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Abstract

The purpose of this work is to establish an extension of a Bai-Ge type multiple fixed point theorem for a sum
of two operators. The arguments are based upon recent fixed point index theory in cones of Banach spaces
for a k-set contraction perturbed by an expansive operator. As illustration, our approach is applied to prove
the existence of at least three nontrivial nonnegative solutions for a class eigenvalue three-point BVPs for a
class of fourth order ordinary differential equations (ODEs for short).
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1. Introduction

In recent decades, there has been enormous interest in the development of the fixed point theory due
to many applications. The existence and multiplicity of positive solutions for nonlinear ordinary differential
equations and difference equations have been studied extensively. The main tools used are fixed-point
theorems in cones of Banach spaces. The most well-known version of Leggett-Williams fixed point theorem
[11] provides conditions which ensure the existence of at least three fixed points in cones of Banach spaces of
a completely continuous operator. Some new fixed point theorems based on Leggett-Williams’s work were
established. For example, the five functional fixed point theorem [2] due to Avery, a generalization of the
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Leggett-Williams fixed-point theorem [3] due to Bai and Ge, were applied to archive some new existence and
multiplicity results.
In 3] Theorem 2.1], Bai and Ge have discussed the existence of at least three positive solutions to the
nonlinear operational equation
Az =z (1.1)

where P is a cone in a Banach space (E, ||.||), A is a completely continuous nonlinear map acting in P. Note
that the obtained result can be regarded as an extension of the Leggett-Williams fixed point theorem.

The Bai-Ge fixed point theorem states the following.
Let > a > 0, L > 0 be constants, 1) a nonnegative concave functional and «, S nonnegative convex
functionals on P. Define the convex sets:

Pr=AzeP: |z <r},
Pla,rB,L)y={x€P: a(z)<r Blz)<L},
Pla,r;B,L) ={z € P: alx) <r, fx) < L},
Pla,r; B, Lyp,a) ={x € P: a(z) <r, B(z) <L, (z)>a},
Plo,ri B, Lip,a) ={z € P: a(x) <1, fx) < L, ¢(z) > a}.
The following assumptions about the nonnegative convex functionals «, 5 will be used:
(A1) there exists M > 0 such that ||z| < M max{a(x),B(x)}, for all z € P;
(Az) P(a,r;8,L) # 0 forallr >0, L > 0.

Lemma 1.1. Let ro > d > ¢ > ry > 0, Ly > Ly > 0 be constants. Assume that o, 3 are nonnegative
continuous convex functionals satisfying (A1) and (Az2). Let 1) be a nonnegative continuous concave functional
on P such that Y(x) < a(z) for all x € Pla,re; B3, La) and let A : P(a,72; 3, La) — Pla,re; 8, Le) be a
completely continuous operator. Assume

(B1) {v € Plad; B, Las ) : B(x) > c} £ 0, ¥(Az) > ¢ for all & € Plav,d B, La; , );
(Ba) a(Ax) <1y, B(Ax) < Ly for all x € P(a,r1; 8, L1);
(Bs) ¥(Az) > c for all x € P(a,ra; B, Loy, ¢); with a(Az) > d.
Then A has at least three fived points x1, xo and x3 in P(c,r2; 3, L) with
21 € P(a, 138, L1), 2 € {a € Pla,r2; B, Lasp,c) + Y(x) > c}

and

T3 € ﬁ(()é,’l“g; ﬁ? LQ) \ (f(aa’r% Ba L2a 17&7 C) Uf(a’rl; Ba Ll))

In this work, instead of equation (1.1)), we consider the nonlinear operational equation
T:E—I—szfc,xEUﬂQ, (1.2)

where T : @ C P — FE is an expansive mapping with constant h > 1 and F' : U C P — F is a k-set
contraction with k& < h —1. We will establish a generalization of Lemma [I.1] for such class of operators. The
arguments are based upon of the properties of the generalized fixed point index i,, developed by Djebali and
Mebarki in [6].

The paper is organized as follows. In Section 2, we formulate and prove our main result. In Section 3, we
lustrate our main result with an application for existence of at least three nonnegative solutions for a class
of eigenvalue three-point BVP for a fourth order ODEs.
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2. Main Results
Let X be a real Banach space.

Definition 2.1. A mapping K : X — X is said to be completely continuous if it is continuous and maps
bounded sets into relatively compact sets.

The concept for [-set contraction is related to that of the Kuratowski measure of noncompactness which
we recall for completeness.

Definition 2.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness
a: Qx — [0,00) is defined by

aY)=infq5>0:Y =]JY; and diam(Y;) <6, je{1,...,m} 7,

j=1
where diam(Y;) = sup{||x — y||x : z,y € Y;} is the diameter of Y;, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [4].

Definition 2.3. A mapping K : X — X is said to be [-set contraction if it is continuous, bounded and there
exists a constant [ > 0 such that

a(K(Y)) <la(Y),
for any bounded set Y C X. The mapping K is said to be a strict set contraction if | < 1.
Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction (see [7]).

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — 'Y is said to be expansive if there
exists a constant h > 1 such that
Kz — Kylly = hllz —ylx

for any x,y € X.

Let P be a cone in X, 2 C P and U is a bounded open subset of P. Assume that 7': @ — X is an
expansive mapping with constant A > 1 and F : U — X is a k-set contraction. The operator (I —7T)7! is
(h — 1)~ L-Lipschtzian on (I — T')(2). Suppose that 0 <k < h — 1,

FU)cC(I-T)(), (2.1)

and
x# Tz + Fa, forall z€0U( | (2.2)

Then z # (I —T) ' Fax, for all x € OU and the mapping (I — T)"'F : U — P is a strict k(h — 1) !-set
contraction. Indeed, (I —T)~!F is continuous and bounded; and for any bounded set B in U, we have

a(((I =) F)(B)) < (h— 1) a(F(B)) < k(h — 1) a(B).
The fixed point index i ((I —T)"'F,U, P) is well defined. Thus we put, see [6],

i(T-YI-F),U,P), ifUNQ=p0

0, it UNQ=0. (2.3)

u@+RUﬂQm:{

This integer is called the generalized fized point index of the sum T + F on U (| with respect to the cone
P.

Theorem 2.5. [0, Theorem 2.3]. The fized point index defined in satisfies the following properties:
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(a) (Normalization). If U = P,, 0 € Q, and Fx = 29 € B(=T0,(h — 1)r) (P for all x € Py, then
i (T +F, P [ |2 P) =1.

(b) (Additivity). For any pair of disjoint open subsets Uy,Us in U such that T + F has no fized point on
U\(U1UU2)) N, we have

i (T+F,U(\P) =i (T +F,Ui [ |QP) +i. (T + F,Us [ |Q,7P),

where i, (T + F,U; (N Q, X) : =i, (T—{—F\Ufj,UjﬂQ,P), j=1,2.

(c) (Homotopy Invariance). The fized point index i, (T + H(t,.),U(\Q,P) does not depend on the parameter
t € [0,1] whenever

(i) H:[0,1] x U = E is continuous and H(t,z) is uniformly continuous in t with respect to x € U,
(i) H([0,1] x ) C (I - T)(®),

(ii5) H(t,.): U — E is a l-set contraction with 0 <1 < h —1 and | does not depend on t € [0, 1],
(iv) Tax + H(t,z) # x, for all t € [0,1] and z € OU [ 2.

(d) (Solvability). If i, (T + F,U(\Q,P) #0, then T + F has a fized point in U ).

Several conditions allowing computation of the fixed point index are shown. Details can be found in [6].
The following lemmas are fundamental for the proofs of our main results.

Lemma 2.6. Let X be a closed convex subset of a Banach space E, U a nonempty bounded open subset of X
and Q be a subset of X. Assume that T : Q) — E is an expansive mapping with constant h > 1 and F : U — E

is a k-set contraction with k < h — 1 such that F(U) C (I —T)(2), and Tx + Fx # z, for all x € U
The indez i, satisfying the following properties:

(i) (Excision property). Let V. C U be an open subset such that T + F has no fized point in (U\V) Q.
Then

i (T+FUQ,X) =i (T+FV[)QX).
(i) (Preservation property). If Y is a retract of X and Q CY, then

i(T+FU(QX) =i (T+FU[Q,Y).

Proof. Properties (i) and (ii) follow directly from the definition (2.3)) and [6, Remark 2.4] and the correspond-
ing properties of the fixed point index for strict set contractions (see [9, Theorem 1.3.5] or [I], 5] [10]). O

Lemma 2.7. Let X be a closed conver subset of a Banach space E, X1 a bounded closed conver subset of
X, Q be a subset of X and U a nonempty bounded open conver subset of X with U C X;. Assume that

T :Q — FE s an expansive mapping with constant h > 1 and F : X1 — FE is a k-set contraction with
k<h-—1.1If

F(X1) c (I-T)(X:1( ), (2.4)
and
Tx + Fx # =, foralle(Xl\U)ﬂQ. (2.5)
then
i (T+FU[,X) =1.

In particular, if X is a nonempty bounded convex closed subset of E, Q C X, F : X — FE is a k-set
contraction with k < h — 1 and F(X) C (I —T)(Q), then

iW(T+FX[(QX)=1
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Proof. The mapping (I —T)"'F : X; — X is a strict k(h — 1)~ !-set contraction and it is readily seen that
(I -T)"'F(X;) C X; such that there is no fixed point of (I —T)~1F in X;\ U. Otherwise, there would exist
some zg € X1 \ U such that g = (I —T) ! Fxg. Hence, if 2o € ©, we get a contradiction with the condition
. If not we get a contradiction with (I —T)~!Fxg € Q. The result then follows from the definition
of the index i, and [9, Theorem 1.3.6]. O

Our main result is as follows.

Theorem 2.8. Let ro > d > ¢ > 11 > 0, Ly > Ly > 0 be constants, R > M max(rqe, L2) and 0 € Q C

P(a,re; B, La). Assume that o, B are nonnegative convexr functionals satisfying (A1) and (A2). Lel ¢ be
a nonnegative concave functional on P such that ¥(x) < a(z) for all x € P(a,re; 8, La). Assume that
T :Q — E is an ezpansive mapping with constant h > 1 and F : P(a,ro; 3, La) — E is a k-set contraction
with k < h — 1 such that

F (P(a,r2; 8, L2)) € (I = T)(P (a, 1158, L1) | ). (2.6)
Suppose that:
(C1) if x € P with a(x) = r1, then o(Tx + Fx) # r1;
(C2) if x € P with B(z) = Ly, then B(Tx + Fx) # L;
(C3) there exist 2o € {x € P(a,d; 3, La;),c) = w(z) > ¢} such that
20 € B(=T0,(h—1)R), (I —T) ') > ¢,

and
tF (P(a,72; 8, L2)) + (1 —t)zg C (I = T)(Q), for all t € [0,1].

(Cs) (Tx+ Fz) > ¢, v(Tx + 20) > ¢ and o(Tx + 2z) < d for all x € P(a, d; 3, La; b, ¢) () €);
(C5) ¥(Tx+ Fz) > c and (T + 29) > ¢ for all x € P(a,r9; 3, Lo, ¢) N Q with o(Tx + Fx) > d.
Then T + F has at least three fived points w1, x2 and x3 in P(a,ro; 8, Lo) (Q with

x1 € Pla,r1; 8, L1), w2 € { € Pla,ra; B, Lo, ¢) () > ¢}

and
3 € Pa, 12 B, La) \ P(a, 125 B, La; ¥, ) | P(ev,m13 B, Ln).
Proof. We list
U1 = P(Qarl;BaLl)a
U2 = {-TG?(O[,T‘Q;IB,LQ;@b,C) : ¢($)>C}

By assumptions on a, 3 and v, U and Us are disjoint bounded nonempty open subsets of P(c,2; 3, Lo).
Claim 1. We show that i.(T + F,U; N Q, P(a,r9; 8, La)) = 1.

We have Tz + Fx # x for all x € U, (2. Otherwise

there exist zo € OU; [ Q such that xg = Txo + Fxp.

If a(xp) = 71, by condition (Cy), we get

r1 = a(xg) = a(Txo + Fxg) # 11,

which is a contradiction.
If B(x0) = L1, by condition (C2) we get

Ly = B(zo) = B(Two + Fxo) # L,

which is a contradiction.
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Therefore, for X = P(a,re; 8, L2), X1 = Uy and U = Uy, Lemma, applies and gives the conclusion.
Claim 2. We show that i.(T + F,P(a,r9; 8, La) (Q, P(a, r9; B, L2)) = 1.
It is easy to see that this claim follows from the condition and Lemma,
Claim 3. We show that i.(T + F,Us (N Q, P(,79; 8, L2)) = 1.
Suppose that xg € OUs (2 is a fixed point of T' + F; then there is either
Case (i): ¢(xo) = ¢ with a(z¢) > d, or
Case (ii): ¥(z0) = ¢ with 29 € P(a, d; 3, La; 9, ¢).
In Case (i), there is a(T'zg + Fxo) = a(xg) > d, which combined with (C5) yields
Y(zo) = Y(Txo + Fag) > ¢, it is a contradiction.
In Case (ii), ¥(zo) = Y (Tzo + Fxo) > ¢, leading again to a contradiction with (Cy).
Consequently, the fixed point index i, (T + F, Uz Q, P(c, r9; 8, Lo)) is well defined and satisfying the prop-
erties (a)-(d) of Theorem [6, Theorem 2.3] as well as the properties given in Lemma
New, we consider the homotopic deformation H : [0,1] x Uy — E defined by

H(t,z) =tFx + (1 — t)z2.

The operator H is continuous and uniformly continuous in ¢ for each x and from (C3) we easily see that
H([0,1] x Uy) C (I —T)(R). Moreover, H(t,.) is a k-set contraction for each ¢ and the mapping T+ H (t,.)
has no fixed point on 9U; (2. Otherwise, there would exist some xg € Uz (2 and ¢y € [0, 1] such that

xg = Txo+ H(to,l‘o).

Since 9 € OUsa, we have ¥ (xy) = ¢, so we may distinguish between two cases:
a(Tzo + Fxo) > d and a(Txg + Fxo) < d.
If o(Txog+ Fxg) > d, the concavity of 1) and the condition (Cs) lead to

¢ = 1(xo) ¥ (Tzo + H(to, o))

Y (Tzo + toFxo + (1 —t0)20)

toy (T'zo + Fxo) + (1 —to) w(Tzo + 20)
&)

VIVl

which is a contradiction.
If a(T'zo + Fxo) < d, the convexity of o and the condition (C4) lead to

a(zg) = a(Tzo+ H(to,z0))
= a(to(Txo+ Fxo) + (1 —to)(Txo + 20))
< toa(Txo+ Fao) + (1 —to) a(T'zo + 20)
S d7

Thus, z¢ € P(a, d; B, La; 1, ¢) (2 and by the condition (C4), we get ¥(Txg + Fxzo) > ¢, which implies that
Y (zg) > ¢ and again we come to a contradiction with (zg) = c.
According to the homotopy invariance of the index i,

/L.* (T+ F> UQHQaf(O"TZ;BaLZ)) = Z* (T+ ZO,UQﬂQ,ﬁ(O{,'I"Q;ﬁ, LQ))

Since P(a,r2; 3, L) C Pr is closed and convex, so it is a retract of Pg with Q C P(a,re; 3, L2), by the
preservation property of the index i, in Lemma [2.6] we deduce that

i (T + 20, Ua [ |, Pla, 723 B, L2)) = i (T + 20, U2 [ |2, Pr).- (2.7)

Since Uy C Pg and T + z has no fixed point in Pr \ Uz (from the condition (C3) we have (I —T) 'z € Uy
), by the excision property of the index i, in Lemma , we deduce that

i (T + 20, Uz [ ), Pr) = i (T + 20, Pr[ | Pr). (2.8)
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Then, our claim follow from ({2.7), (2.8)), the condition (C3) and the normality property of the index i,.

Claim 4. We show that i.(T + F, (P(a,rg;ﬁ, L)\ (U1 U U, )) N2, P(a,ro; B, La)) # 0. From the addi-
tivity property of the index i,, we have

i (T + F, (Playrai B,L2) \ (U1 UT2) ) N1, Pla, 723 8, L)
= i (T + F,P(a,ry; B8, La) N, P(a,r2; 8, La))
—i (T + F,U1 N Q,P(a,r2; 8, L2)) — s (T + F, U2 2, Pe,72; 8, L2))
= 1-1-1=-1.
Consequently, T+ F has at least three fixed points z1, r9 and x3 in P (o, 72; 3, L2) () such that

«TIEUlﬂQ, xQEUgﬂQ

and

T3 € (7)QL7?;57L2)\(ILLLJIJQ)) e

3. Applications

In this section, we will investigate the following eigenvalue three-point boundary value problem

u®  + Ag(t)f(u) =0, 0<t<]l,
(3.1)
w(0) = 4/ (1) =d"(0) =u"(p) —u"(1) =0,

where
(D1) A >0, A #1,0<p<1.
(D2) g € C([0,1]) is a nonnegative function such that
0<g(t)<N, telo1],
N is a positive constant.

(D3) f € C(]0,00)) is a nonnegative function such that

f0)=0,[f(z) = fy)l <blz —yl, =2,y €[0,00),
b is a positive constant.

Define

t if t<s
Gi(t,s) =
s if s<t,
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t if t<s<p

s if s<t and s<p
Ga(t,s) =

~

}%; if s>p and t<s

s+t if t=s>p,

[y

1
J(t,s) = /OGl(t,U)Gg(v,s)dv, t,s €[0,1].

We have J(0,s) =0, s € [0,1], and

0 < Gi(t,s),Ga(t,s) <1, t,se][0,1].
Thus,

0 < J(t,s) <1, t,se]l0,1].

In [8], when X\ # 1, it is proved that J(-,-) is the Green function for the BVP ({3.1). Then the solutions of
the BVP (3.1)) can be represented in the form

u(t) = —)\/0 J(t,s)g(s)f(u(s))ds, te][0,1].

In [§] the problem is investigated for existence of at least one nonnegative solution. Here we investigate
the problem for existence of at least three nonnegative solutions.

Let E = C([0,1]) be endowed with the maximum norm. Below, suppose that zq, r1, 2, L1, L2, b, N, d,
¢, m, € and R are positive constants that satisfy the following inequalities

(Ds4)
ro = L22d>g220>0>7“1,
(3.2)
m > 1, ri=1L, )\:eJrlii’
0<A1 <1, €>2, €¢l1—-A41)>1, (3.3)
20 < ((1-A)-DR, —fay <7 (3.4)
Here A; = bN.

After the proof of the main result in this section, we will give an example for such constants and functions
f and g that satisfy (D;)-(D4). Our main result in this section is as follows.

Theorem 3.1. Suppose that (D1)-(D4) hold. Then the BVP (3.1) has at least three nonnegative solutions.
Proof. For u € E, define the operators

T = [ 0900 s,
Tyu(t) = —eu(t) — eTyu(l),
Tu(t) = Toult)— 2,

Fiu(t) = Eu(t),

Fu(t) = Fuu(t)4+2 telo,1].
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Define the functional o : E — R as follows
zo if u(0)=0
a(u) =
lu(0)| if w(0)# 0.
Next, for u € E, define the functionals
U(u) = a(u), Bu)=ul
Let
P = {ueE:u(t)>0, tel0,1]}.
Note that any fixed point u € P of the operator T+ F is a solution to the eigenvalue BVP (3.1). We have
that o and 8 are convex continuous functionals on P and ) is a concave continuous functional on P and
|lu]| < max(a(u),S(u)) u€P,
% € P and

P(u) = a(u),
i.e., (A1) holds. Now, let 7 > 0 and L > 0 be arbitrarily chosen. Let also, L = min{r, L}. Then

L
(8 —_— =
2
Therefore % epP
0€Qand Q C P(a,ro; 8, La). For u,uy,us € P, we have

1
Tu(t) < / J(t, 5)g(s) f(u(s))ds
1

N |t~
VAN
=
)
/
N |

z)
(a,7; 8,L) and P(a,r;8,L) # 0. So, (Az) holds. Let Q = f(a,g;ﬁ, %) We have that

< bN [ wu(s)ds

= Aflull, te]0,1],
1
/O J(t,5)g(s)(f (ur(s)) = f(ua(s)))ds

max
te[0,1]

1
< /0 ()| (ua(s)) — Flua(s))|ds

[Trur — Truzl|

1
< bN/O lui(s) — ua(s)|ds

< Agflur — el
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1. Let uy,us € Q be arbitrarily chosen. Then

||TU1 — T’LL2|| = ||6(U1 — U2) + 6(T1u1 — Tl’LLQ)H
> ellur =gl — €| Thrur — Thug|
> ellug — ual| — eArflur — usl|

= (1 — Ap)|lur —ue|.
Therefore T : Q@ — E is an expansive operator with a constant h = €(1 — A7) > 1.
2. We have F : P(a,r9; 3, L) — E is a completely continuous operator and then it is a 0-set contraction.

3. Let u € P(a, 72; B, L2) be arbitrarily chosen. Then

(I =T2)ull = [[(1+e)u+eTul
> (1+o)llull — el Trull
> (e+1—eA)l|uf
and
(I =T2)ull = [[(1+e)u+eTlul
< (et Dljull + €l Trull
< (e4+ 14 €Ay)|ul.
Take
U = (I — Tg)ilFlu.
Then uq € P and
fuall = |I(J = To)~" Fru
< S
U
T me+1—€eA)
< 2
~ me+1—¢€A)
< n
and
(I —T)uy = (I—"Te)us+ 20
= Flu + 20

= Fu.
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Therefore u; € Q2 and
F(P(a,r2; 8, L)) C (I —T)(P(a,r1; 3, L1) mQ)

4. Let uw € P. Then

Tu+ Fu — —<e—;>u—eﬂw
(Tu+ Fu)(0) — —(«—é)ﬂ@,

st = 5(~ (- L))

(.

B
> G—1>Bw)

m

Let a(u) = r1. If u(0) = 0, then
a(Tu+ Fu) =z > ry.

If u(0) # 0, then m = a(u) = |u(0)| and

If B(u) = Ly, then

Therefore (C1) and (C2) hold.
5. We have zg € {z € P(a,d; B, La; 9, ¢) : ¢ (z) > ¢},
20<(e(l—A)—1R and ¢ ((I-T) "2) =1 (0) =2z > c.
Let now, u € P(a,r9; 8, L) and i € [0, 1] be arbitrarily chosen. Take
uy = (I — To) Y (uFiu).

We have ug € P and

Jual| - <

IN

IN
\
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and

(I — T)UQ = (I — TQ)UQ + 20
= pFiu+pzo + (1 —p)2o

= pFu+ (1 - p)z.
Therefore us € 2 and
pE(P(o, 125 8, L2)) + (1 — w)zo C (I = T)(Q), p € [0,1].
Thus, (C3) holds.

6. Let u € P(a, d; 8, La; %, ¢) (2 be arbitrarily chosen. Then a(u) < ”;l and

(e—L)u(0) >c if w(0)#0
e = o(-29={ 0L

eu(0) >c¢ if u(0)#0
V(Tu+z20) = Pp(Thu) = (eu) = { )
zo>c if u(0)=0

eu(0) <d if u(0)#0
a(Tu+z) = a(Thu) = aleu) = {
2o <d if u(0)=0.

Thus, (C4) holds.

7. Let u € {P(a,7r2; 8, L2;1,¢) N Q : a(Tu + Fu) > d}. Then a(u) < % and

(€= ) u0) >c if w(0)#0
LR COPR N

eu(0) > ¢ if w(0)#0
w(TU + ZO) = Qp(Tgu) = w (eu) = {

zo>c if u(0)=0

eu(0) <rg if u(0)#0
a(Tu+z9) = a(Thu) = aleu) = {

2o <ry if wu(0)=0.
Thus, (Cs) holds.

Hence and Theorem it follows that the problem ({3.1) has at least three solutions ui, ug, ug such that
U GP(OZ,’I"l;ﬁ,Ll), o

up € {x € P(a,r2; B, La; 9, ¢) : () > c}
and

ug € f(av 723 57 L2)\ (ﬁ(OJ, 23 57 LQ; wv C) Uf(oﬁ 15 /Ba Ll)) .
This completes the proof. O
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Example 3.2. Let

1 1994
T2 2 d b ) 27 € 3 )
b R=1 1994, L 3
2 = = m = =7r = =
0 1994’ ’ T T 1994103
19942 3
= — c= .
1994 - 1997 — 3’ 41994
1. We have
1 1 1994+1 1 1994 - 1997 — 3
€ - = - =
m 3 1994 3.1994
€ B e 19942 _
e+1— L 199BI997=5 1994 . 1997 —3

d __ 3
andg—mand d
7'2:L2:d>7>20>c>r1, 77”L>17 7’1:L1,
€
i.e., (3.2) holds.

2. Note that A1 = bN = % and

997
0<AI <1, e>2 e(l—Al):7>1,
i.e., (3.3) holds.
3. We have 997 904
(e(l1—A))—1HR=——-1="—" > 2
3 3
and
d B 1 B 3 B
0% 1019 ~ T994-108 'V
997 103
etl—ed; = e(1-A))+1="0A+1=—,
3 3
2 1 3
= = =T
m(e+1—€eAp) 1994 - % 1994 - 103 b
i.e., (3.4) holds.
Now, consider the BVP
4 19942 1 _
ul® + 15110973 (2(1+t2)> (1%) = 0, te(0,1),

(3.5)
u(0) = /(1) =u"(0) =u" (3) —u"(1) = 0.

Here
19942 1 u

kit = -
10011097 — 3 YW= sy
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t€10,1], u € [0,00). Then

1
Ogg(t)gia tE[O,l],

and
f(0) =0, |[f(x1)— f(z2)| < |21 — 22|, 71,72 € [0,00).

Hence and Th,eorem it follows that the problem (3.5) has at least three nonnegative solutions.

Now, suppose that zg, r1, ro, L1, Lo, b, N, d, ¢, m, € and R are positive constants that satisfy the
following inequalities

(Ds)
Ty = L22d>6_?_il220>0>’l“1,
(3.6)
1 > e>2L =1L, A= "1, 0<4 <],
20 < 6(1 — Al)R, m S 1. (37)
Here A; = bN.

Our next main result is as follows.

Theorem 3.3. Suppose that (D1)-(Ds3) and (Ds) hold. Then the BVP (3.1)has at least three nonnegative
solutions.

Proof. For u € E, define the operators
Tsu(t) = (e+ Du(t) + eTyu(t),

Tiu(t) = Tsu(t) — 2o,

Fgu(t) = —Flu(t)—{-Zo tE[O,l],

where F1 and T} are as in the proof of Theorem Let P, o, 8 and v are as in the proof of Theorem [3.1]
Note that, by the proof of Theorem it follows that (A1) and (Asz) hold. Also, any fixed point u € P of
the operator Ty + F» is a solution to the eigenvalue BVP (3.1). Let Q = P(a, ﬁ;ﬁ, ILJFE) We have that

0€Qand QC P(a,ro; 8, Lo).

1. Let uy,us € Q be arbitrarily chosen. Then

|Taur — Tyual| = /(e +1)(u1 — u2) + e(Trur — Truz)||

v

(e + Dllur — uzl| — €| Trur — Thug||

v

(€ + Djur — uzl| — €Ar]jur — uz||

= (e(1— A1)+ Dflur — uz].

Therefore Ty : Q — E is an expansive operator with a constant h = ¢(1 — A;) +1 > 1.

2. We have Fy : P(a,12; 8, L2) — E is a completely continuous operator and then it is a 0-set contraction.
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3. Let u € P(a,r2; 8, La) be arbitrarily chosen. Then

(I =T3)ul| = |leu+ eTiull
> ellull — €| Tru|
> (1= Ar)llull

and

(I =T5)ull = |[leu+ eTiull
< ellull + €l Tru|
< e(1+ Ayl

Take
uy = —(I —T3) "' Fyu.
Then u; € P and

]l = (I —T5)"" Fuull

< — |

U
~ me(l — Ap)
T2

<

- me(l — Al)

< nr

and
(I — T4)’LL1 = (I — T3)’LL1 + 20

= —Fu+z
= Fu.

Therefore u; € Q2 and

Fa(P(a,r2; 8, L)) € (I = Tu)(P(ev,r1; 8, L1) [ | ).



S.G. Georgiev, K. Mebarki, Adv. Theory Nonlinear Anal. Appl. 5 (2021), 393-411| 408

4. Let uw € P. Then

Tyu+ Fou — <
(Tyu + Fou)(0) — <e+1—1> u(0),
B

B(Tyu + Fou) = ((e +1-— ;) u + 6T1’LL>

Let a(u) = ry. If w(0) = 0, then
a(Tyu + Fou) = zg > r1.

If u(0) # 0, then

1 1
a(Tyu + Fou) = (e—l—l—m)u(()): <e+1—m>rl > ry.

If B(u) = Ly, then
B(Tyu + Fou) > <e +1-— 71n> Ly > L.
Therefore (C1) and (C2) hold.
5. We have zg € {z € P(a,d; B, La; 9, ¢) : (z) > ¢},
20 <e(l—ANR and o ((I—Ty) "2) =9 (0) =2 > c.
Let now, u € P(a,r9; 8, L) and u € [0, 1] be arbitrarily chosen. Take
uy = —(I — T3) " H(uFiu).

We have us € P and

g -
me(l — Al)
T2
< - =
- me(l — A1>
d
<
— e+1
and
(I —Tpue = (I—"T3)uz+ 2

= —pFiu+pzo+ (1 — p)zo

= pFu+ (1 — u)zo.
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Therefore ug € 2 and

pF2 (P, ro; B, L2)) + (1 — p)zo C (I = Ty)(Q), p€0,1].
Thus, (Cs) holds.

6. Let u € P(a, d; B, L2; 1, ¢) (N be arbitrarily chosen. Then a(u) < %e and

W(Tyu + Fou) = ¢<<6+1_;)u)_ (Eilif@)u((;))b; if u(0)#0
zop>c 1 u(l) =

(e+1u(0) >c if u(0)#0
V(Tyu+20) = Y(Thu) =¥ ((1+eu) = ;
zo>c if w(0)=0

(e+1Du(0) <d if wu(0)#0
a(Tyu+20) = o(Tzu) =
zo<d if u(0)=0.

Thus, (C4) holds.
7. Let u € {P(a,r9; 3, La;1,¢) N Q : a(Tyu + Fou) > d}. Then a(u) < %6 and

@ZJ(T4U + FQU) =

o((er1-5) ) (=) ul0) > i u(®)#0

e+1——
m zo>c if u(0)=0
(e +Du(0) >c if wu(0)#0
Y(Tyu+20) = ¢Y(Tzu) =9 ((1+€)u) = ;
zo>c if w(0)=0
(e+1Du(0) <7y if u(0)#0
a(Tyu+ z9) = «a(Tzu) =
20 <rg if u(0)=0.

Thus, (Cs) holds.

Hence and Theorem it follows that the problem ({3.1) has at least three solutions ui, ug, ug such that
U1 EP(OZ,’I"l;B,Ll), o

uy € {x € Pla,ra; B, La; 9, ¢) : () > c}
and

ug € f(O&, 23 57 L2)\ (ﬁ(OJ, 23 57 LQ; wv C) Uf(@, 15 /Ba Ll)) .
This completes the proof. O

Example 3.4. Let

1
rp = Ly=d=b=1, N=c=Ai=7, m=40,
1 1 1 20
20 57 c 97 1 107 A 197
Then
d 2 1 1 1 19
A1—77 6—|—1:7’ s €E—— = — — —
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1. We have ) J . . .
T2:L2=d>1>§=€+1>g—z0>f—c>1—o—r1,
and
1 > =€> L _1
2740w
1
€ 2 20
= =2 =—=) 0<A1<1
1 19 ) )
€— .- o 19
i.e., (3.6) holds.
2. We have
1 1
1-A)R = ->-=
6( 1) 1 > 5 20,
1 1 2
1-A = 40----=1
me(l = A1) Oy = LAy T
i.e., (3.7).
Now, consider the BVP
4) 10 ( 1 _
u+ 38 () () — 0, te(01), -
u(0) = /(1) = ' (0) =u () = u"(1) = 0
Here 50 )
U
A= — t) = =

t €10,1], u € [0,00). Then

1
Ogg(t)<§’ te [071]7

and
FO) =0, |f(z1) = f(a2)| < |1 —wa|, 21,22 € [0, 00).
Hence and Theorem it follows that the problem (3.8) has at least three nonnegative solutions.
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