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Abstract

In the paper, the authors establish closed forms for the Delannoy two-functional sequence and its difference
in terms of the Hessenberg determinants, derive recursive relations for the Delannoy two-functional sequence
and its difference, and deduce closed forms in terms of the Hessenberg determinants and recursive relations
for the Delannoy one-functional sequence, the Delannoy numbers, and central Delannoy numbers.
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1. Introduction

A tridiagonal determinant is a determinant whose nonzero elements locate only on the diagonal and slots
horizontally or vertically adjacent the diagonal. Technically speaking, a determinant H = |hjj|nxp is called
a tridiagonal determinant if h;; = 0 for all pairs (4, j) such that |i — j| > 1. For more information, please
refer to the paper [I1]. A determinant H = |h;j|nxn is called a lower (or an upper, respectively) Hessenberg
determinant if h;; = 0 for all pairs (4, j) such that i+1 < j (or j+1 < i, respectively). For more information,
please refer to the paper [I8].
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In combinatorial number theory, the Delannoy number D(m,n) for n,m > 0 can be regarded as the
number of lattice paths from (0,0) to (m,n) in which only east (1,0), north (0,1), and northeast (1,1). The
Delannoy numbers D(m,n) can be defined by means of the recurrence relation

D(m,n)=D(m—1,n)+D(m—1,n—1)+ D(m,n—1)

with initial values D(0,n) = D(m,0) = D(0,0) = 1. The historic significance of these numbers D(m,n) was
explained in the paper [1]. The Delannoy numbers D(m,n) can be computed by explicit formulas

= Q)2 s =55 () ("2

k=0 =0
and can be generated by
1
_ = D ™.
= Y Demwey
n,m>0
For more information on the Delannoy numbers D(m,n), please refer to [I, 19, 59 [63] and closely related
references therein.
The numbers D(k) = D(k, k) for k > 0 are known as central Delannoy numbers. In [26, Theorem 1.3],
central Delannoy numbers D(k) were represented by

1322 1 1
D(k):/ —dt, k>0,
22 (-3 +2v2)(3+2v2 1) !

In [48] Section 4], the central Delannoy numbers D(k) were generalized as

1 1
a \/(t—a)(b—1t) t’f“dt’

and, from [26] Lemma 2.4|, it is derived that the quantities D, (k) have the generating function

k>0, b>a>0

1 B e xk
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By virtue of conclusions in [24] Section 2.4] and [38, Remark 4.1|, we can find that the quantities Dg (k) for
k > 0 can be computed by

1 & (20— [ ¢ Afa,b)]"
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where A(a,b) = “TH’, G(a,b) = Vab, and H(a b) = 1/a+1/b
and harmonic means of a,b > 0. The quantities D, (k) can be further generalized as
sin(A) /b 1 1
Dy = dt,
(%) T Jo (t—a)(b—t)i AT

where 0 < @ < b, A € (0,1), and z € C. It is obvious that D, .1 /2(k) = Dgp(k). Theorems 2.1 and 2.2 in
the paper [38] demonstrate that the quantities Dg .5 (k) can be generated by

and

are respectively known as arithmetic, geometric,

o0

1
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and can be computed by the closed forms

Dasa(h) = i s )3 <Z> (Vel1 - A>n_e<2>£

=0
and .
1 1 /b\" kE—1\1 a\’
Dapr(k) = mmmz<a> Z<)\>£<€_ 1>£!<1— b> ;
k=0 =0
where .
H(w—i—k‘) n>1
(@)n = 9 k=0
1, n=>0
and -
H(:I:_k)v n=>1
() =9 150
1, n=>0

are known as the rising and falling factorials respectively. The ideas, significance, and reasonability of these
generalizations D, (k) and Dg .2 (2) come from the papers [25], 34) 37, 38, 39] 43, 52} 53], 54} [55] and closely

related references therein.
" /n\ [z ko "\ [z +Ek ok
> () G- () (0o
k=0 k=0

Inspired by the identity
in [8 eq. 3.17|, the Delannoy numbers D(m, n) were extended to the functional sequence

pen =3 (1) (-2 () ()

in [6I]. Various arithmetic properties and congruence relations for the Delannoy one-functional sequence
D(z;n) have been studied in |9, [16] 17, 59, [60, 63].
In [58], the Delannoy one-functional sequence D(x;n) was further generalized as

D(x,r;n):zn:(x+2+k> <2:2>

k=0

the generating function

(14¢)*7"

e ZDxrnt, It < 1 (1.1)

was derived, and a plenty of identities for the Delannoy two-functional sequence D(x,r;n) were acquired.
In [7], the Delannoy two-functional sequence D(x,r;n) was generalized again to the Delannoy two-

functional polynomials
S (r+r+k\[r—7
D(x,rsn;y)zz< L ><n_k>yk

k=0
and, among other things, the generating function and recurrence formula for the Delannoy two-functional

polynomials D(x,r;n;y) were derived.
It is noted that D(x,0;n) = D(x;n) and D(x,r;n;1) = D(z,r;n).
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In combinatorial number theory, it is significant to express concrete sequences or arrays of integer numbers
or polynomials in terms of tridiagonal determinants or the Hessenberg determinants. In this respect, the
Bernoulli numbers and polynomials |2} [6 20, 27, 36}, [40l [62], the Euler numbers and polynomials [29, 32} [64],
(central) Delannoy numbers and polynomials |10} 19} 25 26, [3T), 47, 48] [49], the Horadam polynomials [41],
(generalized) Fibonacci numbers and polynomials [13] [14] [15] 2T, 25 [33] 46}, (50], the Lucas polynomials [41],
46|, and the like, have been represented via tridiagonal determinants or the Hessenberg determinants, and
consequently many remarkable relations have been obtained. For more information in this area and direction,
please refer to [12, 22, 23] 30} 35, 42}, 44 145, 51, [56], 57] and closely related references therein.

In this paper, we will present closed forms [3] for the Delannoy two-functional sequence D(x,r;n) and
its difference D(z,r;n) — D(z,7;n — 1) in terms of the Hessenberg determinants, derive recursive relations
for the Delannoy two-functional sequence D(z,7;n) and its difference D(x,7;n) — D(z,7;n — 1), and deduce
closed forms in terms of the Hessenberg determinants and recursive relations for the Delannoy one-functional
sequence D(z;n), the Delannoy numbers D(m,n), and central Delannoy numbers D(k).

2. Determinantal forms of the Delannoy two-functional sequence and its difference

In this section, we will present closed forms for the Delannoy two-functional sequence D(z,r;n) and for
its difference D(z,7;n) — D(x,r;n — 1) in terms of the Hessenberg determinants.

Theorem 2.1. The Delannoy two-functional sequence D(x,r;n) for n > 0 can be determinantally expressed
by
(=1)"
D(IL‘, T 77,) = T ‘P(n—i-l)xl(xa ’I”) B(n+1)><n($7 r)‘(n+1)x(n+1) ) (21)

where
Poina(z,r) =z —ro {@—r)1 (x—rs ... (&—1)a),

(=1 (_1vi—i o
B(n+1)><n<xvr) — ((j—l)( 1) J<x—i—r—|— 1>27]>(n+1)><n7

and T denotes the transpose of a matriz.
The difference D(x,r;n) — D(z,r;n — 1) for n > 1 can be determinantally expressed by

(="
D(z,r;n) — D(z,r;n—1) = i ‘P(n+1)><1 C("+1)X"|(n+1)x(n+1) , (2.2)
where
i—1 i—j o
Cluryne,) = (DD et rhig)
Proof. Let pyr(t) = (14)*" and g, ,(t) = (1 — t)**" 1. Then
PN = (& = i1+ 677 = (=)
and
gFl @) = (D" az+r+ 11 =) F o (=) @+ 7+ 1)
ast — 0.
The equation implies that
1 d" [ (14¢)*"
_D(.T,T,TL) = ’]’L!t—)odt'n|:(1—t)x+r+1:|. (23)

Let u(t) and v(t) # 0 be two nth differentiable functions for n € N. Exercise 5) in [4, p. 40| reads that
u(t)

the nth derivative of the ratio o can be computed by
A" Tu(®)] (—1)" [ Wins1)x(ns1) (2)]
dzn v tL() ’

v(t)

(2.4)
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where [W(,11)x (nt1)(t)| is the determinant of the (n + 1) x (n + 1) matrix
W(n+1)><(n+1) (t) = (U(n+1)><1(t) .‘/(n+1)xn(t))(n+1)><(n+l) )

the matrix U, 41)x1(t) is an (n+ 1) x 1 matrix whose elements satisfy uy1(t) = uF=D(t) for 1 <k <n+1,
and V(,41)xn(t) is an (n + 1) X n matrix whose elements meet v; j(t) = (;‘:i)v(i*j)(t) for1 <i<n+1
and 1 < j < n. The formula is a general and fundamental, but non-extensively circulated, formula for
derivatives of a ratio of two differentiable functions.

Combining (2.3)) and (| gives

_ (_1)71 lim ‘U(n+1)><1(t) ‘/(n—l—l)xn(t)‘

nl 150 )
_ (=1)" |limt_>0 Umn+1yx1(t)  limeo V(n+1)><n(t)‘
n! limy o gt (t)
= (—nl')" im0 Uns1yx1 (8)  limy—so Ving1yxn ()]
where
lim U 1y,a (1) = lim (p00) 900 p2(0) Py (t))T
={z—r) (z—rh (z—-r) (x —7)n)
and

i Vi g1yn(t) = (o (200l (1)) ien = (oD a7+ 1))

The determinantal form ([2.1)) is thus proved.
The generating function in (1.1)) can be rewritten as

(n+1)xn

1
El+§x+r (1—1) ZDxrn D(z,1;0) +Z (z,r;n) — D(z,r;n — 1)|t"

By the same arguments as in the derivation of the determinantal form (2.1)), we can obtain the determinantal
forms ([2.2) immediately. The proof of Theorem is complete. O
3. Recursive relations of the Delannoy two-functional sequence and its difference

In this section, with the aid of Theorem we will derive recursive relations for the Delannoy two-
functional sequence D(z,r;n) and for its differences D(x,r;n) — D(z,r;n — 1).

Theorem 3.1. The Delannoy two-functional sequence D(xz,r;n) for n > 1 satisfies

(.’E +7r+ 1>n—5+1
(n—s+1)!

(x —1)n

D(z,r;n) =

Y1)

s=1

oy D(z,r;s —1) (3.1)

and the differences D(x,r;n) — D(z,r;n — 1) for n > 2 meet

D(z,r;n) — D(z,r;n—1) = W +(=D)" Z(—I)SM[D(%TQ s—=1) = D(z,r;s —2)]. (3.2)
: s=2 ’
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Proof. Let Qo =1 and

€1,1 €1,2 0 . 0 0
€91 €9,2 €23 0 0
€31 €32 €3,3 N 0 0
Qn = : :
€n—21 €n—22 €n-23 ... Epn_2n_1 0
€n-1,1 €en-12 €n—-13 --- €En—1n-1 En—1n
€n,1 €n,2 €n,3 e En,n—1 €n,n

for n € N. In [5, p. 222, Theorem], it was proved that the sequence @,, for n > 0 satisfies ; = €11 and

n n—1
Qn = Z(—l)n_sen,s (H 6j,j+1> Qs—1 (3.3)

s=1 j=s

for n > 2, where any empty product is understood to be 1 while any empty sum is understood to be 0.
Substituting (—1)""*(n — 1)!D(z,r;n — 1) for Q,, replacing ey for 1 <k < n by (z — r)i_1, switching
ej; for 1 <i<nand2<j<ninto (Z._;)(—l)l_]“‘l(z + 7+ 1);—j41 in (3.3), and simplifying arrive at

(=1)" Y (n - 1)'D(z,r;n — 1)

=(-D)" Nz —r)p1+ ZQ (:: ;) ()" e b+ 1)1 (1) "2(s — 2)!D(z, ;5 — 2)

which can be reformulated as
(-=1)""Yn - 1)'D(z,r;n —1)

=(-1)" Yz =)= > (~1)%(s - 2)! <” - 21> (x+7+Dp_si1D(x,r;5 — 2).

The recursive relation (3.1)) is thus proved.

Similarly, substituting (—1)"~!(n — 1)![D(z, r;n—1) — D(z,r;n— 2)] for Q, replacing ey, ; for 1 < k <n
by (z — r)g_1, switching e; j for 1 <i<mnand2 < j <n 1nto (C;)( )z + )i in (3.3), and
straightforwardly simplifying lead to the recursive relation The proof of Theorem |3.1] u is complete O

4. Determinantal forms and recursive relations for the Delannoy one-functional sequence, the
Delannoy numbers, and central Delannoy numbers

In this section, with the help of Theorems and we deduce closed forms in terms of the Hessenberg
determinants and recursive relations for the Delannoy one-functional sequence D(x;n), the Delannoy numbers
D(m,n), and central Delannoy numbers D(k).

Since D(z,0;n) = D(x;n), when taking r = 0 in Theorems and we derive the following conclu-
sions.

Theorem 4.1. The Delannoy one-functional sequence D(x;n) for n > 0 can be determinantally expressed
by
(="

D(x; TL) = T ‘m(nJrl)xl(x) %(n+1)><n(x)‘(n+1)><(n+1) ) (4'1)

where

Bninxi(@) = ((xho (x)1 (x)2 ... (:E)n)T
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and
Bnen(®) = (T (-1 o+ iy

The difference D(x;n) — D(xz;n — 1) for n > 1 can be determinantally expressed by

(n+1)xn ’

-1 n
D)~ Dain— 1) = " @) Crnn@) oy

where
Cninyen(@) = (D) (-1 )iy )

Theorem 4.2. The Delannoy one-functional sequence D(x;n) for n > 1 satisfies

(n+1)xn ’

Diain) = 0t (1 (-1 e DG - )
s=1

and the differences D(x;n) — D(x;n — 1) for n > 2 meet

<l‘>n - <1‘>n75+1
D(z;n) — D(x;n—1) = —— -1 -1 ——"——[D(x;s — 1) — D(z;s — 2)].
(#3n) = D(z;n —1) = —F + (1) ;:2( ) (h— s+ 1)![ (w35 —1) — D(z;5 — 2)]
When taking = m in Theorems [4.3] and we derive the following conclusions.

Theorem 4.3. The Delannoy numbers D(m;n) for m,n > 0 can be determinantally expressed by

D(m,n) = (_nl')n }’P(n—&—l)xl(m) B(n+1)><n(m)‘(n+1)><(n+1)7 (4'2)
where
Plusnea(m) = ((mo (mh (m)a .. (m)n)"
and

Binsipen(m) = (=17 (1) (m + )iy

The differences D(m;n) — D(m;n — 1) for m > 0 and n > 1 can be determinantally expressed by

(n+1)xn ’

_1)n
D(m;n) — D(m;n—1) = (n') ‘P(n+1)xl(m) C(”H)X’”(m)‘(nﬂ)x(nﬂ) ,

)= (DD )iy
(

Theorem 4.4. The Delannoy numbers D(m;n) for m > 0 and n > 1 satisfy

(m (-1 12 <7ij>D(m;s) (4.3)

and the differences D(m;n) — D(m;n — 1) for m >0 and n > 2 meet

where

1) m .
n+ ><n( (n+1)xn

3

D)~ Dmin —1) = () + <—1>”Z<—1>8( ") IDlnss — 1)~ Dls —2)

n = n—s+1
When taking m = n = k in Theorem we derive the following conclusions.
Theorem 4.5. Central Delannoy numbers D(k) for k > 0 can be determinantally expressed by

(—1)*
D(k) = Pyt Bat)xk| o1y pr) (4.4)
where
Piinxi = (ko (k)1 (k)2 ... (k)

and

Bry1)xk = ((;:i)(_l)i_j% + 1>i_j)(k+1)xk'
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5. Remarks

Finally we list several remarks as follows.

1.

The determinantal forms (4.2) and (4.4)) in Theorem 4.3/ and Theorem |.5| recover [19, Theorem 2.1].

2. The formula (4.3) coincides with the first result in [I9, Theorem 3.1]. Letting m = n in (4.3]) recovers

4.

the second result in [I9, Theorem 3.1].

. The determinantal form (4.4) in Theorem is different from
ai 1 o -~ 0 0 O
a a 1 0 0 0
as as al cee 0 0 0
D(k) = (-1)F| : : : : (5.1)
ak—2 k-3 ag—4 -+ a 1 0
k-1 Qg2 ag-3 -~ az ap 1
ag ap—1 Qag—2 -+ az a2 ai

where k£ > 1 and
k
(—1)k*1 000 (20=3)1 (L
= — —1)"6" ———— .
h 6k ;( ) 20N \k—¢
The determinantal form (5.1)) was established in [26] Theorem 1.1|. See also related texts in the
papers [19].
This paper is a modified version of the electronic preprint [2§].
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