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Abstract
In this study, the multiplicative Volterra integral equation is defined by using the
concept of multiplicative integral. The solution of multiplicative Volterra integral
equation of the second kind is researched by using the successive approximations
method with respect to the multiplicative calculus and the necessary conditions for the
continuity and uniqueness of the solution are given. The main purpose of this study is
to investigate the relationship of the multiplicative integral equations with the
multiplicative differential equations.
Keywords: Multiplicative calculus; Multiplicative differential equations;
Multiplicative Volterra integral equations; Successive approximations method.

1. Introduction

Grossman and Katz [10] have built non-Newtonian calculus between years 1967-1970 as an
alternative to classic calculus. They have set an infinite family of calculus, including classic, geometric,
harmonic, quadratic, bigeometric, biharmonic and biquadratic calculus. Also, they defined a new kind
of derivative and integral by using multiplication and division operations instead of addition and
subtraction operations. Later, the new calculus that establish in this way is named multiplicative calculus
by Stanley [16]. Multiplicative calculus provide different point of view for applications in science and
engineering. It is discussed and developed by many researchers. Stanley [16] developed multiplicative
calculus, gave some basic theorems about derivatives, integrals and proved infinite products in this
calculus. Aniszewska [1] used the multiplicative version of Runge-Kutta method for solving
multiplicative differential equations. Bashirov, Misirli and Ozyapici [2] demonstrated some applications
and usefulness of multiplicative calculus for the attention of researchers in the branch of analysis. Riza,
Ozyapict and Misirh [14] studied the finite difference methods for the numerical solutions of
multiplicative differential equations and Volterra integral equations. Misirli and Gurefe [13] developed
multiplicative Adams Bashforth-Moulton methods to obtain the numerical solution of multiplicative
differential equations. Bashirov, Riza [4] discussed multiplicative differentiation for complex valued
functions and Bashirov, Norozpour [6] extended the multiplicative integral to complex valued functions.
Bashirov [5] studied double integrals in the sense of multiplicative calculus. Bhat et al. [7] defined
multiplicative Fourier transform and found the solution of multiplicative differential equations by
applying multiplicative Fourier transform. Bhat et al. [8] defined multiplicative Sumudu transform and
solved some multiplicative differential equations by using multiplicative Sumudu transform. For more
details see in [1-10, 13, 14, 16-20].
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Integral equations have used for the solution of many problems in applied mathematics,
mathematical physics and engineering since the 18th century. The integral equations have begun to enter
the problems of engineering and other fields because of the relationship with differential equations and
so their importance has increased in recent years. The reader may refer for relevant terminology on the
integral equations to [11, 12, 15, 21, 22].

Now, we will give some necessary definitions and theorems in multiplicative calculus as follows:

Definition 1. Let f be a function whose domain is R the set of real numbers and whose range is a
subset of R. The multiplicative derivative of the f at x is defined as the limit

d f(x) f(x+h)

The limit is also called *-derivative of f at x, briefly.

If £ is a positive function on an open set A € R and its classical derivative f'(x) exists, then its
multiplicative derivative also exists and

5] - nr
f*(x) = elf@] = en=f) ()

where [no f(x) = Inf(x). Moreover, if f is multiplicative differentiable and f*(x) # 0, then its
classical derivative exists and

f'e) = f(x) - Inf*(x) [16].

The multiplicative derivative of f* is called the second multiplicative derivative and it is denoted
by f**. Likewise, the n-th multiplicative derivative can be defined of f and denoted by f*™ for n =
0,1,2,... . If n-th derivative £ (x) exists, then its n-th multiplicative derivative f*™(x) also exists
and

f*(n)(x) — e(lnof)(n)(x)’ n=012.. [2].

Definition 2. The multiplicative absolute value of x € R denoted with the symbol |x|* and defined
by

X, x=1
xl. =11
Ix]. -, x <1
x

Theorem 1. Let f and g be multiplicative differentiable functions. Then the functionsc. f, f. g, f +

9, f/g,fg are multiplicative differentiable where ¢ is an arbitrary constant and their multiplicative
derivative can be shown as

D) fH)@) =)
@) (f9)' () =f(x)g" (%)

fx) g(x)
() (f + 9)*(x) = f*(x)f@+9t) g* (x) I+

@ (&) =LY

g*(x)
6) ()K= f*(x)g(x)f(x)g’(x)
6) [F*(O)1™ = [f"(x)]* forn € R [16].

10



Ikonion Journal of Mathematics 2020, 2 (2)

Theorem 2. (Multiplicative Mean Value Theorem) If the function f is continuous on [a, b] and is
*-differentiable on (a, b), then there exits a < ¢ < b such that

1
‘() = (f®)ra
@ =(Es)™ Bl
Definition 3. Let f be a function with two variables, then its multiplicative partial derivatives are
defined as

9" f(x, 9" Zin(f@y)
DI = i y) = e 0O and CLED oy, ) = o250 5]

Theorem 3. (Multiplicative Chain Rule) Suppose that f be a function of two variables y and z with
continuous multiplicative partial derivatives. If y and z are differentiable functions on (a, b) such that
f(y(x),z(x)) is defined for every x € (a, b), then

d*f(y(x),z(x))
dx

(x)

= £ (700, 200)” P (v, 2(0)”

Definition 4. Let f be a positive function and continuous on the interval [a,b], then it is
multiplicative integrable or briefly -integrable on [a, b] and

b b
* f F(x)9% = ela MrG)ax 1),

Theorem 4. If f and g are integrable functions on [a, b] in the sense of multiplicative, then
b d b dx\ ¥
@) * L (F@)™ = (+ L (F@)™)

@ * [ (F@g@)™ == [L(F) ™ * [2(g00)™
@) *J (@)dx _ @)™

g/ [P (g™
(@ + [L(r )™ = [P )™ « L (re)™
wherek € R anda < c < b [2,3].

Theorem 5. (Fundamental Theorem of Multiplicative Calculus) If the function f has multiplicative
derivative on [a,b] and f* is multiplicative integrable on [a, b] , then

dx_ﬂ
ff() o 23

Definition 5. The equation of the form

Y () = f(xy()
including the multiplicative derivative of y is called first order multiplicative differential equation. It is
equivalent to the ordinary differential equation y’(x) = y(x)Inf(x,y(x)). Similarly, n-th order

multiplicative differential equation is defined by F (x, Y,y ...,y*(”‘l),y*(”)(x)) =1, (x,y) ERX
R™* [2,3]. The equation of the form

11
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(y*(n))a”(x)(y*(n—l))a”‘l(x) (y**)az(x)(y*)al(x)yao(x) — f(x)

that f is a positive function, is called multiplicative linear differential equation. If the exponentials a,, (x)
are constants, then the equation called as multiplicative linear differential equation with constant
exponentials; if not it is called as multiplicative linear differential equation with variable exponentials
[17].

2. Multiplicative Volterra Integral Equations

An equation in which an unknown function appears under one or more signs of multiplicative
integration is called a multiplicative integral equation (MIE), if the multiplicative integral exists. The
equation

u(x) = f(x) * j u(@KeEn ™

where f(x) and K(x,t) are known functions, u(x) is unknown function, is called linear multiplicative
Volterra integral equation (LMVIE) of the second kind. The function K(x,t) is the kernel of

multiplicative Volterra integral equation. If f(x) = 1, then the equation takes the form
X

uG) =+ [fu(opeo”
a
and it is called LMVIE of the first kind.

L dt
Example 1. Show that the function u(x) = e?* is a solution of the MVIE u(x) = e* * fox [(u(t));] .

Solution. Substituting the function e2* in place of u(x) into the right side of the equation, we obtain

X
2 t2

14dt 1,dt x, 2t x2t 2
=e* « [ [(ezt);] = eX el MeFdt — ox gl Tt — px ¥

e* + J; | )]

So, this means that the function u(x) = e?* is a solution of the MVIE.

o =e?* =u(x)

2.1. The Successive Approximation Method For Solving Multiplicative Volterra Integral
Equations

Theorem 6. Consider LMVIE of the second kind as

u(®) = f(x) * [Fu@FE ™, (1)

If f£(x) is positive and continuous on [0, a] and K (x, t) is continuous on the rectangle 0 < t < x and
0 < x < a, then there exists an unique continuous solution of (1) as

u(x) = [In=0 pn(x) = eZn=o In@n(x)

such that the series Yn—, In@, (x) is absolute and uniform convergent where

Po(X) = F(X) , () = [ pnr (OTFEO n =12, ...

Proof: Take the initial approximation as

up(x) = f(x) = @o(x). (2)

12
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If we write uy(x) instead of u(x) in equation (1), then we get the new function showed with u, (x) as
X

w00 = £60 + [ luo (@™ ©)
Since the multiplicative integral which is in equation (3) depends on variable x, we can show it with
x x
01 =+ [ lag@FEO" = [[go @0
and write t?le equation (3) as folfow
u; (x) = f)P1(x) = o (x) 1 (x) (4)

by using (2). Therefore the third approximation is obtained as

1 () = f(x) * f [y (O]KEO,

0
By the equation (4), we find
X

)dt

() = f(x) * f [96(0). @r (D]t
0

=10+ [ (o @FDlpy @1 9)"
0

= G f (0@ « gy @10,

0
If we set @, (x) —*f (O] D% then Uy (1) = @o(x) @1(x) @,(x). In asimilar way, we get

Up (%) = 9o (%) 91(x) P2(x) .. Pr(x) (5)
where

dt
@o(X) = F(0), () =* [ [ 1 DIFEOT, n=12, ...
Continuing this process, we get the series

u() = o) 9100 92 . u(@). = | [ o) = eZRotnon, ©)

From (5) and (6), it is clear that lim u, (x) = u(x).
n—-oo
Assume that F = max f(x) and K = max |K(x,t)|. Then we find
x€[0,a] 0<t<x<a

Po(x) =f(x) < F

1) = f [fpo(t)]K(x,t)dt — oly Kxt)ingo(t)at <e J KGO lingo(Dldt _ , [FIK (0] inlpe(0)].de
0
< eK.lnF.x
X
0,(x) =+ f[%(t)]K(x‘t)dt _ efOxK(x,t)ln(pl(t)dt < eK.lan;‘|K(x,t)|.tdt < eKZ.lan:tdt = plnF. K2 ’;T

0

K™x™
lnF.T.

pn(x) <e

13
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Also, we can see that |Ing,(x)| = In|e,(x)|. < InF % for = 1,2,... . Because of |lng,(x)| <

InF Kn—? , the series Y-, Ing, (x) is absolute and uniform convergence from the Weierstrass M-test.

Since each terms of this series are continuous, the function which this series convergences uniformly is
continuous. Hence u(x) is continuous function. Now, we will show u(x) is a solution of the equation

(1). Since @ () =+ J;’ 91 (OO and o (x) = £ (x), we find

N N X
®o(x) n(pn(x) = f(x) 1_[ * f (pn_l(t)K(x,t)dt
n=1 n=1 0

N x N-1 K(xt)
[ o =rco+ (]_[ wn_l(t)>
n=0

0 n=1
K(xt)9t

ﬁ Pa) = () * f (ﬁ %(t)) ™
n=0 0 \n=0

From (6) and (7), we obtain

N
u(@) = Jim [ [ou() = Jim fx) e KEOTmotmon@1e = () oo Y i tron)
N—-oo N—-oo

n=0

X
= f(x) elo KGeOmeTi=0monOde _ gy o [FREOMUWAE = £y f NOLGCR
0

by using the uniform convergence of the series Y'n—, Ing, (x) . This indicates that u(x) is the solution
of the equation (1). Now, we will show the uniqueness of the solution. Assume that u(x) and v(x) are
different solutions of the equation (1). Since

)dt

u(x) = £(x) * j [u(®)]KCs
0

() = f(x) * f [v(6)]KC:

0

)dt

we find

X

0

dt
u(t) K(x,t)
v(t)

—e Jy K (,t) (tnu(t) - tnv(6))dt.

If we set %: ¢(x), we can write ¢(x) == fo"[¢(t)]K(x,t)dt :eff K(xting()dt  Bacause of

Ing(x) = [; K(x,)Ing(t)dt, we find

lIng(x)| =

fxz((x, Hing(B)dt| < fxu((x, O|]ing(O)]dt < fo|ln¢(t)|dt.
0 0 0

Itis taken as h(x) = f;cllnqb(t)ldt, then we write
lIng(x)| < Kh(x)
|iIngp(x)| — Kh(x) < 0.

By multiplication with e ~%* both sides of the inequality, then

14



Ikonion Journal of Mathematics 2020, 2 (2)

e X¥|Ingp(x)| — e K*Kh(x) <0
:—x(e_’(xh(x)) <0

and by integration both sides of this inequality from 0 to x we find

e KX*p(x) — e K°h(0) < 0

e X*h(x) < 0.

Since h(x) < 0 and h(x) = 0, we find h(x) = 0. Therefore |Ing(x)| = 0 for every x € [0,a], i.e.,
¢(x) = 1forevery x € [0,a]. Thus ¢(x) = % = 1 and we obtain u(x) = v(x). This completes the
proof.

Remark 1. If the following iterations of method of successive approximations are set by

up(x) = f(x)

X

Un () = F) * f [y (OIEO% n =123,
0

for the multiplicative integral equation

u() = F(0) * [Fu@FE"
where f(x) is positive and continuous on [0, a] and K(x,t) is continuous for 0 < x < a, 0 <t < x,

then the sequence of successive approximations u,, (x) converges to the solution u(x).

Example 2. Solve the multiplicative Volterra integral equation
X

u(x) = e* x J [(u(t))(t—x)]dt

0
with using the successive approximations method.

Solution. Let taken u,(x) = e*, then the first approximation is obtained as

X3
u(x) = e’ « fcic[(et)(t_x)]dt = e¥ely (et )at _ px [y t(t-x)dt _ e("—?)

and by using this approximation it can be obtained as

By proceeding similarly, the nt"* approximation is

x xS n x2n+1
() = IO Gy
Since th i 24 ) i is the Maclaurin series of si
ince the expression x —— 45—+ (=)' + -+ is the Maclaurin series of sinx,
lim u, (x) = eS™*. Therefore the solution of the equation u(x) = eS"*,

n—oo

15
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3. The Relationship Between Multiplicative Differential Equations

We will investigate the relationship of the multiplicative Volterra integral equations with the
multiplicative differential equations.

3.1. The Conversion of the Multiplicative Volterra Integral Equations to Multiplicative
Differential Equations

In this section, we demonstrate the method of converting a multiplicative Volterra integral
equation into a multiplicative differential equation. For this, we need the Leibniz Formula in the sense
of multiplicative calculus.

Firstly, we will give necessary lemma with using proof of multiplicative Leibniz formula.

Lemma 1. Let Q be an open set in R2. Suppose that f:Q — R be a function such that the
multiplicative partial derivatives fy; (x,y) , fyx (x,y) exists in  and are continuous, then we have

o [o* o*(o*
a(@f(x' }’)> = @(af(x, Y))-

Proof. Fix x and y. F(h, k) is taken as

Foet hy+ K fx, y))hl—k
Foy T O G+ hy)

By using the multiplicative mean value theorem, we find

F(h k) =<

Uy

. /f(x+h,y+k) %\%

F(h k):<f(x+h,y+k)f(x,y)>ﬁz o,y +k) _ 6_*<f(x+h,y+/11k)> h
, floy+k) f(x+hy) fx+hy) oy \ 0o y+2.k)
fx,y)
1
_ 0 (fG+hytAk)\r) 0" (0
" ay < f(x, y+A.k) ) _@<af(x+/12h:y+/11k)>
and
1
1\ k
1 [ /fG Ry +iO\R !
F(h k) = <f Gt by +10 £ ”)’”‘ || et iy (¥ <f(x+/13h,y + k)) z
' fGoy+k) f(x+hy) f (}C,(y +)k) ox\ f(x+A3h,y)
X,y

“m\Femny ) | "o la’

for some 0 < A4, 4,,43,44 < 1 which all of them depend on x, y, h, k. Therefore,

1
PR thy+IO\E\ 0% (9
<f (x+Ash,y )> - ( (x+/13h,y+/14k))

9" (0" 9" (0"
—| = Aohy+Aik) | =—|=— Azh, y+2A4k
for all h and k. Taking the limit h, k — 0 and using the assumed continuity of both partial derivatives,

16
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it gives
0% (0" 0% (0"
3y FPUAGYD) =3 ayf( x,y) |-

Theorem 7. (Multiplicative Leibniz Formula) Let A, € R be open set and f be a continuous
function on A X I into R. If f;° exists and is continuous on A x I, h(x),v(x) are continuously
differentiable functions of 4 into I, then we have

v(x) v(x) v (%)
[ rwor )= | gaoe [lov®)
h(x) hix) f(x, h(x))
Proof. Let f(x,t) = a—*F(x t) = F/(x,t). Hence we can write * fh (x)f( )4t = :((;)) F7(x, t)4,
Since  * h( )f( x, )4 = IZEXZEX;% we find
v(x) d*
4 “F(x,v()\ g Flov)
ff(xt)t _dx P ) =&
h(x) X, x EF(X, h(x))
by using properties of multiplicative derivative. Therefore we get
v(x) v’ (x)
E(x,v(x x, v(x
% '[ fx, t)dt — ( ( )) [ (x)( ( ))]h — (8)
hix) Ef (%, h(x)" [Fr (2. h ()]

with multiplicative chain rule. By using Lemma 1, we obtain

v(x) v(x) 5 dtf( ( ))v'(x)
x, v(x
* f f )% | == f (an*(x,t)> ™
n(x) htx) f(x, h(x))
v(x dt ,
B () 9" a* f(x'v(x))v (x)
= f ot Fx, ) R’ (x)
h{x) f(x,h(x))
v(x) o' (x
=% f a—* a—*F( t) dtM
- ox\ac W)
h(x) f(x, h(x))
v(x) v (x
S
ey O £ k)"
h(x) x
g i) -
v(x) f(x h( ))h «

from the equality (8). This completes the proof.

17
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Example 3. Show that the multiplicative integral equation u(x) = sinx * fox([u(t)]“a“t)d‘
can be transformed to a multiplicative differential equation.

Solution. If we consider the equation u(x) = sinx * fox([u(t)]mnt)dt and differentiate it by
using multiplicative Leibniz formula, we write

* *

u'(x) = ;i—x(sinx) ;l—x * Of([u(t)]Xtant)dt

x
cos x o dat (u(x)* tanx)x’

- e« [ [zt o] T

COtX u(t)tant u(x)x tanx

O\’x

To take derivative is continued until the expression gets rid of the integral sign. Hence, we obtain

X
*

u**(x) — d_* (ecotx) d_* f u(t)tan t d_ (u(x)x tanx)
dx dx dx
0

x !
—cosec x f (u(x)tanx)x ((x.tanx)’ lnu(x)+1;((;c))xtanx)

(u(o)tan 0)0’ e

0

u' ()
— e—coseczx [u(x)]tanx e(lnu(x)(x tann)' 1 ) o) xtanx)

W o\ Xtanx
— e—cosec x [u(x)](ztanx+x sec?x) <e u(x)>

— g—cosec’x [u(x)](Ztanx+x sec?x) [w*(x)]* tanx,

Thus the multiplicative integral equation is equivalent to the multiplicative differential equation

u(x) = g—cosec’x u(x)(Ztanx+x sec?x) [w* (x)]*tanx

3.2. The Conversion of the Multiplicative Linear Differential Equations to Multiplicative
Integral Equations

In this section, we prove that the multiplicative linear differential equation with constant or
variable exponentials is converted to MVIE. We need to following theorem for converting nt"* order
multiplicative differential equation to MVIE.

Theorem 8. If n isa positive integer and a is a constant with x > a, then we have
X X

j - J (- —*f [(u(t)) - (S'l)]dt

a a

18
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Proof. Let
X
nepydt
I, _*f [u(®)] D" (9)
a
I it is taken F(x, £) = [u(®)]* 9" we can write that
&L [ [Fx, 0
X, X
g
dx [F(x,a)]°
ax
=x f Er(x, )%
a
by using the multiplicative Leibniz formula to equation (9). Then we find
X
* d
d In —x f( aaxlnF(xt)) ‘
dx
a
X
= f (e(n—l)(x—t)<”-2> znu(t))‘“
a
X
f in(fu(e)) (-0 G-0 " 2>))
a
X
= [ (o0
a
Hence we get
x (n—1)
d*l -2\ 4t _
2= [ [ () = )V (10)
a
where n > 1. Since I;(x) =+ f;u(t)dt for n = 1, then we can write
X
dt
* f(u(t)) = u(x). (11)
a
If it is taken multiplicative derivative of the equation (10) by using multiplicative Leibniz formula, then
x (n—1)
a“l, (n-2)
" (x t)
dx@ .f (0] )
a
(n-1)

[ (rueneom)”

19
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“ [[u(x)]("_X)(n_Z)]1 "

i f [Z—x (fu(e==o")] [[w(@)]@-a2]°

dt (n—-1)

= f (Z—x (lu(o1=-9"")

(e;_x <ln([u(t)](x—t)("_2))))

dt (Tl— 1)

= *

DSR

dt (n-1)

fx (ln<(u(t))(n_zxx_t)(n_a)>>
= % e
a L

(n-1)

P de
[ (n-2)(x-t)™=3
= *f (u(t)) ]
JL

(n-1).(n-2)

i f (o)™

= (Ipp) D2,
By proceeding similarly, we obtain
*(n-1)
d In — (I )(Tl—l)!
dxm-1) 1
Hence, we write

(n-1)!
= [u()] "

amy, _ (d*Il)
dx™ dx

from the equation (11). Now, we will take multiplicative integral by considering the above relations.

From the equation (11), I;(x) =x f;u(t)‘” . Also, we have

x X2

I, (x) =*f I, (xxy) %2 = Jx*f u(x,)3¥19%2

a a

where x; and x, are parameters. By proceeding similarly, we obtain

Xn X3 X (n-1)!

I,(x) = *f*f *f*f u(x,)4¥18%2-dxn

a a a

where x4, x,, ..., X, are parameters. If we write the equation (9) instead of the statement I,,, then it is

find

20
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Xn X3 X (n-1)!

*f[(u(t))(x—t)"‘l]dt _ *f*f *f*f () dxadxz

Hence we can write

x dt (n—1)! X Xn X3 X2
_yn—-1
*f[(u(t))(x t) ] =*f* *f*f u(x )dxldxz dxp
a a a a a
If itis taken = x; = x, = - = x,, , therefore we obtain
dat

f - fu(t)dt a —*”(u(t)) )Entlrl)'l]

This completes the proof.

Let the nt"- order multiplicative linear differential equation

d*(n)y (d*(n_l)y>a1(x) <d*(n_2)y>a2(x) (d*)/)a”‘l(x)

5 an(x) —
dx® \ dx®-D dx-2) I ») f) (12)

that given the initial conditions

y(0) = co,y"(0) = ¢;,y" ™ D(0) = ¢,y (13)

It can be transformed the multiplicative Volterra integral equation. Hence the solution of (12)-(13)
may be reduced to a solution of some multiplicative Volterra integral equation.

axn 1)y

)y,
Take " (n) = u(x). By integrating both sides of the equality (m

x d*(n—l) x
x Y
J (W) S ECH
0

0

*(n—1) 4
y (x)
*(Tl—l) = *fu(t)dt
y (0) .

) = u(x), we write

X

Y@ = ey v [u©
0

By proceeding similarly, we find

x dt

x d*(n_z) X
* y
*fd <—dx(”—2)> =*f Cn-1 *fu(t)dt
0 0 0
+(n-2) ;
y G0 _ f f j dtdr
— t
y*(n—Z)(()) Cn-1” J u(®)

y*(n=2) -
(x) f Incp_qdt f* fu(t)dtdt
0 0

Cn—2

21
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)

Cn—2

= (Cn-1)* * Of : Of u()det

X X
YD () = ey (cnor)® * f ‘ f w(pydrat
0 0

X X X X X

dr*m- 3)y
fd*< dx (- 3)) f[(Cn—ﬂx-Cn—z]dt*f*f*fu(t)dmtdt
0 0 0 0

0

X X X
YD) = s () () o [ [ [t
0o 0 o

x x
y* =q (Cz)x (C3)x2 (Cn_z)x(n—3) (Cn_l)x(n—z) % f (TL — 1) Lk f u(t)dt...dt
0 0
Hence, we get
X x
Y = ¢ (Cl)x (Cz)xz (Cn—l)X(n_l) % f (n) L% f u(t)dt...dt
0 0

If we take into account the above expressions, the multiplicative linear differential equation (12) is
written as follows

. a1 (x) . . a,(0)
u(x) (Cn_l)al(x) *-[u(t)dt H(cn_z)az(x) ((;n_l)xaz(x) *f*fu(t)dtdt
0 0 0
an (%)
(60 (c)an00) ()00, ... (¢ y)¥" M0 f ... f w® | | =)
x as(x) . az(x)
U(x) (cg) ™™ (cy)F mE@+ana() | (¢ )x"ian@tai) *J.u(t)dt . f*fu(t)dtdt
0 0 0
x x an (%)
*f(n) ...*ju(t)dt'"dt = f(x) (14)
0 0

If we set
ay (%) + az(x) x + -+ a, (x) x" 71 = fr_1 (%)

az(x) +az () x + -+ an () x"7% = fr_,(x)

Ap-1(x) + a,(x) x = f1(x)
a,(x) = fo(x)
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and
f()
(co)fo(x) (Cl)fl(x) (Cn—l)fn_l(x)

F(x) =

then we can edit the equation (14) in the form as follows

x a; (x) x  x az(x) x x an(x)
u(x) *fu(t)dt *f*fu(t)dtdt *f...(n) ...*fu(t)dt"'dt =F(x).
0 0 0 0 0
By using Theorem 8, we get
x a; (x) x az(x) x an(x)
G=" 2,
u(x) |+ f (e \ f me e |« f u(t) @-DI = F(x).
0 0 0

Then we find the equation

P G-t 17\ 4
u(x) * f (u(t)[“1("”("‘”“2“‘”"'*“n(")w]) = F(x).

0

—t)n_

1
(,zn_ i as the kernel function, then the

If we put K(x,t) =a;(x) + (x—t)a(x) + -+ a,(x)

equation (12) is turned into

X

u(x) * j w(OKEOY — px)

0
which is a MVIE of the second kind.

Example 4. Form a multiplicative Volterra integral equation corresponding to the multiplicative

*2
differential equation ddszgf) = y(x)¢°* with the initial conditions y(0) = 1,y*(0) = 1.
*2
Solution. Let dd}igf) = u(x). Then we write
X X
*fd*y* Z*IU(t)dt
0 0
O
y J at
= u(t
y (@ ) )

yH(x) =* | u(®)*.
|

Therefore we find

X

[y o= f f -
0 0

0
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i’%:»ﬁ fx*fu(t)df
0 0

y(x) == f[u(t)(X—t)]dt

0

If we replace the equation y(x) == f(f[u(t)(’“t)]dt into the given multiplicative differential equation,

we obtain u(x) =* fo"[u(t)cosx (x—t)]dt.

4. Conclusion

In this paper, the multiplicative Voltterra integral equation is defined by using the concept of
multiplicative integral. The solution of multiplicative Volterra integral equation is obtained with the
successive approximations method. The multiplicative Leibniz formula is proved and the multiplicative
Volterra integral equation is converted to a multiplicative differential equation by aid of multiplicative
Leibniz formula. The multiplicative linear differential equation with constant or variable exponentials
is converted to a multiplicative Volterra integral equation is proved.
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