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Abstract

In this current study, we introduced and investigated two new subclasses of the bi-univalent functions associated with q-derivative operator;
both f (z) and f−1(z) are t-fold symmetric holomorphic functions in the open unit disk. Among other results, upper bounds for the coefficients
|ρt+1| and |ρ2t+1| are found in this study. Also certain special cases are indicated.
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1. Introduction

Let H be the family of holomorphic functions, normalized by the conditions f (0) = f ′(0)−1 = 0 which is of the form:

f (z) = z+ρ2z2 +ρ3z3 + · · · (1.1)

in the open unit disk Ω = {z : |z|< 1}. We indicate by G the subclass of functions in H which are univalent in Ω (for more details see [10]).
The Keobe-One Quarter Theorem [10] state that the image of Ω under all univalent function f ∈H contains a disk of radius 1

4 . Hence all
univalent function f ∈H has an inverse f−1 satisfy f−1( f (z)) and f ( f−1(υ)) = υ (|υ |< r0( f ), r0( f )≥ 1

4 ), where

g(υ) = f−1(υ) = υ−ρ2υ
2 +(2ρ

2
2 −ρ3)υ

3− (5ρ
3
2 −5ρ2ρ3 +ρ4)υ

4 + · · · . (1.2)

A function f ∈H denoted by E is said to be bi-univalent in Ω if both f−1(z) ans f (z) are univalent in Ω (see for details [15, 7, 26, 11, 17,
30, 31, 32, 33, 28, 23, 24, 21]).

Jackson [13, 14] introduced the q-derivative operator Dq of a function as follows:

Dq f (z) =
f (qz)− f (z)
(q−1)z

(1.3)

and Dq f (z) = f ′(0). In case f (z) = zφ for φ is a positive integer, the q-derivative of f (z) is given by

Dqzφ =
zφ − (zq)φ

(q−1)z
= [φ ]qzφ−1.

As q−→ 1− and φ ∈N , we get

[φ ]q =
1−qφ

1−q
= 1+q+ · · ·+qφ −→ φ (1.4)

where (z 6= 0, q 6= 0), for more details on the concepts of q-derivative (see [16, 6, 3, 4, 19, 20, 9, 17, 22]).
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A domain Ψ is said to be t-fold symmetric if a rotation of Ψ about the origin through an angle 2π/t carries Ψ on itself. Therefore, a function
f (z) holomorphic in Ω is said to be t-fold symmetric if

f
(

e
2πi

t z
)
= e

2πi
t f (z).

A function is said to be t-fold symmetric if it has the following normalized form

f (z) = z+
∞

∑
φ=1

ρtφ+1ztφ+1 (z ∈Ω , t ∈N ). (1.5)

Let St the class of t-fold symmetric univalent functions in Ω , that are normalized by (1.5). In which, the functions in the class S are one-fold
symmetric. Similar to the concept of t-fold symmetric univalent functions, we introduced the concept of t-fold symmetric bi-univalent
functions which is denoted by Et . Each of the function f ∈ E produces t-fold symmetric bi-univalent function for each integer t ∈N .
The normalized form of f (z) is given as in (1.5) and the series expansion for f−1(z), which has been investigated by Srivastava et al. [27], is
given below:

g(υ) = f−1(υ) = υ−ρt+1υ
t+1 +

[
(t +1)ρ2

t−1−ρ2t+1

]
υ

2t+1−
[

1
2
(t +1)(3t +2)ρ3

t+1− (3t +2)ρt+1ρ2t+1 +ρ3t+1

]
. (1.6)

Here are some examples of t-fold symmetric bi-univalent functions:

{
1
2

log
(

1+ zt

1− zt

) 1
t
}
,
[
− log(1− zt)

] 1
t ,

{
zt

1− zt

} 1
t

,

for more details on t-fold symmetric analytic bi-univalent functions (see [2, 5, 8, 12, 27, 29, 17, 25]).

In this current research, we introduced two new subclasses denoted by T
q,γ

E ,t (δ ;ϕ) and T
q,ξ

E ,t (δ ;ϕ) of the function class Et and obtain
estimates coefficient |ρt+1| and |ρ2t+1| for functions in these two new subclasses.

Lemma 1.1. [18] Let the function ω ∈P be given by the following series:

ω(z) = 1+ω1z+ω2z2 + · · · (z ∈U ).

The sharp estimate given by
|ωn| ≤ 2 (n ∈N ),

holds true.

2. Main Results

Definition 2.1. A function f (z) given by (1.5) is said to be in the class T
q,γ

E ,t (δ ;ϕ) (0 < q < 1, 0 < γ ≤ 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω , t ∈
N ) if the following condition are fulfilled

f ∈ Et and

∣∣∣∣∣arg

[
(1−δ )

(
Dq f (z)

)ϕ

+δ

(
z(Dq f (z))′+Dq f (z)

)
(Dq f (z))ϕ−1

]∣∣∣∣∣< γπ

2
(2.1)

and∣∣∣∣∣arg

[
(1−δ )

(
Dqg(υ)

)ϕ

+δ

(
υ(Dqg(υ))′+Dqg(υ)

)
(Dqg(υ))ϕ−1

]∣∣∣∣∣< γπ

2
(2.2)

where g(υ) is given by (1.6).

Remark 2.2. We have limq−→1−1 T
q,γ

E ,t (δ ;ϕ) = T
γ

E ,t(δ ;ϕ) and for one-fold case T
γ

E ,1(0;1) = T
γ

E which was introduced by Srivastava et
al. [26].

Theorem 2.3. Let f (z) ∈T
q,γ

E ,t (δ ;ϕ), (0 < q < 1, 0 < γ ≤ 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω , t ∈N ) be given (1.5). Then

|ρt+1| ≤
2γ√

(t +1)(ϕ +2tδ )[2t +1]qγ +(ϕ +2tδ )(ϕ−1)[t +1]2qγ− (γ−1)(ϕ + tδ )2[t +1]2q
(2.3)

and

|ρ2t+1| ≤
2γ

(ϕ +2δ t)[2t +1]q
+

2(t +1)γ2

(ϕ + tδ )2[t +1]2q
. (2.4)
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Proof. Using inequalities (2.1) and (2.2), we get

(1−δ )

(
Dq f (z)

)ϕ

+δ

(
z(Dq f (z))′+Dq f (z)

)
(Dq f (z))ϕ−1 = [x(z)]γ (z ∈Ω) (2.5)

and

(1−δ )

(
Dqg(υ)

)ϕ

+δ

(
υ(Dqg(υ))′+Dqg(υ)

)
(Dqg(υ))ϕ−1 = [y(υ)]γ (υ ∈Ω) (2.6)

where x(z) and y(υ) in P are given by the following series

x(z) = 1+ xtzt + x2tz2t + x3tz3t + · · · (2.7)

and

y(υ) = 1+ ytυ
t + y2tυ

2t + y3tυ
3t + · · · . (2.8)

Now, comparing the coefficients in (2.5) and (2.6), we get

(ϕ + tδ )[t +1]qρt+1 = γxt (2.9)

(ϕ +2tδ )[2t +1]qρ2t+1 +
(ϕ +2tδ )(ϕ−1)[t +1]2q

2
ρ

2
t+1 = γx2t +

γ(γ−1)
2

x2
2t (2.10)

−(ϕ + tδ )[t +1]qρt+1 = γyt (2.11)

(ϕ +2tδ )[2t +1]q
(
[t +1]ρ2

t+1−ρ2t+1

)
+

(ϕ +2tδ )(ϕ−1)[t +1]2q
2

ρ
2
t+1 = γy2t +

γ(γ−1)
2

y2
2t . (2.12)

From (2.9) and (2.11), we obtain

xt =−yt (2.13)

and

2(ϕ + tδ )2[t +1]2qρ
2
t+1 = γ

2(x2
t + y2

t ). (2.14)

Further from (2.10), (2.12) and (2.14), we obtain that

(ϕ +2tδ )[2t +1]q[t +1]ρ2
t+1 +(ϕ +2tδ )(ϕ−1)[t +1]2qρ

2
t+1 = γ(x2t + y2t)+

γ(γ−1)
2

[
2(ϕ + tδ )2[t +1]2qρ2

t+1

γ2

]
.

Therefore, we have

ρ
2
t+1 =

(x2t + y2t)γ
2

[t +1](ϕ +2tδ )[2t +1]qγ +(ϕ +2tδ )(ϕ−1)[t +1]2qγ− (γ−1)(ϕ + tδ )2[t +1]2q
.

By applying Lemma 1.1 for the coefficients x2t and y2t , then we have

|ρt+1| ≤
2γ√

[t +1](ϕ +2tδ )[2t +1]qγ +(ϕ +2tδ )(ϕ−1)[t +1]2qγ− (γ−1)(ϕ + tδ )2[t +1]2q
.

Also, to find the bound on |ρ2t+1|, using the relation (2.12) and (2.10), we obtain

2(ϕ +2tδ )[2t +1]q[t +1]ρ2t+1− (ϕ +2tδ )[2t +1]q[t +1]ρ2
t+1 = γ(x2t − y2t)+

γ(γ−1)
2

(
x2

t − y2
t

)
. (2.15)

It follows from (2.13), (2.14) and (2.15), we get

ρ2t+1 =
γ(x2t − y2t)

2(ϕ +2tδ )[2t +1]q
+

[t +1]γ2(x2
t + y2

t )

4(ϕ + tδ )2[2t +1]2q
. (2.16)

Applying Lemma 1.1 for the coefficients xt ,x2t ,yt ,y2t , then we have

|ρ2t+1| ≤
2γ

(ϕ +2δ t)[2t +1]q
+

2(t +1)γ2

(ϕ + tδ )2[t +1]2q
.
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Remark 2.4. We note that T
q,γ

E ,1 (δ ;ϕ) = T
q,γ

E (δ ;ϕ), which is the one-fold case introduced by Akgül [1].

Choosing q−→ 1−1 in Theorem 2.1, we obtain the following corollary:

Corollary 2.5. Let f (z) ∈T
γ

E ,t(δ ;ϕ), (0 < γ ≤ 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω , t ∈N ) be given (1.5). Then

|ρt+1| ≤
2γ√

(t +1)(ϕ +2tδ )[2t +1]γ +(ϕ +2tδ )(ϕ−1)[t +1]2γ− (γ−1)(ϕ + tδ )2[t +1]2
(2.17)

and

|ρ2t+1| ≤
2γ

(ϕ +2δ t)[2t +1]
+

2γ2

(ϕ + tδ )2[t +1]
. (2.18)

Remark 2.6. We note that limq−→1−1 T
q,γ

E ,1 (0;1) = T
γ

E , which is the one-fold case and obtain the corollary 2.7 as follows:

Corollary 2.7. [26] Let f (z) ∈T
γ

E , (0 < γ ≤ 1, z,υ ∈Ω) be given (1.1). Then

|ρ2| ≤ γ

√
2

γ +2
(2.19)

and

|ρ3| ≤
γ(3γ +2)

3
(2.20)

Definition 2.8. A function f (z) given by (1.5) is said to be in the class T
q,ξ

E ,t (δ ;ϕ) (0 < q < 1, 0 ≤ ξ < 1, 0 ≤ δ ≤ 1, ϕ ∈N0, z,υ ∈
Ω , t ∈N ) if the following condition are fulfilled

f ∈ Et and ℜ

{
(1−δ )

(
Dq f (z)

)ϕ

+δ

(
z(Dq f (z))′+Dq f (z)

)
(Dq f (z))ϕ−1

}
> ξ (2.21)

and

ℜ

{
(1−δ )

(
Dqg(υ)

)ϕ

+δ

(
υ(Dqg(υ))′+Dqg(υ)

)
(Dqg(υ))ϕ−1

}
> ξ (2.22)

where g(υ) is given by (1.6).

Remark 2.9. We have the class limq−→1−1 T
q,ξ

E ,t (δ ;ϕ) = T
ξ

E ,t(δ ;ϕ) and for one-fold case T
ξ

E ,1(0;1) = T
ξ

E which was introduced by
Srivastava et al. [26].

Theorem 2.10. Let f (z) ∈T
q,ξ

E ,t (δ ;ϕ), (0 < q < 1, 0≤ ξ < 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω , t ∈N ) be given (1.5). Then

|ρt+1| ≤min

{
2(1−ξ )

(ϕ + tδ )2[t +1]q
, 2

√
1−ξ

[2t +1]q(t +1)(ϕ +2tδ )+(ϕ−1)(ϕ +2tδ )[t +1]2q

}
(2.23)

and

|ρ2t+1| ≤
2(1−ξ )

(ϕ +2δ t)[2t +1]q
. (2.24)

Proof. Using inequalities (2.21) and (2.22), we get

(1−δ )

(
Dq f (z)

)ϕ

+δ

(
z(Dq f (z))′+Dq f (z)

)
(Dq f (z))ϕ−1 = ξ +(1−ξ )x(z) (z ∈Ω) (2.25)

and

(1−δ )

(
Dqg(υ)

)ϕ

+δ

(
υ(Dqg(υ))′+Dqg(υ)

)
(Dqg(υ))ϕ−1 = ξ +(1−ξ )y(z) (υ ∈Ω) (2.26)

where the functions x(z) and y(υ) are given by (2.7) and (2.8). Now comparing the coefficients in (2.25) and (2.26), we get

(ϕ + tδ )[t +1]qρt+1 = (1−ξ )xt (2.27)

(ϕ +2tδ )[2t +1]qρ2t+1 +
(ϕ +2tδ )(ϕ−1)[t +1]2q

2
ρ

2
t+1 = (1−ξ )x2t (2.28)

−(ϕ + tδ )[t +1]qρt+1 = (1−ξ )yt (2.29)
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(ϕ +2tδ )[2t +1]q
(
[t +1]ρ2

t+1−ρ2t+1

)
+

(ϕ +2tδ )(ϕ−1)[t +1]2q
2

ρ
2
t+1 = (1−ξ )y2t . (2.30)

From (2.27) and (2.29), we obtain

xt =−yt (2.31)

and

2(ϕ + tδ )2[t +1]2qρ
2
t+1 = (1−ξ )2(x2

t + y2
t ). (2.32)

Also, from (2.28) and (2.30), we get

(ϕ +2tδ )[2t +1]q[t +1]ρ2
t+1 +(ϕ +2tδ )(ϕ−1)[t +1]2qρ

2
t+1 = (1−ξ )(x2t + y2t). (2.33)

Applying the Lemma 1.1 for the coefficients xt ,x2t ,yt ,y2t , we find that

|ρt+1| ≤ 2

√
1−ξ

[2t +1]q(t +1)(ϕ +2tδ )+(ϕ−1)(ϕ +2tδ )[t +1]2q
.

Also, to find the bound on |ρ2t+1|, using the relation (2.30) and (2.28), we obtain

−(ϕ +2tδ )[2t +1]q[t +1]ρ2
t+1 +2(ϕ +2tδ )[2t +1]q[t +1]ρ2t+1 = (1−ξ )(x2t − y2t) (2.34)

or equivalently

ρ2t+1 =
(1−ξ )(x2t − y2t)

2[1+2t]q(ϕ +2tδ )
+

(t +1)
2

ρ
2
t+1 (2.35)

By substituting the value of ρ2
t+1 from (2.32), we have

ρ2t+1 =
(1−ξ )(x2t − y2t)

2[1+2t]q(ϕ +2tδ )
+

(1−ξ )2(t +1)(x2
t + y2

t )

4(ϕ + tδ )2[1+ t]2q
. (2.36)

Applying the Lemma 1.1 for the coefficients xt ,x2t ,yt ,y2t , we get

|ρ2t+1| ≤
2(1−ξ )

[1+2t]q(ϕ +2tδ )
+

2(1−ξ )2(t +1)
(ϕ + tδ )2[1+ t]2q

.

Also, by using (2.33) and (2.35), and applying Lemma 1.1 we obtain

|ρ2t+1| ≤
2(1−ξ )

[1+2t]q(ϕ +2tδ )

which is the desired bounds on coefficients |ρ2t+1| as asserted in Theorem 2.10.

Taking limq−→1−1 in Theorem 2.10, we have Corollary 2.11 as follows:

Corollary 2.11. Let f (z) ∈T
ξ

E ,t(δ ;ϕ), (0≤ ξ < 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω , t ∈N ) be given (1.5). Then

|ρt+1| ≤

 2
√

1−ξ

[2t+1](t+1)(ϕ+2tδ )+(ϕ−1)(ϕ+2tδ )[t+1]2 0≤ ξ ≤ t
1+2t

2(1−ξ )
(ϕ+tδ )2[t+1]

t
1+2t ≤ ξ < 1

(2.37)

and

|ρ2t+1| ≤
2(1−ξ )

(ϕ +2δ t)[2t +1]
. (2.38)

Remark 2.12. For one-fold case, Corollary 2.11 gives the following Corollary for the bounds on Coefficients |ρ2| and |ρ3|.

Corollary 2.13. Let f (z) ∈T
ξ

E (δ ;ϕ), (0≤ ξ < 1, 0≤ δ ≤ 1, ϕ ∈N0, z,υ ∈Ω) be given (1.1). Then

|ρ2| ≤


√

2(1−ξ )
3(ϕ+2tδ )+2(ϕ−1)(ϕ+2tδ ) 0≤ ξ ≤ 1

3
(1−ξ )
(ϕ+tδ )2

1
3 ≤ ξ < 1

(2.39)

and

|ρ3| ≤
2(1−ξ )

3(ϕ +2δ t)
. (2.40)

Remark 2.14. Putting δ = 0 and ϕ = 1 in Corollary 2.13, we obtain the following corollary:
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Corollary 2.15. [9] Let f (z) ∈T
ξ

E , (0≤ ξ < 1, z,υ ∈Ω) be given (1.1). Then

|ρ2| ≤

{ √
2(1−ξ )

3 0≤ ξ ≤ 1
3

1−ξ
1
3 ≤ ξ < 1

(2.41)

and

|ρ3| ≤
2(1−ξ )

3
. (2.42)

Remark 2.16. Corollary 2.15 is an improvement of the estimates for coefficients on |ρ2| and |ρ3| obtained by Srivastava et al. [26].

Corollary 2.17. [26] Let f (z) ∈T
ξ

E , (0≤ ξ < 1, z,υ ∈Ω) be given (1.1). Then

|ρ2| ≤
√

2(1−ξ )

3
(2.43)

and

|ρ3| ≤
(1−ξ )(5−3ξ )

3
. (2.44)
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[17] F. Müge Sakar, M. O. Güney, Coefficient estimates for certain subclasses of m-mold symmetric bi-univalent functions defined by the q-derivative

operator, Konuralp Journal of Mathematics, 6(2) (2018), 279-285.
[18] C.H. Pommerenke, Univalent Functions, Vandendoeck and Rupercht, Gottingen, 1975.
[19] T. M. Seoudy and M. K. Aouf, Convolution properties for C certain classes of analytic functions defined by q-derivative operator, Abstract and Applied

Analysis, 2014 (2014), Article ID 846719, 7 pages.
[20] T. M. Seoudy and M. K. Aouf, Coefficient estimates of new classes of q-starlike and q-convex functions of complex order , Journal of Mathematical

Inequalities , 10(1) (2016), 135-145.
[21] T. G. Shaba, On some new subclass of bi-univalent functions associated with the Opoola differential operator, Open J. Math. Anal., 4 (2), (2020), 74–79.
[22] T. G. Shaba, Certain new subclasses of m-fold symmetric bi-pseudo-starlike functions using Q-derivative operator, Open J. Math. Anal., 5 (1), (2021),

42–50.
[23] T. G. Shaba, Subclass of bi-univalent functions satisfying subordinate conditions defined by Frasin differential operator, Turkish Journal of Inequalities,

4 (2) (2020), 50–58.
[24] T. G. Shaba, On some subclasses of bi-pseudo-starlike functions defined by Salagean differential operator, Asia Pac. J. Math., 8 (6) (2021), 1–11;

Available online at https://doi:10.28924/apjm/8-6 .
[25] T. G. Shaba, A. B. Patil, Coefficient estimates for certain subclasses of m-fold symmetric bi-univalent functions associated with pseudo-starlike functions,

Earthline Journal of Mathematical Sciences, 6 (2) (2021), 2581-8147.
[26] H.M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and bi-univalent functions, Appl. Math. Lett., 23(10), (2010), 1188-1192.
[27] H.M. Srivastava, S. Sivasubramanian and R. Sivakumar, Initial coefficients bounds for a subclass of m-fold symmetric bi-univalent functions, Tbilisi

Mathematical Journal, 7(2), (2014), 1-10.
[28] H. M. Srivastava, A. Motamednezhad and E. A. Adegani, Faber polynomial coefficient estimates for bi-univalent functions defined by using differential

subordination and a certain fractional derivative operator, Mathematics, 8 (2020), Article ID 172, 1-12.
[29] S. Sümer Eker, Coefficients bounds for subclasses of m-fold symmetric bi-univalent functions, Turkish J. Math., 40(3), (2016), 641-646.
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