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Abstract

Stirling numbers of second kind S(n,k) denotes the number of ways partitioning a set of n elements
into k nonempty sets. There are many types of Stirling numbers which are studied up to now. In this
study, we use extended Stirling numbers of second kind which are defined for arbitrary reals. First,
we define a relation between extended Stirling numbers and g-B-splines by using the property that
divided differences have a representation with g-B-splines. In addition, we derive identities on
Stirling numbers and g-integral of g-B-splines. Furthermore, we give g-generating functions of
extended Stirling numbers and define a g-difference equation for this function.
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Oz

ikinci tiir Stirling sayilar1 S(n,k), n elemanl bir kiimeyi k tane bos olmayan kiimeye bolen yollarin
sayisini belirtir. Simdiye kadar tizerinde ¢alisilan pek ¢ok Stirling say1 cesidi vardir. Bu ¢alismada keyfi
gercel sayilar icin tanimlanan genisletilmis Stirling sayilarini kullanacagiz. ilk olarak, genisletilmis
Stirling sayilar1 ve g-B-spline fonksiyonlari arasindaki iliskiyi boéliinmiis farklarin g-B-spline
fonksiyonlari ile gosterimini kullanarak tanimlayacagiz. Buna ek olarak, Stirling sayilari ve g-B-spline
fonksiyonlarinin g-integralleri lizerine 6zdeslikler tiiretecegiz. Ayrica genisletilmis Stirling sayilarinin
g-tretici fonksiyonunu bulacagiz ve bu fonksiyon i¢in bir g-fark denklemi verecegiz.

Anahtar Kelimeler: Stirling sayilari, q-B-spline, Béliinmiis farklar

1. Introduction now. There are numerous generalizations of
Stirling numbers such as g-Stirling numbers (see
[1]); p;q-Stirling numbers (see [2]); r-Stirling
the number of ways partitioning a set of n  numbers (see [3]), (g; r; w)-Stirling numbers (see
elements into k nonempty sets. We come across  [4]), the degenerate truncated Stirling
Stirling numbers in various analytic and  polynomials of the second kind (see [5]) etc..

combinatorial problems. Stirling numbers have
been studied by many mathematicians up to

Stirling numbers of second kind S(n;k) denotes

In this study we focus on the extended Stirling
numbers depending on given reals which
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Nueman introduced in [6]. We see that by
choosing special reals we can obtain some other
forms of Stirling numbers. Nueman derived also
the connection between extended Stirling
numbers and classical B-splines and gave
identities in [6].

Our goal is to show that there is a similar
connection between extended Stirling numbers
and @g-B-splines, where ¢-B-splines are a
generalization of classical B-splines. g-B-splines
are first introduced in [7] and fundamental
properties are studied in [8]. It is notable that as
q—1, g-B-splines become classical B-splines.
So, the identities given in this study can be
considered as a generalization of identities in [6].
Furthermore, for a convenient value of g, we
obtain the connection between Stirling numbers
and moments of g-B-splines. If we choose
appropriate reals, the identities become relation
between classical Stirling numbers of second
kind, g-Stirling numbers of the second kind and
q-B-splines.

This paper is organized as follows: In Section 2,
we give definitions and some properties of g-
calculus, g-B-splines and extended Stirling
numbers which we need to derive identities. In
Section 3, we derive identities which give the
relation between extended Stirling numbers and
q-B-splines. Also we derive g¢-generating
function for the extended Stirling numbers.

2. Preliminaries

In this section we give a summary for g-calculus,
g-B-splines and extended Stirling numbers that
we need in the next section consisting main
results.

2.1. The g-calculus

Since this paper consists of quantum derivatives
and quantum integrals as well as g-exponential
functions, we give basic definitions of the g-
calculus. For a fixed parameter (#1, the g-
derivatives are defined by,

b,y HIO=1O

D: f(t)= Dq(D:'1 f(t), nx2

One may  consider  g-derivatives  as
approximations to classical derivatives, i.e., if fis
a differentiable function, then
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limD f(x)=Df(x)

g1 a
g-derivatives of monomials can be computed as
n-1

qX’

D x" =[n]

where the g-integers [n], are defined by

[n], = {

Furthermore, the g-factorial is defined by
[n],=[1],[2],{n],.
For any constant c the g-chain rule is
D (F(cx) =D (F(1)), ...

Now, let's give the definition of definite g-
integral, for details see [9].

(@-a)"/@-aq),
n,

gq=#1,
g=1.

1)

Definition: Let 0 <a<b. Then the definite g-
integral of a function f(X) is defined by a
convergent series

S g'f(q'b)

i=0

jzf(x)dqx =1-g)b
and
_[ff(X)qu = .lff(X)qu —jf(x)dqx.

Theorem 2.1. If F(x)is continuous at x=0,
then

j.DqF(X)qu =F(b)-F(a)

where 0<a<b<w,

We also need the definition of g-exponential
function. There are two types of g-exponential

functions e; and E;. There is a relation between
two g-exponential functions
o t
Cye = Eq
where
l_ﬂ

[,V

.
& =2
q

n=0
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E;=34

n=0

n(n-1)/2 t”
|
[a],!

(2

g-derivatives of g-exponential functions give

theirselves;
De'=¢e,
q 9 q
and
D E'=E'.
/9" q q

Later we shall
coefficients

which can be computed recursively by the g-

Pascal identities
q q

il
HS s it

k
Indeed Lrj is a polynomial in g of degree k(n-k),
q

also need the g-binomial

Il
q_[ :

n—klg'[kly!

n

k

n-1
k

n-1
k-1

n
k
or

n-1
k

n-1
k-1

and it can be considered as the generating
functions for restricted partitions of integers.

2.2, g-B-splines

g-B-splines are first introduced in [7] and
fundamental properties are given in [8]. Given

k,ne N, and aknotsequence ¢, <t, <---<t, ,

the g-B-spline sequences {M,} and {N}], of
order k are defined similar to classical B-splines
in [10] with respect to

-Normalization J-MH( (x;qd,, x =1

M, (i) =[] [t,.t

k-1,
i i+1""'ti+k](t_X)+ v

-Normalization )’ N, (x;q)=1
. _ k-1,
N, (xq)=(t,, =)Lt et JE=X) T

-Relation
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[£],
M, (x:9)= N, (x:9)
-t
i+k i
where
, if k=1
(t - X)’iillq = k-2
(t—q x)--(t-qx)(t—-x),, if k=1
with
t—x, ift>
(c-x), =1 "=
0, otherwise
and [£,£,,,.t, , ]f denotes the divided

difference defined by [¢]f=£(¢,) and the

reccurrence relation

= [ttt I .

Lk~

The following property of g-B-splines will allow
us to get identities between extended Stirling
numbers and g-B-splines.

Proposition 2.2.
k(k-1)/2 =

[£],! ,J.M""‘ (x:q) (le/qf) (qkilx)dl/qX

[t .. g

i

’[Hk ]f =

0

Proof. See [8].
2.3. Extended Stirling numbers

Let S,(n k) be the extended Stirling numbers of
the second kind defined by
X'=2 8, (k) (x—t,)(x-t,)(x =t ;) (3)
k=0

andset S,(0,0)=1and S,(n,k)=0 for k>n.
Notice that for t =(0,1,...,k) we obtain classical
Stirling numbers of second kind, i.e.

S, (n,k)=S(n,k)
and for t=(0,[1],,...,[k], Jwe obtain g-Stirling
numbers of second kind, i.e.,

S,(nk)=S,(nk)

where S, (n,k) denotes the g-Stirling numbers of

second Kkind.
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One can show that equation (3) is the Newton 1
qk[k—l)/z q(k+1—1)(k+1)/2[k+1]

!
divided difference form for  f(x)=x" [tor- b )f = 2

1
interpolating at the points, i.e. [k],! q' Ry
!
S, (nk)=[t,t;,.... 6, X", 0<k<n (4)
It is obvious that by using elementary properties * I M, (x:9) (q"’lx)ldl/qx
of divided differences we get S
ty —t;
S n0)=t,,  S,(nD)=7—5  S(nn)=1 MY
1t = 1 j XMy, (x:9)d, , x
The recurrence relation for extended Stirling -
numbers (see [6]) is as follows: From equation (4) we obtain
S.(nk)=S,(n-1,k-1)+¢t,S,(n—-1,k) Tk+17 =
‘ ‘ e S (k+Lk)=q" 1 } [ x'M,, (x;q)d, % (8)
3. Identities L q
In this section we give identities which establish ~ Putting I=n—k gives
the relation between extended Stirling numbers Tl =
of the second kind S,(,.) and the g-B-splines S, (nk)=q " k} J‘ XMy, (x;q)d,, x
LR g %

M, , by defining a new function 4,(k,t;q) where n 9)
= q‘“’"‘){k} ik, t50)
q

M, (x;q) :[k]q[to,tl,...,tk](t—x)f’l"’

and Remark: By properties of divided differences

k k+1
J
j=0 Wy (t,')

Ak t0)= [ XMy, (59)dy,x,  1=0,1,... S(k+Lk)=

. k
Notice that as q—1, A(kt;q)becomes here w, =[(t-t). From equation (9) we
moments of g-B-splines. i=0

. have for [=0,1,... and k=1,2,...
Proposition 3.1. Let [=0,1,..., k=1,2,... and

. -1 "
t=(t,t,,...,t,) with t,<t, <---t,. Then Ak ) =d' k+1] & t;l
1 = w,(t)
[k+1 ¢ e
S, (nk)=q { . } 2k, t;q) (5) .
. In particular
Proof. It is given in [7] that Ak, tq)=1
o 9 <
k(k-1)/2 = k,t;q)= t.
[to,...,tk]f:q[k]! [ M, (x:q)(D,)(g" " x)d, , x Ak tiq) [k+1]q,zz(; /
R
2
q°[2]
(©) Ak )=

— tt
ksl [k+1],[k+2], Osjszmsk !
Suppose f(x)=x"", then

Proposition 3.2. Let [=0,1,... and k=2,3,....

~ [k+1],,! .
(Dl )@ ) =———(q"'x).  (7) Then
[l]l/q! . 1_11 -
+ o JHK—
1 /ll(k.t:q)—[ i } Zt,i’q“{ 1 }/Mk—l.t;q).
By using the fact that [r]l/q:F[r]q equation (6) q 170 -1 ],

becomes
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Furthermore, for k=1 we have

ql(tiu —t[[;l)
[+ 1]q(.tl _to)

Proof. Recall the recurrence relation

S,(nk)=S,(n-1,k-1)+£,S, (n-1,k).

AL t;9)=

One can observe that

n-1
S, (nk)=Y t77S,(j,k-1)

j=k-1
n-1

PR j
= griigh 1{ } A (k=1,t:q)
j j—k+1 (=4
; k-1

Jj=k-1

Hence
j+k-1

1
S[(k+l,k):2tj’q’{ 1 }i,(k—l.t;q)
J=0 -1

Using equation (5) yields
-1

k+1
il(k,t:q)=q’{ 1+ }

q

, .
o [j+k-1
g A.(k=1,£;q).
o { k-1 l que

In equation (9) putting n=I1+1and k=1 gives

S,(I+1,k)=q" [1+1]q A4(L,£;9)

that is
ql
A, t;9)= S.(1+1,1), 1=0,1,...
[1+1], -
Since
t'—t,
S, (n1)="-2
N t,—t,
we have
Igl+l I+1
t,"” —t
PYCHT) I AG i

[+ I]q(tl _to)

Proposition 3.3 Let 0< z<n. Then

o]
24"

Proof. Since

j-1
AUt [, ~t)=t, 5
1=0

q

n j-1
t"= Zosg(nrj)l_b[(t_tl)'
= =

for 0<u<n,putting t=t,in the last equation

gives

u j-1
tr=5,(n0)+Y.S,(n N[, -t)
%:—/ j=1 1=0

to
From equation (9)

“ |n . 1
2a” j in,,-(J,g:q)l:)[(tﬂ—t,):tZ—tS-
\ :

J=1

Theorem 3.4. For arbitrary k=1,2,...and

arbitrary t =(t,,t,,...,t,), the g-generating

function for the numbers S, (...) is

> o t’ k
Y, (6)=>5,0j, k) ——=
‘ Z ‘ [jl,! ;owk(tj)

And also it satisfies the g-difference equation
D, Y, ()-tY, () =Y, ,(®).
Proof. From Taylor expansion (see [8])

SEHCION
f0= 3

Applying divided difference of order k with
nodes ¢, for j=0,1,...,k such that ¢, <---<t, to
the both sides gives
D! 0
(PLNO )
Ul
Let f(x)=E.Hence (D], f)(0)=t’. Putting
this in equation (10) gives
Yl (D), /)(0)
Ul

S, Gdog e L
‘ ;!

[t -t 1f = DS, (i, k)"
j=0

k E;f‘

)

Sw(t)

2.k
j=0

™

1
=

J
The last equation follows from S,(j,k)=0 for
j<k.

Hence the g-exponential generating function for
the numbers S, (.,.) is given by
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tt
q

Y (0)=35, (k)" ”’2

Jj=k

Zk:
1:0

It can be easily shown that Y, satisfies the

following g-difference equation
D, Y (0)-6Y,(0) =Y, ,(2).

To show that this equation is valid, we use

Dl/qEq’ —tEf (11
Since
tt
Y ()=
Z;Wk(t)
using equation (11) yields
t E’
D, Y./t
= Zw,((t)
Hence
tt
D Y. (t)-tY.(t t.
maLk ()Z (t) k_ow(t)
k-1 £t
=206
Jj=0 ! ‘ Wk(tj)
B t;t
_ k-1 IEq
J=0 qu(t])
_Yk—l(t)

4. Discussion and Conclusion

We give identities on extended Stirling numbers
and g¢-B-splines. Finally, we derive a g-
generating function for extended Stirling
numbers and give a g-difference equation for
this function. For future work, we continue with
finding generating function for 4 (k,t;q). Then,

we will study on the relation between Bell
numbers, Eulerian numbers and g-B-splines.
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