasch [15]
and Klein [12] and investigated by several researchers [2,4,10,11,19]. In [5], Diivelmeyer
and Wenzel have studied the betweenness relation and its relationship with binary rela-
tions. Recently, Zhang et al. [21] have defined the betweenness relation as a set of order
relations and studied a set of persuasive topologies. Furthermore, Lashin et al. in [13]
have generated other topologies using a general binary relation. Some researchers have
used a topology to represent structures such as fractals [6,8] and nanotopology with ideals
and graphs [7] in terms of binary relations.

Throughout this paper, a set of simplices of a simplicial complex is presented as a
universal set U,, which is used to establish new types of approximation spaces beginning
with its highest-dimensional components. A special kind of a binary relation called R (<)
on U, is constructed. For each pair of two distinct points z,y € U,, x is the upper bound
of y, denoted as y < x if the dimension of y is less than the dimension of x. Moreover,
some properties of Ra(<) are investigated. Finally, a new approximation space A of a
simplicial complex via the betweenness relation on U, is introduced. Some properties of
A are obtained and some examples are considered.

Definition 1.1. [3] A k-simplex S is a set of independent abstract vertices [ug, uy, - - , ug]
that constitutes a convex hull of k& 4 1 points; an r-face is an r-simplex [uj,, uj,, -+, uj,]
whose vertices are a subset of [ug,u1, - ,ug] with cardinality r + 1.

Definition 1.2. [3] The finite simplicial complex o is a finite set of simplices that satisfies
the following conditions:

(i) Any face of a simplex from o is also in o.

(ii) The intersection of any two simplices S1,.S3 € o is a face of both S; and Ss.

Definition 1.3. [16,17] Let U be a finite universal set and R an equivalence relation on U.
U/R = {[z]r : € U} denotes the family of equivalence classes of R. Then, the pair (U, R)
is called an approximation space. For any X C U, the lower and upper approximations of
X are defined, respectively, by the following:

R(X)={zeU:[z]r C X},
RX)={zeU:[z]rNnX #0}.
From Pawlak’s definition, X is said to be rough if R(X) # R(X).

Definition 1.4. [18] A ternary relation Bp on an approximation space (Uy, Ra(<))
((Uy, A), for short) is a betweenness relation if the following hold:
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(i) Symmetric: (u,v,w) € Ba < (w,v,u) € Ba for any u,v,w € U,.
(ii) Closure: (u,v,w) € Ba A (u,w,v) € Ba < v = w for any u,v,w € U,.
(iii) End-point transitivity: ((o,u,v) € Ba A (0,v,w) € Ba) = (0,u,w) € Ba for any
o,u,v,w € U,.

2. Order relations on complexes and their topologies

In this section, we approximate finite simplicial complexes of different dimensions to
topological structures.

Definition 2.1. Let o be a simplicial complex. Each k-simplex approximates to an
element in the universal set U,. Moreover, each 0-simplex in ¢ transforms into v; in Uy,
each 1-simplex in o transforms into e; in U,, each 2-simplex in ¢ transforms into fj in U,
each 3-simplex in ¢ transforms into t,, in U,, and so on. Then, U, can be written as U, =
{Ui 11 € Il} U{ej 1 j € Ig} U{fk ke 13} U{tm tm e I4} U---, where I, Iy, I3, I, -+ are
indices. The approximation space (U,, A) begins with its highest-dimensional simplices.

Definition 2.2. The relation Rp on U, is called a preorder if the following conditions
hold:

(i) zRax, V x € U,.

(ii) If xRay and yRaz, then xRaz.
It is called a total order if for any u,v € U, either uRav or vRau.

Now, we give an order relation Ra(<) on U, of a simplicial complex o.

Definition 2.3. The order relation R (<) is reflexive on U, and has the form R (<) =
{(z,y) : z,y € U, and y < z}, where y < x means that x has a dimension greater than
y and x is an upper bound of y. Also, a € U, is called a minimum element related to
RA(<) if @ RA(<) x, V o € Uy, where a Ra(<) z means that a is in a relation with =
with respect to Ra(<). In other words, a is an upper bound for all elements of U,.

In the following, the order relation R (<) is used to construct a topology 7p, (<) from
a simplicial complex ¢ whose approximation space is (U,, A).

Definition 2.4. Let V C U,. V is called an upper set if for all z,y € U,, x € V such
that  RA(<) y; then, y € V.

Definition 2.5. The right neighborhood of any element z € U, is defined by zRA(<) =
{y € Us : z RA(<) y}. Moreover, the collection {xRA(<) : x € Uy} forms a basis Bp, (<)
for a topology called 7, (<). RA(<) is said to be the smallest neighborhood (or smallest
upper set) of x with respect to TRA(<)-

Proposition 2.6. By, () is a basis for the topology TR, (<) on Us.

Proof. Let U, = |J xRA(<), using Definition 2.5. Then, for each = € U,, we put B =
JSEUU

rRA(<) and so U, = U{B: B € Bg, (<)} To prove that Bg, () is a basis for 75, (<), it
is sufficient to prove that 7, (<) is a topology on U,. It is clear that U, 0e TRa(<) Since
D=U{B:B€chCBr,«} Now,let {G;: i€ I} bea collection of members of 75, (<.
Then, each G; = | zRA(<), = € Gy, for each i. So, each G; is a union of members of

IGUO‘

BRra(<)- Therefore, |J G; is a union of members of Bp, (<. In the same way, G1 N Ga is
i€l

a union of members of B, (), for each G1,G3 € Tg, (<)- O

Now, the topologies in terms of upper sets in Definition 2.4 are established from Exam-
ples 2.7, 2.8, and 2.9.
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Figure 1. The 2-simplicial complex o; and its approximation space Aj.

Example 2.7. In Figure 1, o; has only one 2-simplex, three 1-simplices, and three 0-
simplices. The universal set is U,, = {v1,v2,v3, e1,e2, €3, f1}. Let (Uy,,A1) be an
approximation space of a simplicial complex o in Figure 1. The order relation Ra, (<)
on Uy, is as follows:

Ra, (<) ={(f1, f1), (e1, 1), (e2, €2), (e3,e3), (v1,v1), (v2,v2), (v3,v3), (f1,e1), (f1,e2),
(f1,e3), (f1,v1), (f1,v2), (f1,v3), (e1,v1), (e1,v2), (e2,v2), (€2,v3), (€3,v1),
(

es,v3)}. It is clear thatfi is the minimum element in Ra, (<).

Right neighborhoods (smallest upper sets) of Uy, are as follows:

J1RA, (<) = {f1,e1,e2,€3,v1,v2, 03}, v1RA, (<) = {1},
erRa, (<) = {e1, v, v2}, vaRA, (<) = {v2},
e2Rp, (<) = {ez, vz, v3}, v3RA, (<) = {vs}.
e3Ra, (<) = {e3,v1,v3},
The basis is Br, (< = {Us,,0,{e1,v1,v2},{e2,v2,v3}, {e3,v1,v3}, {v1}, {va}, {vs}},
and the topology is TRA —{Ugl,@ {e1,v1,v2}, {e2,v2,v3}, {e3,v1,v3}, {v1}, {va}, {vs},

{617627 U17U2>U3} {61,63, U1, V2, U3}7 {61,’01, U?av3}7 {62,63, Ul)v27v3}a {627U17 ’02,?}3},
{637’017 U27U3}’ {U17U27 ’U3}? {U17U2}) {’Ul,'U,?,}, {’U27U3}7 {617627 €3, V1, U27U3}}'

Example 2.8. In Figure 2, o2 has two 2-simplices, six 1-simplices, and five O-simplices.
The universal set is U,, = {v1, - -+ vs,€1 - - €g, f1, fo}. Let (Uy,, A2) be an approximation
space of a simplicial complex o3 in Figure 2. The order relation R, (<) on Uy, is as follows:

R, (<) ={(f1, f1), (f2, f2). (e1, €1), (e, €2), (e3, €3), (ea, €4), (€5, €5), (€6, €6), (v1, V1),

v2,02), (V3,03), (Va, va), (vs,v5), (f1,e1)(f1,v1), (f1,v2), (f1,€2), (f1,03),

fi,e3), (e1,v1), (e1,v2), (e2,v2), (€2, v3), (e3,v1), (e3,v3), (f2s €4), (f2,v3),

f2,05), (f2,e5), (f2,v4), (f2, €6), (€a,v3), (€4, v5), (€5,v3), (€5, v4), (€6, v4),
)

e, v5)}. It is clear that there is no minimum element in Ra,(<).

<

(
(
(
(
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Figure 2. The 2-simplicial complex o9 and its approximation space As.

Right neighborhoods (smallest upper sets) of U, are as follows:

flRA2(<) = {f1,€1,€2,€3,1)1,v2,’l}3}, BGRA2(<) = {66,04,1}5},
f2Ra, (<) = {f2, ea, €5, €6,v3, v4, v5 }, v1RA, (<) = {v1},

e1Rn, (<) = {e1,v1,v2}, vaRA, (<) = {2},

eaRin, (<) = {e2, v2, v3}, v3RA, (<) = {v3},

63RA2(<) = {637 U1, U3}7 U4RA2(<) = {U4},

€4RA2(<) = {6470377)5}7 U5RA2(<) = {’U5}.

esRn, (<) = {es, v3, 04},

The basis is BA2(<) = {U02’®’ {fl’el’ €2, €3, ’Ul,’UQ,Ug}, {f2’645657 €6, U3, /U47U5}7

{6171)171)2}) {62, U27U3}) {637 ’Ul,?)g}, {647 U37U5}7 {657 U37U4}7 {667 U47U5}7 {Ul}a {U2}7 {v3}7
{v4}, {vs}}. A union of members of BRA2(<) gives a topology TRa, (<)

Example 2.9. In Figure 3, o3 has only one 3-simplex, four 2-simplices, six 1-simplices,
and four 0-simplices. The universal set is Uy, = {v1,---v4,€1, -+ €6, f1, -+ fa,t1}. Let
(Usy, A3z) be an approximation space of a simplicial complex o3 in Figure 3. The order
relation Ra,(<) on Uy, is as follows:

Ra, (<) ={(t1,t1), (f1, f1), (fo, f2), (f3, £3), (f1, fa), (e1, e1)(e2, €2), (e3,€3), (€4, €4),
(€6 €6), (V1,v1), (v2,02), (v3,v3), (va,v4), (t1, f1), (L1, f2), (t1, f3),

(t1,€1), (t1, €2), (t1, €3), (t1, ea), (t1,e5), (t1, €6), (1, v1), (t1, v2),
1), (fi,e1), (f1,e2), (fi,es), (f1,01), (f1,v2), (f1,v3), (f2,€3)
(f2,e5), (f2,v1), (f2;v3), (f2,v4), (f3, €2), (f3,€3), (f3:€6), (f3,v2),
s (f3,04), (fa,e1), (fasea), (f1,€6), (f1,01), (fa,v2), (fa,v4), (e1,v1),
(e2,v2)
(e6,v4)

~
—
>4
w
—
~
—
4

=
D

€2,V2), (627 ’1)3), (65, ’Ul), (657 U3), (637 ’U3)7 (637 U4)7 (647 ’Ul), (647 V4),

)
}. It is clear that ¢ is the minimum element in Ra,(<).
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Figure 3. The 3-simplicial complex o3 and its approximation space As.

Right neighborhoods (smallest upper sets) of Uy, are as follows:

t1RA, (<) = {t1, f1, f2, f3, fa €1, €2, e3Ra, (<) = {e3,v3,v4},
es, €4, €5, €6, U1, U2, V3, U4 |, eaRp, (<) = {eq, v1,v4},
fiRa, (<) = {f1, €1, €2, €5,v1,v2, 03}, esRa,(<) = {es,v1,v3},
JoaRa, (<) = {fa2, €3, €4, €5,v1,03, 04}, e6Ra;(<) = {e6, v2,v4},
f3Ra,(<) = {f3,e2,e3,€e6,v2,03, 04}, v1Rp, (<) = {u1},
faRa; (<) = {fu, e1, 4, €6,v1,v2, 04}, v2RA4(<) = {v2},
e1Ra,(<) = {e1,v1,v2}, v3RA,(<) = {vs},
€2RA3(<) = {62,’1)2,’1)3}, U4RA3(<) = {U4}.

The basis is B, (<) = {Uss, 0.{f1,e1, €2,e5, v1,02,v3}, {f2,€3, €a, €5, v1,v3,04},
{f3a62563a €6, V2, 'U3,’U4}, {f4a61;€47 €6, U1, U2,’U4}, {elavla U2}a {627 ’U2,’03}, {637U37U4}7
{ea,v1,v4}, {es,v1,v3}, {e6,v2,va}, {v1}, {v2}, {vs}, {va}}. A union of members of

BRA3(<) gives a topology TRa,(<)-

3. A betweenness relation on complexes

In this section, Zhang’s concept of a betweenness relation [21] is used. This concept can
be used on approximation space A of a simplicial complex o. An explanation of Definition

1.4 according to the approximation space (U,, A) is given as follows.

Remark 3.1. (i) An element (u,v,w) means that v lies between u and w. For in-
stance, in Figure 1, each e; is between f; and v;, where 4,5 € {1,2,3}. In Fig-
ure 2, each e; is between f; and vi, where ¢ € {1,2}, j € {1,2,3,4,5,6}, and
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k € {1,2,3,4,5}. In Figure 3, f; and e; are between ¢; and v, each f; is be-
tween ¢; and ej, and each e; is between f; and vy, where i,k € {1,2,3,4} and
j€{1,2,3,4,5,6}.

(ii) If u,v € Uy, (u,v,u) € Ba, then u = v. In other words, if we have two distinct
points u,v € Uy, then (u,v,u) is not in Ba.

(iii) If a triple (v,u,u) € Ba, then (u,u,v) € Ba.

(iv) The simplest betweenness relation is denoted by (By)a and is of the form (By)a =
{(u,v,w) €U :u=vVov=uw}. Itis called a minimum betweenness relation.

(ii), (iii), and (iv) can be represented as in Figures 4, 5, and 6, respectively.

(x,y,%x) € Ba = x=y
Y

de = O ) .
CBGB;; P ? € Ba
2 X
y

means
(x,x,x) € Bav (v, y.)) € Ba

v, x,x) € Ba < &x,x,)) € Ba

Figure 5. Remark 3.1 (iii)
Figure 4. Remark 3.1(ii)

(X,y,z) € (BU)A = X=y VvV y=z
X
X
X=y
y € = v (g
Y=z
z
z
means

(x,x,2) € Bo)av x,z,2) € (Bo)a forall x,z € (Bo)a

Figure 6. Remark 3.1 (iv)

Now, we investigate some basic characteristics for a betweenness relation on (U,, A).
Proposition 3.2. In any approximation space (Uy, A), (Bo)a is a subclass of Ba.

Proof. Assume that (Bo)a € Ba. Then, there exists (z,y, z) € (Bo)a and (x,y,2) ¢ Ba.
So, either x = y or y = z is satisfied. If x = y, using Definition 1.4(ii), then (z,y,z) € Ba,
and using (i), then (x,y,z) € Ba which gives a contradiction. Similarly, for y = z,
(z,y,2) € Ba, which is also a contradiction. O

Proposition 3.3. Let (U,,A) be an approzimation space. The ternary relation of the
form BA(<) = {(z,y,2) €U :x=y Vy=2 Va<y<zV z<y<azisheld}isa
betweenness by an order relation Ra(<).

Proof. 1t is sufficient to prove the conditions of betweenness.

(i) For any (z,y,2) € BA(<),z=yVy=zVa<y<zVz<y<zimplies that
z=yVy=axVz<y<zVz<y<z Therefore, (z,y,2) € Ba(<).

(ii) If y = 2z, then (z,y,2) € Ba(<) and (z,z,y) € Ba(<). Conversely, assume that
(z,y,2), (x,2,y) € BA(<), where y and z are distinct. For the point (z,y, z), one
of the cases ¢ =y, x < y < z, and z < y < x holds. Similarly, for (z, z,y), one
of the cases x = z, x < z < y, and y < z < x is satisfied. Therefore, there are
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four cases: t <y <z, z<z<y;z<y<z,y<z<zr;z<y<z z<z<y;
z<y<uz, y<z<x These cases lead to a contradiction and then y = z.
(iii) Consider that both (o, z,y) and (o, y, z) are in BA(<). There are four cases:
i.Mfo<z<yando<y<z then o <z < z, and so (0,2, z) € Ba(<).
ii . Ifo<z<yand z <y < o, this is impossible since y # o.
iii . If y <2 < oand 0 < y < z, this is impossible since y # 0.
iv. Ify <z <oand z <y < o, then (0,z,2) € Ba(<).

Therefore, we conclude that Ba(<) is a betweenness relation on Us,. O
Remark 3.4. The definition of Ba(<) in Proposition 3.3 is equivalent to
Ba(<) = (Bo)a U {(x,y,2) €U :x<y<zVz<y<uz}

Example 3.5. Let (Us,, A1) be an approximation space in Figure 1. Consider B) (<) =
{(z,y,2) €U2 2 <y<zVz<y<z}; then,
B, (<) ={(v1, €1, f1), (va, €1, f1), (v2, €2, f1), (vs, €2, f1), (v1, €3, f1), (v3, €3, f1),

(f1,e1,v1), (f1, €1, v2), (f1, €2, v2), (f1, €2,v3), (f1, €3, v1), (f1,€3,v3)}
Therefore,
Ba, (<) =(Bo)a, U{(v1, €1, f1), (v2, €1, f1), (v2, €2, f1), (vs, €2, f1), (v1, €3, f1),

(vs,es, f1), (f1,e1,v1), (f1, €1,v2), (f1, €2, v2), (f1, €2, v3), (f1, €3,01),

(f1,e3,v3)}.
Example 3.6. Let (U,,, A3z) be an approximation space in Figure 3.
Consider Bj,(<) ={(e1, f1,t1), (v1,e1,t1), (v1, f1,t1), (v1, €1, f1), (v2, €1, f1), (v2, €1, 1),

(v2, f1,t1), (€2, f1, 1), (v2, €2, f1), (v2, €2, 1), (va, f1,t1), (vs, €2, f1),
(v3, e2,t1), (vs, f1,11), (v1, €35, f1), (v1, €5, 1), (v1, f1.t0), (es, f1,t1),
(v3, €5, f1), (vs, €5, t1), (v, f1,11), (v3, €3, f2), (€3, f2, 1), (v3, €3, 1),
(v3, f2,11), (va €3, f2), (va, €3, 1), (va, f2,11), (v1, €a, f2), (v1, €4, 1),
(v1, f2,t1), (v, €4, f2), (va, €4, t1), (v4, f2, 1), (1, €5, f2), (€5, fa,11),
(v1,e5,t1), (v1, fa, t1), (v, €5, f2), (v3, €5, 11), (vs, fa, 1), (€2, f3, 1),
(v2, €2, f3), (va, €2,11), (v2, f3,11), (v3, €2, f3), (vs, €2, 11), (v3, f3, 1),
(va, €3, f3), (v, €3,11), (va, f3,11), (€6, f3, 1), (v2, €6, f3), (v2, €6, 1),
(v2, f3,11), (vas €6, f3), (va, €6, 1), ((vas f3,81), (e, fa, 1), (v1, €1, fa),
(vi,e1,t1), (v1, fas t1), (v2, e, fa), (v2, €1, t1), (v2, fas 1), (v1, ea, fa),
(ea, fa t1), (v1, €a,t1), (v1, fa,t1), (Va, €a, fa), (va, €4, 11), (V4 fa, 1),
(€6 fa,t1), (v2, €6, f1), (v2, €6, t1), (v, fa, t1), (v, €6, f1), (Va, €6, 1)}

Therefore, Ba,(<) is a union of three classes (Bo)a,;, BA,(<), and {(z,y,2) € U3, :
(z,y,2) € B, (<)}

4. Comparison between betweenness and order relations

In this section, a betweenness relation Ba (<) is represented as a class of order relations.

Theorem 4.1. Let BA(<) be a betweenness relation in (Uy,A). The binary relation
(Oz)a on U, is defined by (Ox)a = {(y,2) € U2 : (z,y,2) € Ba(<)} and the collection of
order relations on Uy is {(Oz)a : * € Uy}. Then, for any distinct points x, y, and z in

Us, (y7 Z) € (Ox)A Zf and only Zf (yax) € (OZ)A
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Proof. 1If (y,z) and (z,£) are in (Oy)a, then (z,y, 2), (z,2,¢) € Ba(<). Using condition
(iii) in Definition 1.4, (x,y,¢) € Ba(<). Hence, (y,¢) € (Oz)a and so (Oy)a is transitive.
We conclude that the collection {(O4)a }zev, is considered order relations on U,. Now, let
(y,2) € (Og)a imply that (z,y, z) € Ba(<). Using condition (i) in Definition 1.4, (2, y,x)
€ BA(<) and then (y,z) € (0,)a. Similarly, if (y,z) € (O;)a, then (y,2) € (Ozx)a. O

In Theorem 4.2, we deduce a betweenness relation from an order relation for (U,, A).

Theorem 4.2. Let {(Og)a}zcu, be a class of order relations on U, and a relation for x
be (Bx)a = {(z,y,2) : (y,2) € (Oz)a}. So, BA = U (Bz)a is a betweenness on U,.
zeUqs

Proof. Let (z,y,2) € (By)a. Using Theorem 4.1, there is (y,z) € (O,)a if and only if
(y,x) € (0)a, (2,y,2) € (Bz)a- So, (By)a satisfies a symmetric condition. To prove
a closure property of (B;)a, let (z,y,2) and (z,2,y) € (Bz)a imply that (y,z2),(z,y)
€ (Oz)a. But (O;)a is antisymmetric and so y = z. Conversely, if y = z, then
(x,y,2),(z,2,y) € (By)a. To prove a transitivity, let both (z,y, z) and (x, z,¢) € (Bz)a
imply that (y,z) € (Oz)a and (z,¢) € (Oz)a. Hence, (y,f) € (Oz)a, which leads to
(Cﬂ,y,é) € (B:E)A U

Remark 4.3. Let {(Oz)a}zecr, be a set of order relations. Then, the following hold:

(i) (x,y) € (Oz)a for distinct points x,y € Uy, which means that x is a minimum

point in (O:E)Aa U (OI)A = UU'2'
wEUo'

(i) N (Oz)a ={(z,z): x € Uy}.

Q?EUU

5. Main results

In this section, we construct a topology on U, of (U,,A) induced by a betweenness
relation. For this aim, a right neighborhood of any y € U, with respect to Ba(<) is
defined.

Definition 5.1. Let (U,, A) be an approximation space. Then,
(i) a right neighborhood of any y € U, with respect to Ba(<) is ((RY)z))a< =
{z€U,: (x,y,2) € BA(<)};
(ii) a right neighborhood of any y € U, with respect to (Og)a is ((Ry)z)a,< = {2 €
Us : (y,2) € (Oz)a}-

Proposition 5.2. Let (Uy, A) be an approzimation space. Then, the properties that hold
for (Ry)z)a.<, ¥ x,y € Uy are as follows:
(iv) ((Ry)x)A,< N ((Rm)y)A,< = 0 if and only

i) ye ((RY)z . .

(1) y € (Ry)z)a,< ifx # 1.

(i) (Rz)z)a,< = Us- (v) Q] (Ry)e)a,< = {y}

(ili) z € ((Ry)x)a,< if and only if x # y.

Proof. Using Remarks 3.1 and 3.4 and Definition 5.1, the proof is obvious. O

Note that the class ((Ry).)a,<, V y € Uy is a basis for a topology called (7;)a <. In this
topology, the set ((Ry).)a, < is the smallest neighborhood of y. Each of these topologies
{(72)a,< : @ € Us} is induced by a betweenness relation Ba(<). Also, an order relation
(Oz)a is used to generate other topologies such as the topology of Lashin et al. in [13].

Theorem 5.3. Let (7;)a < be a topology equipped with BA(<) on (Us, A) with cardinality
greater than 1. Then, (T;)a < is neither discrete nor indiscrete topology, ¥V x € U,.
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Proof. 1t is clear that {0,Us} C (72)a<« C P(Us), where P(U,) is the power set (also
considered a discrete topology) on U,. It is needed to prove that P(Us) # (Tx)a < #
{0,Us}, for x € U,. Assume that {z} € (7;)a <; then, {z} is the smallest neighborhood
of x with respect to (7;)a <. Also, ((R x)z)a,<« = Uy is the smallest neighborhood of
with respect to (7;)a <. Hence, {} = U, which contradicts the fact that the cardinality
of Uy is greater than 1. So, P(U,) # (7z)a,<. Now, let y € U,/{x}. Since ((R y)z)a <
contains y but does not contain x, ((R y)z)a < is a nonempty set and is not U,. Moreover,
since ((R ¥)z)a,< € (Tz)a.<, (Tz)a,< is not an indiscrete topology. O

Theorem 5.4. Let (U,, A) be an approzimation space and (T:)a <, ¥V @ € Uy be a topology
obtained by Ba(<). Then, | (Tz)a< = {0,Us}.

rzelUq

Proof. Obviously, {0,U,} € () (7z)a < is verified. Suppose that F € () (7x)a < and
zeUs zeUs
F#0. Ifue F,then F € (1,)a <. So, F' is a neighborhood of u with respect to (7,)a <.

Since ((Ru)y)a,« = Us is the smallest neighborhood of u with respect to (7,)a <, then
F = U, implies that () (72)a< = {0,Us}. O

IEUO'

Example 5.5. In Example 3.5, the set of order relations (Oz)a,, ¥V « € Uy, which is
induced by a betweennees relation Ba, (<), is as follows:
(Op)a, = {(f1, f1), (e1,e1), (e2,e2), (e3,€3), (v1,v1), (v2,v2), (v3,v3), (f1,€1), (f1,e2),
(f1,e3), (f1,v1), (f1,v2), (f1,v3), (e1,v1), (e1,v2), (e2,v2), (e2,v3), (e3,v1), (e3,v3)},
(Ocy)a, = {(f1, f1), (e1,e1), (e2,e2), (e3,e3), (v1,v1), (v2,v2), (v3,v3), (e1, f1), (e1,e€2),
(e1,€3), (e1,v1), (e1,v2), (e1,v3)},
(Ocy)a, = {(f1, f1), (e1,e1), (e2,e2), (e3,e3), (v1,v1), (v2,v2), (v3,v3), (e2, f1), (e2,e€1),
(62763) (627@1)7 (627@2)7 (62703)}7
( 63)A1 - {(fl,f1)7 (61’61)’ (62’62)’ (63’63)’ (U17vl)7 (U2702)7 (7)37”3)’ (637f1)’ (63761)’
(63762) (637@1)7 (6377)2)7 (6377)3)}’
(Ovy)a, = {(v1,v1), (v2,v2), (v3,v3), (f1,/1), (e1,e1), (e2,e2), (e3,€3), (v1, f1), (v1,e1),
(U17€2) (7)1763)7 (7)171)2)7 (U17U3)7 (617f1)’ (637f1)}7
( Uz)A1 - {(vhvl)? (7)277)2)7 (Ug,vg), (61761)7 (62762)7 (63763)7 (flafl)? (U27f1)7 (U2761)7
(v2, €2), (v2,€3), (v2,v1), (v2,v3), (€1, f1), (€2, f1)},
(Ovs)a, = {(v1,01), (v2,v2), (vs,v3), (e1,e1), (€2,e2), (es,€3), (f1,[f1), (v3, f1), (vs,e€1),
(1)3782) (1)3,83), (1)3,1)1), (U37U2)7 (627f1)7 (e?nfl)}‘

Right neighborhoods (smallest upper sets) for each x € U,, are as follows:

(R fu)p)an< =1{f1,e1,e2,€3,v1,02,03}, (Rvi)f)a, < ={vn},
((R 61)f1)A1,< = {e1,v1,v2}, (R 02)f1)A1,< = {vq},
((R 62)f1)A1,< = {ea,v2,v3}, (R ”3)f1)A1,< = {vs}.
((Res)p)a,< = {es,v1,v3],

Therefore, the basis is (8f,)a,.« = {Us, 0,{e1,v1,v2}, {e2,v2,v3}, {e3,v1,v3}, {v1},
{va}, {v3}}, which is used to generate (7f,)a, <. Similarly, the bases for other points of
Uy, are as follows:

(/Bel)Al, {Umawa{fl}a {62}7{63}3 {Ul}a {UQ}a {U3}}7
(ﬁ62)A1, {Umv@a{fl}a {61}7{63}3 {Ul}a {02}7 {03}}7
( S)A = {U0'17®7 {fl}v {61}, {62}3 {Ul}a {UQ}a {U3}}v
(Bor)ar,< = {Uo,, 0, {f1}, {e1, f1}, {e2}, {es, f1}, {va}, {vs}},
( vg)A1,<—{Uap@ {f1}, {ex, i}, {e2, 1}, {es}, {v1}, {vs}},
(Bus)ar,< = {Uo1, 0, {f1}, {ex}, {e2, fu}, {es, fi}, {v1}, {va}}-

From Example 5.5, we note the following;:

(i) {2} ¢ ()a<, V2 € Us.
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(ii) For any = € Uy, (7z)a, < is neither a discrete nor an indiscrete topology.

(iii) N (7e)a<=1{0,Us}.

IEO’

Theorem 5.6. Let (7,)a be a topology obtained by (Bo)a on (Uy, A). Then, |J (7z)a =

z€Us
V (72)a = P(Us).
zeUs
Proof. 1t is clear that |J (z)a € V (7z)a € P(U,). It is needed to prove that
zeUsy zeUy
P(U,) € U (7z)a. Suppose that F € P(U,). Then, either F = ) or F = U,. So,
zeU, o
Fe U (rz)a. fF #0and F # U, (take u € U,/F), then by Remark 3.1 (iv), we
zeUs
get (R y)u)a = {y} for any y € F, while ((R y)u)a € (Tu)a. Then, FF = U {y} =
yeR
U (R y)u)a € (Tu)a- It is deduced that FF e | (72)a- O
yeF zeUs

Theorem 5.6 is illustrated in Example 5.7.

Example 5.7. Let (Uy,,A1) be an approximation space in Figure 1; the set of order
relations (Oz)a,, for all z € U,,, which is induced by (Bp)a, is as follows:

(Ofl)Al = {(f17f1)7 (61761), (62762)7 (63’63)7 (1)1,1)1), (UQJ}Q)’ (1)371)3)7 (f1761)7 (f1,62),
fiyes), (fi,v1)s (fi,v2), (f1,03)},

Dar = {(f1, 1), (e1,e1), (e2,e2), (es,e€3), (v1,v1), (v2,v2), (vs,v3), (€1, f1), (e1,e€2),
763) (617U1)7 (61,1)2), (61,’[)3)},

2)A1 = {(f17f1)7 (elael)a (62762)a (63763)a (Ulvvl)a (’027’02)7 (’1)3,’1)3), (627f1)7 (62761)7
;€3), (€2,v1), (e2,v2), (e2,v3)},

s)a, = 1(f1, /1), (e1,e1), (e2,e2), (e3,e3), (vi,v1), (v2,v2), (v3,v3), (€3, f1), (e3,e1),
e2), (e3,v1), (e3,v2), (e3,v3)},

Dar = {(f1, f1), (e1,e1), (e2,e2), (e3,e3), (vi,v1), (v2,v2), (v3,v3), (v1, f1), (v1,e1),
,€2), (v1,e3), (v1,v2), (v1,v3)},

2)A1 = {(f1>f1)7 (61,61), (62a62)7 (63763)7 (Ulyvl)a (U27’02)) (U37U3)7 (U27f1)a (U2>el)7
,€2), (va,e3), (va,v1), (v2,v3)},

3)A1 = {(f17f1)7 (61761)’ (62a€2)7 (63363)7 (Ulyvl)a (’027’02)> (U37U3)a (U3vf1)7 (U3761)7
v3, €2), (vs,e3), (v3,v1), (v3,v2)}.

Right neighborhoods are as follows:

(

(Oe
(e1
(Oe
(e2
(Oe
(637
(Oy
(v1
(Oy
(v2
(Oy
(

(R fu)p)a, = Usy, (Rvi)p)a, ={vi},
(Re1)p)a, = {er}, (Rv2)p)a, = {va},
(R e2)f)a, = {ea}, (Rv3)p)a, = {vs}
(Re3)p)a, = {es},

Therefore, (Bf,)a, = {Uo1,0, {e1}, {e2}, {es}, {v1}, {va}, {vs}}, which is used to con-
struct a topology (7f,)a, on U,.
Similarly, the bases for other points of U,, are deduced:
(/861)A1 {UO'17®7 {fl}’ {62}7 {63}7 {Ul}v {’02}7 {’03}}7
/862) = {UO'17®7 {fl}’ {61}7 {63}7 {Ul}v {U2}7 {")3}}7
/863)A1 = {UO'17®7 {fl}’ {61}7 {62}7 {Ul}v {U2}v {U3}}7
/Bv1)A1 = {UUN@’ {fl}v {61}7 {62}7 {63}7 {’02}7 {03}}7
2)A1 {UUN(Z)’ {f1}7 {61}’ {62}7 {63}7 {Ul}v {03}}7
U3)A1 {UUN(Z)a {f1}7 {61}’ {62}7 {63}7 {Ul}v {02}}‘

AA/_\/_\/_\

In Theorems 5.8, 5.9, and 5.10, necessary and sufficient conditions that \/ (7:)a < =
IEEUU‘
P(Uy) hold for Ba(<) are given.
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Theorem 5.8. Let (U, A) be an approximation space. For any y € Uy, there is {x;}ier,
where I is a finite index set, from U, such that (z;,y,2) € BA(<) and i € I. Then, z =1y

if and only if QI((R Y)a)a< = {y}-

Proof. Let (z;,y,2) € Ba(<), Vi € I and z = y. Assume that z € N ((Ry)z)a <
icl
implies that (x;,y, z) is in BA(<) Vi € I. Since z =y € {y}, then ﬂ ((Ry)xi)a,< € {y}-

Using Proposition 5.2, we get {y} € (((RY)z;)a.<. Therefore, ﬂ(( Y)z)a< = {y}
el
Conversely, if for any y € Uy, 3 {z;}ier of U, and (z;,y,2) is in BA( ), using Definition
5.1, we get z € ((Ry)uz;)a,<, while (1 ((Ry)z;)a,< = {y}. Therefore, z = y. O
el
Theorem 5.9. Let (Uy, A) be an approxzimation space and (7,)a < be a topology obtained
by Ba(<), for x € Uy. Then, ¥V o € Uy, \ (T2)a< = P(Us) if and only if BA(<)
wGUa'
satisfies Theorem 5.8.

Proof. Suppose that \/ (7;)a< = P(Us). Then, {y} € V (72)a< for any y € U,.

z€Us z€Us
Since | (7z)a < is a subbase for \/ (74)a <, then there is {F}};c; of U, such that
reUs reUs
{y} € U Fj, where Fj is a finite intersection of elements of |J (72)a <. Hence, we find
jo € J such that {y} = F}j, and a finite set {w; : i € I} of |J (72)a < such that Fj, =
zeUs

N w;. Hence, {y} = N w;. Sincew; € | (7z)a < foreachi € I, 3z; € U, such that w; €
i€l i€l 2€Usy

(Tz;)A <, then w; is a neighborhood of y with respect to (7,)a <. Obviously, (R ¥)z;)a <
is the smallest neighborhood of y with respect to (7;,)a <. Then, y € (R ¥)z;)a,< € wi,

but {y} = N ws, and so N ((R y)x;)a,< = {y}. Therefore, Ba(<) satisfies Theorem 5.8.
il i1

1 1
Conversely, let Ba (<) satisfy Theorem 5.8. Then, for any y € U,, there is a finite subset

{z; + i € I} of U, such that ﬂ ((Ry)xi)A< = {y}, but ((R y)xi)A,< € (Tzi)A,< c vV
zeUys

(Tz)a,< for i € I implies that {y} € V (7z)a<. Therefore, V (7;)a<« = P(Us,). O

xelUqs rxeUs

Alexandroff spaces [1] are topological spaces, where each element is contained in the
smallest open set. In Alexandroff spaces, an arbitrary intersection of open sets is open.

Theorem 5.10. Let (Uy,A) be an approzimation space and (T:)a <, V @ € Uy be topolo-
gies obtained by BA(<). Then, \ (7z)a< = P(Us) if and only if \ (7x)a< is an

€Uy €Uy
Alexandroff topology.
Proof. If \/ (1x)a< = P(Us), then it is clear that \/ (7;)a < is Alexandroff.
Conversely,xelle])% V (7z)a,< be Alexandroff, then, for dgiesetli];ct points x and y in
Us, (R y)x)A,jega (Te)a< €V (7w)a<. From Proposition 5.2, we know that

AP
N (R y)z)A, < = {y}. Since V (7z)a < is Alexandroff, it implies that {y} €
zeUs zeUs
V (72)a < for any y € U,. Hence, V (72)a < = P(Uy). ]
z€Us zcUs
In Theorem 5.11, a betweenness relation must satisfy Theorems 5.8 and 5.9. Moreover,
a relationship between the topology 7g, (<) and topologies {(7z)a < }zcv, is studied.

Theorem 5.11. Let (Uy, A) be an approzimation space and induce both topologies Tp, (<)
and (Ty)a,<, ¥V u € Us. Then,
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(1) TrRo<) C© V. (Tu)a<s

UEUO'
(i) TRy = V (Tu)a< if and only if Ra = {(u,u) : u € Us}.
ucUs
Proof. (i) Since V (7u)a.< = P(Us), by Theorem 5.9, then 75, (<) €V (Tu)a <-
ueUs u€Us
(ii) Let V (7u)a,< = P(Us). It is needed to prove that 7r, = P(U,) if and only

ucUs
if Ra = {(u,u) : u € Us}. If Ra = {(u,u) : v € Uy} implies that {u} € 7p, V
u € Uy, then 7, = P(U,). On the other hand, if 7r, = P(U,), then from a one-
one correspondence between order relations and topological spaces for Alexandroff
on Uy, we get Ry = {(u,u) : u e Uy}.
O

Example 5.12. From Examples 2.7 and 5.5, it is clear that 7p, (<) € V (T2)a, <
.Z’EUUI
Example 5.13. If R, = {(u,u) : u € Uy, }, where U,, is shown in Figure 1, then

Ra, = {(f1, f1), (e1,e1), (e2,e2), (es;e3), (vi,v1), (v2,v2), (v3,v3)}. The set of right
neighborhoods is as follows:

fi Ra, = {f1}, v1 Ra, = {v1},
er Ra, = {e1}, vy Ra, = {va},
ez Ra, = {e2}, vs Ra, = {v3}.
es B, = {es},

Obviously, if Ra, = {(u,u) : u € Uy, }, then the corresponding betweenness relation is
(BO)Al- AISO7 TRAl = \/ (TI)AI.

zeU, o1
Theorem 5.14. Let (U,, A) be an approzimation space and induce both topologies TRA(<)

and (7z)a,<- Then, for any y € Us, (7y)a,< = Tra(<) if and only if y is a minimum
element with respect to Ra(<).

Proof. Let (T,)a«< = Tr,(<)- S0, it is concluded that (Oy)a = Ra(<). This means that
y is a minimum element with respect to Ra(<). Conversely, let y be the minimum element
with respect to Ra(<). It is equivalent to show that (Oy)a = RA(<). Let (£,2) € (Oy)a
imply that (y, ¢, z) € Ba(<). So, there are four cases:
(i) £ =y implies that (y,z) € RA(<) since y is a minimum element in Ra (<) and so
(¢,2z) € RA(<).
(ii) ¢ = = implies that (¢, z) € Ra(<), by the reflexitivity of Ra(<).
(iii) yRA(<)!RA(<)z implies that (¢,2) € Ra(<).
(iv) zRA(<)IRA(<)y. Since y is a minimum element in RA(<) and Ra (<) antisym—
metric, then z = ¢ = y. By the reflexitivity of Ra(<), we have (¢, z) € Ra(<).
Hence, (Oy)a € Ra(<). Conversely, if (¢,z) € Ra(<), then y Ra(<){RA(<)z
since y is the minimum element in RA(<). Then, (y,¢,2) € Ba(<), and so
(4,2z) € (Oy)a. Thus, RA(<) € (Oy)a. Therefore, (Oy)a = RaA(<).
(|

Example 5.15. From Examples 2.7 and 5.5, since f; is the minimum element with respect
to R, (<), then R, (<) = (O, )a,- It is clear that (74,)a, < = Tr, (<) since fi is the
minimum element with respect to Ra, (<).

6. Conclusions

In this paper, we begin with a simplicial complex o. An approximation space (Uy, A) is
established. The universal set U, of a simplicial complex o is represented by a set of points
from the vertices, edges, triangles, tetrahedrons, and so on. A betweenness relation is used
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to establish a new class of order relations. From the set of order relations, the researchers
have a set of topologies. Moreover, a relationship between the topology induced by Ra (<)
and the topologies generated by (O,)a is studied.

Acknowledgment. The authors would like to thank editors and anonymous reviewers
for their constructive comments, which help improve the paper significantly.
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