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Abstract

In this paper, we introduce the generalized 5-primes numbers sequences and we deal with, in detail, three special
cases which we call them 5-primes, Lucas 5-primes and modified 5-primes sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these sequences. Moreover, we give some
identities and matrices related with these sequences.
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1. Introduction

In this paper, we define the generalized 5-primes sequences and we investigate, in detail, three special cases which

we call them 5-primes, Lucas-5-primes and modified 5-primes sequences.

The sequence of Fibonacci numbers {F,} and the sequence of Lucas numbers {L,} are defined by
Fp=Fon1+Fn2 n>2 F=0 F=1,

and
Ln:Ln_1+Ln_2, n > 2, L0:27 L1=1
respectively. The generalizations of Fibonacci and Lucas sequences produce several nice and interesting sequences.

A generalized Pentanacci sequence {W, }n>0 = {Wn(Wo, W1, Wa, Wa, Wa;r, s,t,u,v) }n>0 is defined by the fifth-

order recurrence relations

Wp=rWp1+sWp_ o+ tWn_3+uW,_4+ UWn75, Wo = a, Wy = b, Wy = c, W3 = d, Wy=c¢e (1.1)

where the initial values Wy, W1, Wa, W3, Wa are arbitrary complex (or real) numbers and r, s, t, u, v are real numbers.

Pentanacci sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [4], [5], [6]. The sequence {Wy,}n>0 can be extended to negative

subscripts by defining

U t s r 1
Won == W_(n-1)— ;W—(n—Z)_ 1;W—(n—3)_ o WV-tn-a) + Wein-s)
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

As {W,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is
2 —rzt —s2® —t2® —ur —v=0 (1.2)

whose roots are «, 3,7, d, A. Note that we have the following identities:

a+B+y+6+A = 1
af+art+ay+ A+ ad+ By + Ay +BI+AN+6 = —s,

afA+aBy+ary+aBd +add + BA\y +ayd + BAS + Byo+ Ayd = ¢,
aff Ay + aBAd + aByd +alyd + Ay = —u

afydr = w.

Generalized Pentanacci numbers can be expressed, for all integers n, using Binet’s formula

W = GoRE iGN G G=E=N == A =a6=n Y
N bad™ N bs\"
(=) =B =70 =X  A=a)A=BA=7(A=-0)’

where
by = Wi—(B+7v+86+NWs+ (BA+ By + My + B8+ A6+ 78)Wa — (BAy + BAS + B + My6) Wi + (BAyS) Wo,
by = Wi—(a+v+6+XNWas+ (aX+ay+ad+ Ay + A+ y0)Wa — (ady + add 4+ ayd + Ayd) Wi + (adyd) W,
bs = Wi—(a+B+38+NWs+ (aB+ar+ B+ ad + 85+ A)Wa — (afA + afid + add + A W1 + (afA8)Wo,
bs = Wi—(a+B8+7+MWs+ (af+ ar+ ay+ BA+ By + Ay)Wa — (afA + aBy + ady + BAy)Wi + (aBA\y)Wo,
bs = Wi—(a+B+7+8Ws+ (aB+ay+ad+pBy+ B+ 7y0)Wa — (afy + aBfd + avé + Bv6)Wi + (afyd)Wo.

Usually, it is customary to choose r, s, ¢, u, v so that the Equ. (1.2) has at least one real (say «) solutions.

Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers n, for a
proof of this result see [1]. This result of Howard and Saidak [1] is even true in the case of higher-order recurrence
relations.

In this paper we consider the case r = 2, s = 3,t = 5,u = 7,v = 11 and in this case we write V,, = W,,. A

generalized 5-primes sequence {Vy, }n>0 = {Va(Vo, Vi, V2, V3, Vi) }n>o is defined by the fifth-order recurrence relations
V=2V 1 4+3Vao+5V,_ 34+ 7Vh_s+ 11V, _5 (1.4)

with the initial values Vo = co, Vi = ¢1, Va = c2, V3 = ¢3, V4 = c4 not all being zero.
The sequence {V;, }n>0 can be extended to negative subscripts by defining
7 5 3 2 1
Vo, = 7ﬁvf(n71) — ﬁvf(n72) - ﬁvf(nf?)) - ﬁvf(n74) + ﬁvf(n75)

for n = 1,2,3,....Therefore, recurrence (1.4) holds for all integer n.
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(1.3) can be used to obtain Binet formula of generalized 5-primes numbers. Binet formula of generalized 5-primes

numbers can be given as

% _ bla" + bgﬂn + b3’Yn
! (a=B)la=N(a=8(a=A)  (B-a)B-7)B-0)B-2)  (-—a)r=~—056(H-2)
N b46n N b5)\n
(6=a)0=B)6—NE=A)  A=a)A=BA-7(A-9)

where

bi = Va—(B+7+3+XN)Va+ (BA+ 87+ My + B0+ X0+ v0)Va — (BAy + BAS + Bv0 + Ayd) Vi + (BAyd) Vo(1.5)
bo = Vi—(a+v+5+N)Va+ (@A +ay+ad+ Ay + A+ 790)Va — (ady + ard + avd + Avd) Vi + (aXyd) Vo,

bs = Va—(a+B8+0+N)Vs+ (af+ar+ BA+ad+ B0+ N0)Va — (afA + aBd + add + BAO) Vi + (aBSAd) Vo,

bs = Vi—(a+B+7+ANVs+(aB+al+ay+BA+ By + M)Va — (@B + aBy + aly + BAy)Vi + (afAy) Vo,
bs = Va—(a+B8+~7+0)Va+ (af+ay+ad+ By+ B0+ v6)Va — (aBy + aBd + ayd + By0)Vi + (afyd) Vo.

Here, o, 8,7,d and A are the roots of the equation

x® — 22" —32° — 52® — Tz — 11 = 0. (1.6)

Moreover, the approximate value of the roots a, 3,7, and A of Equation (1.6) are given by

a = 3.501101503801069
B = 0.3060834095195042 + 1. 329047329711188:
v = 0.3060834095195042 — 1.329047329711188:¢
6 = —1.056634161420038 + 0.756737649 3934506:¢
A = —1.056634161420038 — 0.756737649 3934506
Note that
a+B+v+5+A = 2
af+al+ay+BA+ad+B8y+ Ay +B6+ A +v0 = =3,
afA + afy + ady + aBd +aXd + BAy +ayd + BAS + Byd +Ayd = 5,
af Ay 4+ aBAd +aByd +aryd + SAyd = =T
afyox = 11.

The first few generalized 5-primes numbers with positive subscript and negative subscript are given in the
following Table 1.

Table 1. A few generalized 5-primes numbers
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n Va V_n

0 Vo

1 Vi TVa—gVi— EVe— 2Vs — LV

2 Va ZVi—LEVo— L+ ZBVs— 2V

3 V3 %‘64—%%-&-%‘6—%%—%%

4 Vi 1249821 Vi - 122?11 Vo — 12%11 Va — 141%1 Vs + 1461;141 Va

5 11Vo + 7Vi +5V2 + 3V3 4 2V 13631600561‘/0 - 1§17%§1 Vi - 13%)21 Va + 1(111%?51 Vs — 16213(?51‘/4

33606 183617 87816 69841 331844
22Vo+25Vi+ 17Vo + 11Va + Vi 1557567 Va — T7o1861 V1 — Trriser V2 — Trrisei V3 — ir7iser VO

Now we define three special cases of the sequence {V;,}. 5-primes sequence{Gr }n>0, Lucas 5-primes sequence

(=]

{H»}n>0 and modified 5-primes sequence {En }n>0 are defined, respectively, by the third-order recurrence relations

Gnis = 2Gp44a + 3Gni3 + 5Gni2 + 7Gry1 + 11G,, Go=0,G1 =0,G2=0,G3 =1,G4 = 2, (1.7

Hn+5 = 2Hn+4 =+ 3Hn+3 + 5Hn+2 + 7Hn+1 =+ 11Hn, Hy = 5,H1 = 2,H2 = 10,H3 = 41,H4 = 150, (18)

and

Enys =2En14+3E0 3+ 5E 2+ TEy 1+ 11E,, Ey=0,E1=0,FE2=0,F3=1,F; =1, (1.9)

The sequences {Gn}n>0, {Hn}n>0 and {Ey}n>0 can be extended to negative subscripts by defining

7 5 3 2 1
Gop= =Gty = 2Cinoy) — =G pms) — =G nomy + —C s, 1.10
7 5 3 2 1
H,=—-——H_(,-1)— —H_ (n_2)— —H_(n_3y— —H_(s— —H_(,_ 1.11
and
7 5 3 2 1
Eon=-qE-@-1) = 7F-(-2 — ;7 B-n-3) = 7 E-(i-0) + {7 E-(n-9) (1.12)

for n =1,2,3,... respectively. Therefore, recurrences (1.10), (1.11) and (1.12) hold for all integer n.
Note that the sequences G, H, and E, are not indexed in [7] yet. Next, we present the first few values of the
5-primes, Lucas 5-primes and modified 5-primes numbers with positive and negative subscripts:

Table 2. The first few values of the special fifth-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9
G, 0 O 0 1 2 7 25 88 311 1082
aq 0 1 _7 __6 64 _ 239 33606 _ 331844 303121
-n i1 121 1331 14641 161051 1771561 19487171 214358881
H, 5 2 10 41 150 542 1831 6435 22574 79052
H _ 7 _ 61  _ 277  _ 2813 148908 _ 727195  _ 2234183 5014 051 _ 85824736
-n 1 121 1331 14641 161051 1771561 10487171 214358881 2357947691
E, 0 0 0 1 1 5 18 63 223 771
E _1 18  _ .71 _ _130 943 _ 36235 701510 _ 3953405 _ _ 2169506
-n i1 121 1331 14641 161051 1771561 19487171 214358881 2357947691
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For all integers m, 5-primes, Lucas 5-primes and modified 5-primes numbers (using initial conditions in (1.5))

can be expressed using Binet’s formulas as

o B an+1 /877,+1 ,yn+1
" e Aa N80 N T @ -DC-0E-N G680 00—
gntt At
-0 -P0-10-N G- —(=0)
H,n — an_’_ﬁn_"_,yn_’_&n_i_)\n’
o (@ = 1)a” . (8- 1)p" . (y = 1"
" @—BAa-Na-—0@a-N  B-aB-NB-0B-N  G-a0-B0-00-N
. (5 — 1)5" . (A —1)A"

0= =B =N0=2)  A=a)A=BA=7)(A=0)

respectively.

2. Generating Functions

oo
Next, we give the ordinary generating function > V,z" of the sequence V,,.
n=0

LEMMA 1. Suppose that fv,(x) = Y. Vi,a™ is the ordinary generating function of the generalized 5-primes
n=0

o0
sequence {Vp}n>o. Then, > Vaa™ is given by

n=0

- n Vo (Vi —2Vo)z + (Vo — 2Vi — 3Vo)a® + (Va — 2V — 3Vi — 5Vo)a® + (Vi — 2Va — 3Vh — 514 — TVo)zt
E Vo™ = .
— 1—2x — 322 — 523 — Tt — 1125

(2.1)

Proof. Using the definition of generalized 5-primes numbers, and substracting 2z >/ Vaz", 322 Yoo o Vaz",

5333700 Voa™, T2t 3% Vaa™ and 112° 3000 Vo™ from 3000 Via™ we obtain

(1-2z— 322 — 52° — T2t — 112:5) i Vax"t = i Vo™ —2x i Vo™ — 32> i V™
n=0 n=0 n=0 n=0
—52° i Vo™ — 7xt i Voo™ — 112° i V"
n=0 n=0 n=0
= i Vo —2 i V"t =3 i V"2
n=0 N n=0 N n=0 N
=53 Vaa" =7y Vot - 11 V™t
N n=0 N n=0 N n=0
= > Vaz"=2) Viaa" =3 Viooa"
n=0 n=1 n=2

=5 i Vn73$n -7 i Vn74$n —11 i Vn,5x"
n=3 n=4 n=>5
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and so
(1—-2x— 322 — 52° — T2t — 113@5) Z V" = (Vo+Viz+ Vox? + Vax® + V4m4) —2(Voz + Viz? + Vo + V3m4)
n=0
—3(Voz® + Viz® + Vaz?) — 5(Voz® + Viz*) — TVoz*
oo
+Y (Vo =2Vo1 = 3Vi2 = 5Vig — TVya — 11V, 5)a"

n=>5

= Vo+ (Vi —2Vo)z + (Vo — 24 — 3Vo)a® + (Vs — 2Va — 34 — 5Vp)a®

+ (Vi — 2V3 — 3Va — 5V4 — TVp)z™.

Rearranging above equation, we obtain

i Vg — Yot (Vi = 2Vo)a + (Va — 2Vi — 3Vh)a® + (Va — 2Va — 3Vi — 5Vh)a” + (Va — 2Va — 3Ve — 5V1 — TVp)a’
= 1 -2z — 322 — 523 — Tzt — 1125 '

The previous lemma gives the following results as particular examples.

COROLLARY 2. Generated functions of 5-primes, Lucas 5-primes and modified 5-primes numbers are

Gn "= ’
;0 ¥ T 12z 322 — bad — 7ot — 1145
and

> " 5 — 8z — 922 — 102% — 724

Z Hnﬂ? = )

— 1— 2z — 322 — 523 — Tat — 1125
and

oo 3 4

Z Bz = 230 : 1 J

o 1—2x — 322 — 5x3 — 7ot — 112°
respectively.

3. Obtaining Binet Formula From Generating Function

We next find Binet formula of generalized 5-primes numbers {V,} by the use of generating function for V;,.

THEOREM 3. (Binet formula of generalized 5-primes numbers)

dla" dz,ﬁn dg'y"
Ve = + + 3.1
@ Aa-Na-Na-N " B-aB-NE-NE-N G-t -pe-0G-n =Y
N dsd™ N ds\"
=) =B)E-70=2) (A=-a)A=B)A-=7)(A=9)
where

di = Voo + (Vi —2Vo)a® + (Va — 2Vi — 3Vp)a? + (Vs — 2Va — 3Vi — 5Vo)a + (Vi — 2Vs — 3Va — 5Vi — TVh),
dy = VoB*+ (Vi —2V0)B% + (Va — 2Vi — 3V0)B% + (V3 — 2V — 3Vi — 5V0) B + (Vi — 2V3 — 3Va — 5V1 — TVG),
ds = Voy'+ (Vi —2Vo)y* + (Va — 2V1 — 3Vo)y* + (Vs — 2Va — 3V4 — 5Vo)y + (Va4 — 2Vs — 3Va — 5V4 — TVp),
di = Vo' + (Vi —2V0)0° + (Vo — 2V4 — 3V0)6% + (Vs — 2V — 3V — 5V0)d + (Va — 2Vs — 3Va — 5Vi — TVh),
ds = VoA 4+ (Vi —2Vo)A* + (Vo — 2V1 — 3Vo)A® + (Va — 2Va — 3Vh — 5Vo)A + (Vi — 2V3 — 3Va — 5V4 — TV0).
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Proof. Let
h(z) =1 -2z — 32° — 5a® — 7o — 112°.

Then for some a, 3,7,0 and \ we write

h(z) = (1 —az)(1 - Bz)(1 —yz)(1 — dz)(1 — Az)

ie.,
1—2¢—3z° —52° — 72" —112° = (1 — ax)(1 — Bz)(1 — yz)(1 — dz)(1 — Ax) (3.2)
Hence l % % % and % are the roots of h(x). This gives a, 8,7, and A as the roots of
1 2 3 5 7 11
M) =1l-2-m m m om0

This implies 2® — 22* — 32 — 522 — T2 — 11 = 0. Now, by (2.1) and (3.2), it follows that

i Vogn — Yot (Vi —2Vo)z + (Vo — 2V1 — 3Vo)a? + (V3 — 2V — 3V4 — 5Vp)a® + (Va — 2V3 — 3V — 54 — TVp)a?
— e (1—az)(1—pBz)1 —~z)(1—dx)(1 - Az)

Then we write

Vo + (Vi — 2Vo) + (Vo — 2V1 — 3Vo)a” + (Vs — 2V3 — 3Vi — 5Vp)a® + (Va — 2V5 — 3V5 — 5V1 — TVo)a', 3)
(1—az)(1 - Bz)(1 —~vz)(1 —éx)(1 — Ax) N
Al A2 A3 A4 A5

- (1—am)+(1—ﬁx)+(l—’yx)+(1—5x)+(1—)\;v)'

So

Vo + (Vi —2Vo)z + (Vo — 2Vi — 3Vo)a? + (Vs — 2V — 3V4 — 5Vo)a® + (Vi — 2Vs — 3Va — 5V; — 7Vp)z?
= A(1=Bx)(1 —~z)(1 —dz)(1 — Ax) + Az(1 — az)(1 — yz)(1 — dz)(1 — Az)
+A3(1 —ax)(1 — Bx)(1 — dx)(1 — Az) + As(1 — az)(1 — Bz)(1 — vz)(1 — Az)
+A5(1 — az)(1 — Bz)(1 — yz)(1 — ox).
If we consider z = £, we get
Vo+ (Vi —2Vo)2 + (Vo — 2V1 — 3Vo) % + (Vs — 2Va — 3Vi — 5Vo) &5 + (Va — 2V — 3V2 — 514 — TVo) 4 =
A1-51-DHa-H1-2).

This gives
L a*(Vo+ (Vi — 2Vo) L + (Va — 2V — 3Vo) 5 + (Vs — 2V — 3VA — 5V0) &5 + (Va — 2V5 — 3V2 — 5V1 — TVo) )
' (a = B)(a—)(a—d)(a—A)
Voot + (Vi — 2Vo)0( + (Vo —2V1 — 3%)0&2 + (V3 —2Va — 3Vi —5Vo)a+ (Va — 2V3 — 3V — 5V4 — TW))

(@ =pB)(a—=7)(a=d)(a=A)

Similarly, we obtain

VoBY + (Vi —2V0)B% + (Vo — 2Vi — 3Vp) 32 + (Va — 2Va — 3Vi — 5V0) B + (Va — 2V3 — 3Va — 5V4 — TVh)

A CEDICERICETIEEY ’
A — Vo' + (Vi — 2Vo)y* + (Vo — 2Vi — 3Vo)y® + (Vs — 2V2 — 3V1 — 5V0)y + (Va — 2Vs — 3V2 — 5V4 — TVp)
(Y=a)(y=B) (v =) (v =) ’
A — Voo* + (Vi — 2V)8% + (Vo — 2V1 — 3V)6% + (V3 — 2Va — 3V1 — 5V4)0 + (Vi — 2V3 — 3V — 5V4 — TV})
(6 —a)(0=B)(6—7)(6—A) ’
A — Vo + (Vi — 2Vo) A% + (Va — 2V — 3Vo) A2 + (V3 — 2Va — 3V4 — 5Vp)A + (Vi — 2V3 — 3V — 5V — 7VO).

A =a)(A=B)A =7 -9)
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Thus (3.3) can be written as

D> Vaa" = A1(1—ax) "t + As(1— Br)H+ As(1— yx) Tt + As(1 - dz)TH + As(1— Ax)

n=0
This gives
oo oo oo o0 oo o0
Z Ve = A Z a"z" + A, Z B z" + Az Z ~y'ax" + Ag Z "™ 4+ As Z PN
n=0 n=0 n=0 n=0 n=0 n=0

= ) (A" + AsB" + Asy" + Asd" 4 AsA")a".
n=0
Therefore, comparing coefficients on both sides of the above equality, we obtain
Vi = A1a™ + A" + Aszy™ + Agd" + As A"

and then we get (3.1).

Note that from (1.5) and (3.1) we have
Va—(B+7+8+XNVs+ (BA+ By + Ay + B8+ AS +v5)Va — (BAy + BAS + B8 + AMyd) Vi + (BAyd) Vo

= Voa* + (Vi —2Vo)a® + (Vo — 2Vi — 3Vp)a® + (Vs — 2V — 3Vi — 5Vo)a + (Vi — 2Vs — 3Va — 5V4 — 7Vp),
Vi—(a+7+0+NVs+ (ah+ay+ad + Ay + A5+ v5)Va — (ady + ard + ayd + AMy6) Vi + (aXyd) Vo

= VoB*+ (Vi —2V0)B° + (Vo — 21 — 3V0) 8% 4 (V3 — 2V — 3Vi — 5Vp) B + (Vi — 2V3 — 3Va — V1 — TVp),
Va—(a+B8+5+N)Va+ (af+ar+ BA+ ad + B85 + A0)Va — (afA + aBd + aXd + BAI) Vi + (aBAS) Vo

= Vo' + (Vi —2Vo)y® + (Va — 2Vi — 3Vo)y* + (Vs — 2V — 3Vi — 5Vo)y + (Va — 2Vi — 3Va — 5V4 — TVh),
Via—(a+B84+v+A)Va+ (af + ar+ ay+ BA+ By + A)Va — (aBA + afy + aly + BAy)Vi + (afA) Vo

= Voo 4+ (Vi —2V0)6° + (Va — 2Vi — 3V)6% + (Vs — 2Va — 3V4 — 5V0)0 + (Vi — 2Vs — 3Va — 5V1 — TV0),
Vi—(a+B+v+0)Va+ (af+ ay+ad + By + B+ v0)Va — (aBy + aBd + avs + Bv8)Vi + (aBy8)Vo

= Vo' 4+ (Vi —2Vo)A + (Vo — 2V4 — 3Vo)A® + (V3 — 2Va — 3Vh — BVo)A + (Vi — 2Vs — 3V — 51 — TVh).

Next, using Theorem 3, we present the Binet formulas of 5-primes, Lucas 5-primes and modified 5-primes

sequences.

COROLLARY 4. Binet formulas of 5-primes, Lucas 5-primes and modified 5-primes sequences are

an+l ﬁn+1 ’yn+1
R PO} gy P | SRS S (BT B ()1 B Y Bl o vy o vy
gt At
=0 -8B -N =) - BA—7(—d)
and
Hy =a" + "+ 9" +0" + \",
and

b (a—1)a" . (8-1)p" . (v = 1"
" (a=B)a=(a=8a=A) B-a)B-7B-=)B-A) OG-a)(v=B8)(—0H-2N)
(5 — 1)5" . (A —1)A"
(6=a)0=B)=NE =) A=a)A=B)A=7)(A=0)’

+
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respectively.

We can find Binet formulas by using matrix method with a similar technique which is given in [3]. Take k =i =15

in Corollary 3.1 in [3]. Let

at o o a1 a1t a1 at ol o a1
gtoBg Bt o1 grtog Bt o1 gttt Bt o1
T T A e S T S RIS T I L G G S PP B A L A B
LR L L R | L LR L R | L L L R |
PP P ATTEOAT N A MmN N1
48 ol a1 at o a2 ol o1 at o a2 a ol
4 BS ﬁnfl IB 1 /64 63 62 187L71 1 4 63 182 ﬁ ﬁnfl
Ay = N e A a2 et | A = N N
64 53 6n—1 5 1 64 63 62 671—1 1 64 53 52 6 6”—1
AN AN 1 PP S S P S | PRI P NP
Then the Binet formula for 5-primes numbers is
R~ 1
Gn = det(A)ZGG_jdet(A]-):K(Gsdet(Al)+G4det(A2)+G3det(A3)+G2det(A4)+G1det(A5))
Jj=1
1
= det(A 2 det(A det(A
Jory (7 et () + 2det(Ay) + det(As))
Similarly, we obtain the Binet formula for Lucas 5-primes and modified 5-primes numbers as
1
H, = det(A) (H5 det(Al) + Hy det(AQ) + Hjs det(A3) + H> det(A4) + H1 det(A5))
- detl( 1 (F42et(A1) + 150 det(A2) + 41det(As) + 10det(A) + 2t (5))
and
1
En = det(A) (E5 det(Al) —+ E4 det(Az) =+ E3 det(Ag) —+ E2 det(A4) =+ E1 det(A5))
1
= det(A) (5det(A1) + det(A2) + det(As))
respectively.

4. Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F),}, namely,
Foy1Fyy — F2 = (=1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be

written in the form
Fn+1 Fn

Fn Fn—l

= (-1)"™

The following theorem gives generalization of this result to the generalized 5-primes sequence {V;, }n>0.
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THEOREM 5 (Simson Formula of Generalized 5-primes Numbers). For all integers n, we have

Vata Vags Vage Vagr Wi Ve Va Va2 Vi W
Vids Vagz Vapr Vi Voo Vo Vo Vi Vo V4
Vatz Var1 Vi Voo Ve =11 Ve Wi Vo Voo Voa |- (4.1)
Vovr Vo Vaor Vieo Vs i W Voo Voo Vg
Vi Vaor Vaea Vs Vaa Vo Voo Voo Vo3 V4

Proof. (4.1) is given in Soykan [8].

The previous theorem gives the following results as particular examples.

COROLLARY 6. For all integers n, Simson formula of 5-primes, Lucas 5-primes and modified 5-primes numbers

are given as
Gn+4 Gn+3 Gn+2 Gn+1 Gn

Gnys Gniz Gnii  Gn  Gaa
Gpiz Gny1i Gn Gt Gpoo |=11"7° (4.2)
Gny1  Gn  Guoi Gz Gnos
Gn  Gno1 Guoz G-z Gns

and
Hyys Hpys Hppo Hppr  Hy
Hy+3s Hpyo Hnta H, H,—1
Huys Huy1  Hn  Hpoi Hu_p | =409 x 431 x 1103 x 11"~* (4.3)
s H, H,-1 Hn—2 Hp_3
H, Hpn-1 Hn—2 Hp_3 Hpa
and
Enys FEnis Eny2 Enp E,
Enis FEnya Eny1 En  Enoa
Eniz Epi1 En  Eno1 Ep_s |=27x11"71 (4.4)
Eps1  En  Enoi Eno En_s
E, En1 En o2 En3 Enp_4
respectively.

5. Some Identities

In this section, we obtain some identities of 5-primes, Lucas 5-primes and modified 5-primes numbers. First, we

can give a few basic relations between {G,} and {H,}.

LEMMA 7. The following equalities are true:

1331H, = —277Gni6 — 117Gis + 1326G 14 + 11 747Gy 3 — 2813Gn 42, (5.1)
121H, = —61Gnis+ 45Gnia + 942G s — 432G 2 — 277G i1,
11H, = —T7Gpia+69Gn13—67Gnyis — 064Gyt —61G,,
H, = 5Gnis—8Gni2—9Gns1 — 10G, — TGn_1,
Hy, = 2Gni2+6Gni1 415G, + 28G,—1 455G, o,
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and

2138793107G,, = 18571Hp46 + 1176092H,, 45 — 1191254 H,, 4 — 21714675 H 43 + 39754441 H 42
194435737G,, = 110294H, 15 — 103231 H, 44 — 1965620 H 43 + 3625858 Hy 12 + 18571 H 41
194435737G,, = 11735THy, 44 — 1634738H,, 13 + 4177328 Hpy 2 + 790629 H 1 + 1213234 H,
194435737G,, = —1400024H 43 + 4529399H 42 + 1377414H,, 1 + 2034733 H,, + 1290927H,,_1
194435737G, = 1729351H, 12 — 2822658 H, 11 — 4965387H,, — 8509241 H,,_1 — 15400264 H,, 2

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
H, =ax Gn+6+b>< Gn+5+c>< Gn+4+d>< Gn+3+e X Gn+2

and solving the system of equations

Hy = axGs+bxGs+cxGs+dxGz+exGa
H = axGr+bxGs+cxGs+dxGs+exGs
Hy = axGs+bxGr+cxGs+dxGs+exGy
H:3 = axGog+bxGs+cxGr+dxGs+exGs
Hy = axGuo+bxGo+cxGs+dxGr+exGe
we find that a = f%,b: f%,c: %,d: 111373417,6: f%. The other equalities can be proved similarly.

Secondly, we present a few basic relations between {Gr} and {E,}.

LEMMA 8. The following equalities are true:

1331E, = —71Gn+t6+ 340Gn+5 —304Gpnt4 + 3Gni3 — 130G 42,

121E, = 18Gny5 —47Gnys — 32Gn43 — 57Gny2 — "1Gnq1,

11E, = —Gpiya+2Gnis+3Gnia+5Gni1 + 18Gn,
E, = Gn—Gn-,
and

297G, = —16En16 +43En 5+ 37TEna+ 36E, 3 + 13,2,
271G, = FEpys —Enja —4FEn43 —9FE42 — 16E,41,
27Gn = Epis— Enis —4Epi2 —9E, 1 + 11E,,,
271G, = FEnys—Enqo—4E,41+ 18E, +11E,,_1,
271G, = FEpyo— FEny1+23E,+18E,_1 +11FE,_».

Note that all the identities in the above Lemma can be proved by induction as well.

Thirdly, we give a few basic relations between {H,} and {E,}.
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LEMMA 9. The following equalities are true:

3267TH, = 217TE,4+¢ — 1864E,+5 — 1300E),+4 + 23049E,,+3 + 9866 E,, 12,
297TH, = —130E,415 —59F,4+4+ 2194E,, 13+ 1035E, 12 + 217E, 41,

2TH, = =29FE,44+164E, 13+ 35,12 — 63F,11 — 130E,,

27TH, = 106E,43 —52E,42 —208FE,11 —333FE, —319E,_1,

27TH, = 160E,2 + 110,41+ 197E, +423E, 1 + 1166E,, 2,

and
23526724177E, = —39550160H 46 + 92241613 H,,45 + 93222517 Hp 4 — 26985426 Hyo 13 + 954441363 Ho 42,
2138793107E, = 1194663H, 15 — 2311633 H 4 — 20430566 H,, 43 + 61599113 H 12 — 39550160 H 41,

194435737E,, = T063H ;14 — 1531507H 13 + 6142948 H,, 12 — 2835229H 11 + 1194663 H,,,
194435737E, = —1517381H 43+ 6164137H 2 —2799914H,, 1 + 1244104H,, + 77693 H,,—1,
194435737TE, = 3129375H, 2 — 7352057H 41 — 6342801 H,, — 10543974H 1 — 16691191 H,,_».

We now present a few special identities for the modified 5-primes sequence {Ey}.

THEOREM 10. (Catalan’s identity) For all integers n and m, the following identity holds
EngmBnom =By = (Guam = Gupm-1)(Gnom = Guom-1) = (Gn = Gn1)?
= (Gn(Gm —Gm+1) + Guo1(—Gm + Gm—2) + Gn-2(—Gm + Gm-1))
(GG — G1om) + Gno1 (=G + Gmn—2) + Gra (-G + G_—1))

7(Gn - anl)Q

Proof. We use the identity
E,=Gn—Gp-1.

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the modified 5-primes sequnce
COROLLARY 11. (Cassini’s identity) For all integers numbers n and m, the following identity holds

Eni1Bn—1 — E2 = (Gny1 — Gp)(Gno1 — Gn—2) — (Gn — Gn1)?.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using E, = G, — Gr,—1.The next

theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified 5-primes sequence {Ej}.

THEOREM 12. Let n and m be any integers. Then the following identities are true:
(a): (d’Ocagne’s identity)
Em+lEn - EmEn+1 = (Gm+1 - Gm)(Gn - anl) - (Gm — Gmfl)(GnA»l — Gn)
(b): (Gelin-Cesaro’s identity)

En+2En+1En71En72 - E;IL = (Gn+2 - Gn+1)(Gn+1 - Gn)(anl - Gn72)(Gn72 - Gn73) - (Gn - Gn71)4-
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(c): (Melham’s identity)
Ens1Eni2Enss — B3 = (Gng1 — Gn)(Gnyz — Gng1)(Gnas — Gnis) — (Gnis — Gny2)®.
Proof. Use the identity E,, = G, — Gy 1.
6. Linear Sums

The following proposition presents some formulas of generalized 5-primes numbers with positive subscripts.

PRrROPOSITION 13. Ifr =2,5s =3,t =5,u = T7,v = 11 then for n > 0 we have the following formulas:
(a): ZZ:O Vi = 717(Vn+5 — Vaga —4Vng3 — Wago — 16Vhy1 — Vi + Va + 4V 4+ 9V1 + 161h).
(b): >op_oVor = 2*17(—‘/2n+2 + 4Vapt1 + 25Van + 3Van—1 + 22Vap_o + Vi — 4V3 4 2V, — 3V 4 51h).
(c): Yor_o Vars1 = 52 (2Vania 4+ 22Van g1 — 2Van + 15Van 1 — 11Van o — 2Vi + 5Va + 2Va + 12V4 + 11V5).

Proof. Take r =2, =3,t{ =5,u=7,v =11 in Theorem 2.1 in [9].
As special cases of above proposition, we have the following three corollaries. First one presents some summing

formulas of 5-primes numbers (take V,, = G,, with Go =0,G1 =0,G2 =0,G3 =1,G4 = 2).

COROLLARY 14. For n > 0 we have the following formulas:
(@): >p_oGr = 5= (Gnys — Gnya — 4Gny3 — 9Gni2 — 16Gny1 — 1).
(b): >op_oGar = %(_G2n+2 + 4G2n+1 + 25G2pn + 3G2n—1 + 22G2n—2 — 2).
(c): Yo o Gars1 = 5= (2G2nt2 + 22Gant1 — 2G2n + 15G2n—1 — 11G2n—2 + 1).

Second one presents some summing formulas of Lucas 5-primes numbers (take G,, = H, with Ho = 5, H1 =

2, Hy = 10, Hs = 41, Hy = 150).

COROLLARY 15. For n > 0 we have the following formulas:

(a): ZZ:O Hk = 2717(H7L+5 - Hn+4 - 4H'n+3 - 9Hn+2 - 16H7L+1 + 29)
(b): >y o Hoe = %(7H2n+2 + 4H2p4+1 + 25H2pn + 3H2n—1 + 22H2p—2 + 25).

(c): >op_o Hory1 = %(2H2n+2 + 22H2p41 — 2H2y, + 15H2p—1 — 11H2,—2 + 4).

Third one presents some summing formulas of modified 5-primes numbers (take H, = E, with Ey = 0, E1 =

0,FE,=0,E3=1,FE4 =1).

COROLLARY 16. For n > 0 we have the following formulas:
(@): >p_oEr = 5-(Ents — Enta — 4Eni3 — 9En 2 — 16En11).
(b): > iy Eor = %(—E2n+2 + 4F2n4+1 + 25FE2, + 3E2n—1 + 22E2,_2 — 3).
(c): Yr_o Bokt1 = 55 (2F2n12 + 22FE2n41 — 2F2, + 15F2, 1 — 11E2,_2 + 3).

The following proposition presents some formulas of generalized 5-primes numbers with negative subscripts.

PRrROPOSITION 17. Ifr =2,5s =3,t =5,u = T7,v = 11 then for n > 1 we have the following formulas:
(@): Sp_ Vek=5-(—Venta+ Vengs +4Vopio + 9Voppn + 16V + Vi — Vs — 9V4 — 415 — 16V)).
(b): >op_ Ve = %7(_2‘/72714»3 4+ 5V on42 + 2V_onq1 + 12V_g, + 11V oy 1 — Vi + 4V3 — 2V5 + 3V7 — 514).
(C)! 22:1 V_2k+1 = %(V_2n+3 — 4V_2n+2 =+ 2V_2n+1 —3V_opn —22V_op_1 +2V4 —5V3 — 2V5 — 12V — 11‘/0).
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Proof. Take r =2, =3,t =5,u = 7,0 =11 in Theorem 3.1 in [9].
From the above proposition, we have the following corollary which gives sum formulas of 5-primes numbers (take

G, = G, with G():O,Gl :O,GQZO,G3:1,G4:2).

COROLLARY 18. For n > 1, 5-primes numbers have the following properties.
(@): 0 Gk =5:(—Gonga+ G_pnys +4G_ni2 +9G_ny1 + 16G_p, +1).

(b): >r_ 1 Goop = 2*17(—2G72n+3 + 5G_2n42 + 2G—2n4+1 + 12G_2p + 11G_2pn—1 + 2).
(c): Yp_i Goopg1 = 2*17(G—2n+3 — 4G _any2 + 2G _2pt1 — 3G _2p — 22G_2p—1 — 1).

Taking G,, = H,, with Ho =5, H1 = 2, H> = 10, H3 = 41, H4 = 150 in the last proposition, we have the following

corollary which presents sum formulas of 5-primes -Lucas numbers.

COROLLARY 19. For n > 1, 5-primes -Lucas numbers have the following properties.
(a): ZZ:l H_; = ?17(7H7n+4 + H7n+3 + 4H7n+2 + 9H7n+1 + 16H_, — 29).

(b): > p_ H_ox = ?17(_2H—2n+3 +5H ony2+2H _on1 + 12H o, + 11H 5,1 — 25).
(c): Y i H oky1= 2*17(H72n+3 —4H _9p42+2H opy1 —3H_2, —22H_9p,—1 — 4).

From the above proposition, we have the following corollary which gives sum formulas of modified 5-primes

numbers (take H, = E,, with B9 =0,FE1 =0,E, =0,FE3 =1,E4 = 1).

COROLLARY 20. For n > 1, modified 5-primes numbers have the following properties.

(a): ZZ:l Efk - %(_E—7z+4 + E—n+3 + 4E—n+2 + 9E—n+1 + 16E—n)
(b): > i E_o= 2*17(*2E72n+3 +5F _ont2+2FE _9p41 + 12FE 2, + 11E_9,_1 + 3).
(c): >, E-opp1= 717(E—2n+3 —4F _opt2+2E 95,41 —3E_2p —22E 3,1 — 3).

7. Matrices Related with Generalized 5-primes Numbers

Matrix formulation of W,, can be given as

n

Wita r s t u wv Wy
Wiis 100 0 0 Ws
Wate |=]1 0 1 0 0 0 Wa (7.1)
Wit 001 0 0 Wi
W, 000 1 0 Wo

For matrix formulation (7.1), see [2]. In fact, Kalman give the formula in the following form

n

W 01 0 0 O Wo
W1 0010 0 %]
Wi =] 0 0 0 1 0 W
Wi 000 0 1 Ws
Wita r s t uwu w Wy
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We define the square matrix A of order 5 as:

such that det A = 11. From (1.4) we have

Vita
Vn+3
Vot | =
Vn+1
|

|
o o o = N

and from (7.1) (or using (7.2) and induction) we have

Vn+4
Vn+3
Vigz | =
Vn+1
Vi

|
o ©o o ~ W

If we take V,, = G, in (7.2) we have

Ghta
Gny3
G2 | =
Gry1

Gn

|
o o o = N

We also define
Gnyz  3Gni2 +5Gni1 +7Gn + 11Gr 1
Gnt+2  3Gny1+5Gn +7Gn—1 + 11Gp—2
B, = Gn+1 3Gn +5Gn-1+ T7Gn—2+ 11Gp_3
Gn 3Gn-1+5Gn—2+T7Gpn-_3+11Gp—4
Gn-1 3Gn—2+5Gn_3+T7Gn-a+11Gx_5
and
Vigs  3Vape +5Vap1 +7Va + 11V,
Vatz  3Varr +5Va + 7V + 11V, 2
Con=1| Va1 3Vu+5Vh 1+ TVa o+ 11V, 3
Vi 3Va1 45V o4+ TV, 3 +11V, 4
Vie1 3Va—a +5Vu 3+ 7V a+ 11V, 5

THEOREM 21. For all integer m,n > 0, we have

o o ~ o w o O = O W

o O = O W

o O = O W

o = O O Ot
= O O O

11 Viis
0 Vit2
0 Vat1
0
0

S = O O ot
= o © o

n

= O O o
_ o o O 3

o

11 Gnis
Gn+2
Gn+1

o = O O o
= O o O
o o o o

5Gnt2 + 7TGri1 + 11G,

5Gni1 + TGy + 11Gn_1

5Gn + TGn-1 + 11Gy—2
5Gn—1 4+ TGn—2 + 11G,_3
5Gn—2+ 7Gn_3+ 11G,_4

5Vata + TVoi1 + 11V,

5Visr 4 TV + 11V 1

SV + Va1 +11V, 2
S5Vuo1 +7Vh—2 + 11V, 3
SVina +TVh_3+ 11V, _4

TGpy2 +11Gh41
7Gnt1 + 11Gn
7Grn +11Gn -1

TGr-1+11Gn 2

TGn2+11Gp_3

TVnto + 11V
Va1 + 11V,
WVa+ 11V,

TVho1+ 11V,

TVn—2+ 11V, _3
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11Gr42
11Gp41

11G,

11G—1
11Gp_2

11Vpio
11V i1
11V,
11V, 1
11V, 2
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(a): B, =A"
(b): CLA™ = A™Cy
(¢): Cnym = CnBm = BpCh.

Proof.

(a): By expanding the vectors on the both sides of (7.3) to 5-colums and multiplying the obtained on the
right-hand side by A, we get
B, = AB,_1.

By induction argument, from the last equation, we obtain
B, =A""'Bi.

But B; = A. It follows that B, = A".
(b): Using (a) and definition of C1, (b) follows.
(¢): We have Cp, = AC\,_1. From the last equation, using induction we obtain C,, = A" 10y, Now

Crppm =A"T"710 = A"PA™Cy = A"HCLA™ = Co By,
and similarly
Crim = BnCh.
Some properties of matrix A™ can be given as
An — 2An—1 4 SAn—Z + 5An—3 4 7An—4 4 11An—5
and
Aner — AnAm — AmAn

and

det(A™) = 11"

for all integer m and n.
THEOREM 22. For m,n > 0 we have

Vn+m - VnGm+3 + anl(?)Gm+2 + 5Gm+l + 7Gm + 1le71) + Vn72(5Gm+2 (74)

+T7Gm+1 + 11Gn) + Vo3 (7TGmy2 + 11G 1) + 11V _a G2
Proof. From the equation Cp4m = Crn By = B, Cn we see that an element of Cy,4,, is the product of row C,,
and a column B,,. From the last equation we say that an element of C,,4+n, is the product of a row C,, and column

By,. We just compare the linear combination of the 2nd row and 1st column entries of the matrices Cyp+m and Cp Bp,.

This completes the proof.

REMARK 23. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all integers m,n,
(7.4) is true.
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COROLLARY 24. For all integers m,n, we have
Gntm = GpGmt3+ Gno1(8Gmt2 + 5Gm41 + TG + 11Gm—1) + Grn—2(5Gm+2 + TGm+1 + 11Gr,)
+Gn3(TGms2 4+ 11Gm11) 4+ 11Gn_4Gmya,
Hyvm = HyGpmis+ Hyo1(3Gmg2 + 5Gmy1 + TG + 11G 1) + Hy—2(5Gm42 + TGms1 + 11G,)
+Hn—3(7TGmt2 + 11Gm+1) + 11Hy -4 Gig2,
Enim = FEnGmiys+ Eno1(3Gmi2 +5Gmi1 + TG + 11Gm—1) + En—2(6Gm+2 + TGmi1 + 11Gn)

+En_3(7TGm+2 + 11Gm+1) + 11 E,_4Gmga.
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