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Highlights
* The study focused on the scattering solutions of the impulsive boundary value problem.
* The properties of the scattering function of ISBVP are examined.
* Resolvent operator and asymptotic property of Jost function of this problem are found.
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The purpose of this study is to examine the properties of scattering solutions and the scattering
Received:18 Sep 2020 function of an impulsive Sturm-Liouville boundary value problem on the semi axis. By using
Accepted:13 Jan 2021 Jost solutions, we obtain the scattering function, asymptotic representation of Jost function and

resolvent operator. Finally, we study scattering solutions and scattering function of an

unperturbated impulsive equation.
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1. INTRODUCTION

Spectral theory of non-selfadjoint singular Sturm-Liouville operators was initiated by Naimark in 1960 [1].
Naimark investigated a part of the continuous spectrum that distrupted the integrity of spectral singularities
[1]. Later, in many studies, the eigenvalues and spectral singularities of the boundary value problem with
Sturm-Liouville were investigated [2-5].

Some processes are subject to instant and sharp changes due to external factors. These changes are short-
term changes and are too short to be neglected when compared to the entire duration. Neither differential
equations nor difference equations are sufficient to model these processes. A new theory was needed for
this. To explain such processes mathematically, equations containing impulsive effects, often called
impulsive equations, are used. Many researchers have worked on impulsive boundary value problems lately
[6-10]. Because many subjects studied in applied sciences are represented by these equations. Let’s give a
few examples of them. These are the changes in the speed of the valve cover in the transition from open to
closed, the vibrating stroke systems, the state of the solid object passing from a certain liquid density to the
other liquid density, deaths in the population, changes in closed market product prices, etc. The first
research on impulsive differential equations was done by A.D. Myshkis and V.D. Milman [11]. Samoilenka
and Perestyuk also made great contributions to this theory [12-14]. Solutions of first and second order
differential equations under different impulsive conditions are discussed and the properties provided by
these solutions are examined [15-18]. As is well known, there is the spectral parameter only the differential
equation in the classical Sturm-Liouville problems. Differently from other studies, innovation in this study
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includes the density function p and spectral parameter is in both boundary condition and differential
equation. This gives the problem a different perspective.
Let us introduce Sturm-Liouville operator generated by the equation

—v" +q(®)v =h%p(t)v, t €[0,1) U (1, ), )
with boundary condition

—(mv(0) — 12v'(0)) = h?(8;,v(0) — §,v'(0)) @
and impulsive condition

v(1) =yv(17), v'(A") =qv'(17), @)

where y, {, w;, 6;, i = 1,2 are real numbers, y{ # 0, 6, # 0, p;8, — 8, > 0, h is a spectral parameter
and q is a real valued function satisfying the condition

Jy (L +0lg(®)]dt <oo. @

2
_{nm ; 0<t<1
() { 1; 1<t

p is a density function defined as above for n € (0,),n # 1.

Under the condition (4), Equation (1) has the bounded solution satisfying the condition

lim e(t,h)e it = 1,

where

h € C, :={h € C: Imh > 0}, with t € (0, ).

e(t, h) has the integral representation

e(t,h) = Nt 4+ f:o K(t,s)eiSds, h e C,, (5)
where K (¢, s) is defined by the potential function q [2,19].

The set up of this paper is summarized as follows: In section 2, we first find Jost solution, Jost function and
scattering function of impulsive Sturm-Liouville boundary value problem (1)-(3). Later we studied the
properties of the scattering function of (1)-(3). We also examined the properties of the scattering function
of (1)-(3). In section 3, we describe the set of eigenvalues of this problem. We also obtain the asymptotic
equation of the Jost function and resolvent operator of this problem. In section 4, by taking an example, we
examine the Jost solution, Jost function and scattering function of ISBVP (1)-(3). Finally, in section 5, we
make some conclusions.

2. THE SCATTERING SOLUTIONS

It is known that S(t,h?%,1) and C(t,h?,n) are the fundamental two solutions of the Equation (1) in the
interval [0,1) satisfying the initial conditions

S(0,h%,n) =0, S'(0,h%n) =1,
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C(0,h%,n) =1, C'(0,h%,n) =0.

Integral representations of these solutions are as follows

sinhnt t sinhns
S(e ) ==+ [F A 9) = B ds (6)
and
C(t,h?n) = coshnt + fOtB(t, s) cos hnsds, (7)

where the kernel function A(t, s) and B(t, s) are defined by the potential function g [2]. As is well known
that the solutions S(t,h?,n) and C(t,h?,1n) are entire functions of h and

WI[S(t,h%,7n),C(t,h%,n)] = -1, hEeC,
where Wv;, v,] is the wronskian of the solutions v; and v, of the Equation (1).
Now we consider the following function by the help of S(¢,h2,7), C(t,h?%,1) and e(t,h) forh € C,

w(h,n)S(t,h%,n) + t(h,n)C(t,h%,n) ; t €[0,1)

E(t,hn) = { e(t, h) ; t € (1,00).

(8)

From the impulsive condition (3), we write forh € C,,

w(h, mS(L %)+ T(h,mC(L B2, ) = e(L,h)

w(h,7)S'(1,h2,7) + (b, )C'(1, 2, 7) = %e'(l,h).

w(h,n) and (h, n) coefficients are obtained as follows

w(h,m) = 7 C(L % e’ (1h) - 3 C'(L b2 me(1, b) ©
and

(h,n) = %5'(1, B2, m)e(1,h) — %5(1, 12, n) e'(1,h). (10)

The function E(t, h, n) is the Jost solution of (1)-(3). From (2), the Jost function of (1)-(3) is given as
E(h,n) = (up + h%8)w(h,n) — (uy +h?8;) 7(h, 7). (11)
It is analytic in €, and continuous up to the real axis.

It is clear that [5]

Wle(t,h),e(t,—h)] = —2ih, h € R\{0}.

For h € R\{0}, let us consider the other solution of ISBVP (1)-(3)
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t(h,n)e(t,h) + @(h,n)e(t,—h) ; t € (1,),

F(e.hn) =
where (¢, h,n) is the solution of (1) given by
P(t,h,n) = (W +h%8;) S, 1% n) + (up +128,)C (L, h?,n).

It is easy to see that the function ¥ (t, h, n) is an entire function with respect to h. From (3), we obtain that
1 ! !
l(h, T’) = m [('10 (11 h' 7])3(1» _h) - Vl.b(l: h' T])e (1, _h) ]' (12)

S(h,1) = 5 (L1, e (Lh) — {'(L, 1, n)e(1,h) . (13)

By using (9), (10), (12) and (13), we find following equations
(0, n) = — L [ Wi, M) (uz +126;) — T(, ) (g +126,)] (14)

(0, 1) = L& [w(h, 1)z +028,) — 7(h, 1) (g +026,)]. (15)
Theorem 1. For all h € R\{0}, E(h,n) # 0.

Proof. Suppose that there exists a h in R\{0} such that E (hy,n) = 0. Using (11), (14) and (15), it is
clear that 1(hy,n) = @(hy,n) = 0. Then the solution F(t, hy,n) is a trivial solution of (1)-(3) which gives
a contradiction, i.e., E(h,n) # 0 for all h € R\{0}.

Lemma 1. The wronskian of the solutions E(t,h,n) and F(t, h,7n) is found as

—-E(,n) ; t€[0,1)
—ySE(h,n) ; t € (1,00).

WIEGh ), F(ehm)] = |
Proof. If we write the wronskian of E(t,h,n) and F(t,h,n) fort € [0,1), we get
WIE(t,h,n), F(t,h,m)] = E(t,h,mF'(¢t,h,n) — F(t,h,ME'(¢t,h,n)
= —[(uz + 028)w(h, n) — (g +h281)7(h, )]
= —E(h,n).
Similarly, for t € (1, ), it is clear that
WIE(t,h,n), F(t,h,n)] = —2ih @(h, 7).
Using (15), we find that
WIE(t, h,n), F(t,h,n)] = —y{E(h,n),
for t € (1, ). This completes the proof.

The scattering function of (1)-(3) is expressed as follows
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S(hyn) = % h € R\{0}.

From (11), we write following equality

(uz+h262)w(h,n)—(ul+h261)m

Sthm) = (uz+h252)w(h,n)—<u1+h251)‘r(h,n)’ (16)

for allh € R\{0}.

Theorem 2. For all h € R\{0}, the scattering function satisfies

S,m) =S~ () = S(=h, 7).

Proof. By using (16), we write

S(—h) = (uz+h252)m—(u1+hz51)m an
(o +h" 62 Jw(=hin)=(wy +h76: Jr(~hn)

_ (ua+h® 0z Jwh—(uy +h°8; Je(hn)

- (H2+h252)m_(ul+h25l)m.

By using (16) and (17), we find that

S(,n) =S (h,n) = S(=h,n).

It completes the proof.

3. EIGENVALUES AND RESOLVENT OPERATOR OF ISBVP

Let the unlimited solution of the Equation (1) in (1, o) be &é(t, h)

lim &(¢, h)eiht = 1, lim &'(t, h)ellt = —ih, hedC,.

It is known that

Wle(t,h),é(t,h)] = —2ih, t€ (1,»), heC,.

Now, let us define the following solutions of (1) for all h € C,\{0}and h € C_\{0}

R = 0 et s 0.0ty £ € (1.0 (1%

and

Ao = {, et -+ xCdece ) 5 ¢ 1) (9

respectively. By using (3), we obtain the coefficients for h € C,\{0}
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ka(0,7) = — 5= [y $(L B, )& (1, h) = ¢’ (1, b, mE(L D],

6:(h,n) = 5= [y (L, b, e’ (L) = ¢’ (1,1, e(1, )]

and for h € C_\{0}
k2 (0,17) = 50 [y (L0, m)& (1, —h) = ¢’ (1, b, e, —h)),

62(h,m) = — 5= [y (L e’ (1,—h) — {’ (1, h,me(1, —h)).

Using (9) and (10), 8, (h,n) and 8, (h, n) can be written as follows
6:(h,n) = 25 [y + 128,)w(n,n) — (g +128,)7(h, n)], 20)

02(h,n) = —%[(Hz +h%8)w(=h,n) — (b +h28)r(=h )], (21)
respectively.

The solutions E(t, h,n) and H, (t, h, ) provide forh € C,\{0}

—E(h,n) ; t€[0,1)

WIEC b, Hi(e ) = {_ T e
and E(t,h, 1), H,(t, h,n) satisfy for h € C_\{0}

—M(h,n) ; t€[0,1)

WIE(t,h,n), Hy(t,h,n)] = {—y(M(h,TI) ; t € (1,00),

where

M, n) = (uy + 126, )w(-h,n) — (1y + h?8;)7(=h, 7). (22)

Theorem 3. The Jost function of (1)-(3) satisfies

h3 8. ethd—m _
E(hn) ==—4——@+n+o1), heC, Ihl-o, (23)

ih>§,e—ihd—m

(r+in+o(1)), heC., [h|- o 249
Proof. By using (6) and (7), we obtain that
C(1L,0%n) = e~ (3 +0(D)),

C'(1,h%,7) = e~Mny <—%+ 0 (%)) (25)

and
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S(Lh2,n) = e;;"’ (E+o(d)).

S'(1,0%n) = e~ (24 0(D)), (26)
for h € C,, |h| - oo.

Similarly forh € C,, |h| — oo, from (5), we get

e(1,h) = e (1 + 0(1)),

e'(1,h) = held (i +0 (%)) 27)
Using (25), (26) and (27), we find the asymptotic representation of E (h, ). Similarly, equation
asymptotic for M (h,n) by given (24) can be easily obtained.

Corollary 1. The set of eigenvalues of ISBVP (1)-(3) is

o, ={h€C,;:0,(h,n) =0}uf{heC_:6,(hn) =0}.

Proof. It is obvious from (18) that the first part of H; (¢, h,n) in L,(0,1). Besides, if 8;(h,n) = 0, then the
second part of the H, (t,h,n) isin L,(1, ). Similarly, we find the second part of g,. It follows from (11),
(20), (21), (22) and the definition of eigenvalues that [20]

o, ={he€C;:0,(h,n) =0}u{heC_:0,(hn) =0}

or

o, ={heC,:E(h,n) =0}u{heC_:M(h,n) =0}

Theorem 4. Under condition (4),

Ruf = [, G(t,s;h,mf (),

is the resolvent operator of (1)-(3),

G(t,s;h,1) = {G1(t,5f h,n) , he (E+
G,(t,s;h,n) ; heC_
and
E(thn)Hq(shn)
; 0<s<t
Gy (t,s; ) =  V IEGRMH (L) s
Hi(thn)E(shn) f<s<o

WIE(thn)Hi(thn)]
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E(t,—hn)H,(s,hn)
; 0<s<t
WIE(t,—hn),Hy(t,h0)]

Hy(t.hn)E(s,—h,n)
; t< s < oo,
WIE(6,=h,m),Ha (th.1)]

GZ (t' S; h: T}) =

is defined as Green function forall t # 1, s # 1.

Proof. In order to get resolvent operator, we will consider the following equation

—v" +q(®)v—h%v = f(t), te€[0,1)U(1,0). (28)
By using (8) and (18), we write the solution of (28)

@(t,h,n) = di (&, DE@ N, 1) + da (6 )H (8,1, 7).

Using the method of variation of parameters, d, (t, h) and d, (t, h) are found as follows

_ t  fH(shn)
WD) = @+ o FEien g Ay
e FoEsh)
o (60) = b+ J, iR R, iy ()] 4

where a and b are real numbers. It is obvious that the solution ¢(t, h,n) in L, (0, o). Then we find that
b = 0. From (2), we write the following equation

al(uy +h%8)t(h,n) — (uz +1%8)w(h,n)] = 0.

By using (10) and Theorem 1, we get that a = 0. So we clearly write that

_ t _ f&H (s,hn) o  f(HE(shn)
ot = EC o gpihg menm & T B EOD S wmenmmehn &

The second part is obtained similarly. It completes the proof.

4. UNPERTURBATED IMPULSIVE EQUATIONS

In this section, we give a special example as an application to draw attention to the validity of our results.
We study Jost solution, Jost function and scattering function of this example.

Example 1. We shall define the following impulsive Sturm-Liouville boundary value problem

—v"”" =h%p(t)v, te[0,1)U (1,00),

~ (1 v(0) — ppv'(0)) = 1?(8,v(0) — &,v'(0)), (29)
v(1M) =v(17), v'(A*)=v'(17),

where y;, 6;, i = 0,1 are real numbers, p;6, — n,8; > 0, h is a spectral parameter and p is a density
function and it is defined as follows

2

_(n;,0<t<1
t) =

20 {1; 1<t



1085 Elgiz BAIRAMOV, Guler Basak OZNUR / GU J Sci, 34(4): 1077-1087 (2021)

where n € (0,), n # 1. It is evident that

e(t,h) = e, S(t,n2,n) = %;mt, C(t,h?n) = coshnt,

for this problem. By using the solutions e(t, h), S(t,h%,1) and C(t, h?,7), we get

m(h,n) sir;;;nt + r(h,n) coshnt ; t € [0,1)

eht ; t € (1,00),

E(t,hn) = (30)

where
m(h,n) = e (hy sinhn + ihcoshy), r(h,n) = el (coshn _ l-Sif;)th)_

The function E(t,h, n) is called Jost solution of ISBVP (29). Using (30), we obtain the Jost function of
(29)

E(h,n) = (hp + h26)m(h,n) — (uy +h26)r(hn), heC,

and scattering function of (29) for h € R\{0}

(2 + h26,)[(hm sin by — ih coshy)] — (g + h28,) [coshm + i—Sir;yhn]

S(h, lj) — e—Zih

(uy + 026,)[(hn sinhny + ih coshn)] — (u; + h28;) [cos hn — iSir;]hn] .

5. CONCLUSIONS

This paper is devoted to Sturm-Liouville boundary value problem with an impulsive condition. Even
though there are various studies devoted to the investigation of scattering analysis of boundary value
problems, only a few of them are related to scattering analysis of impulsive boundary value problems. In
this paper, we examine the spectral properties of impulsive Sturm-Liouville Equations (1)-(3). Firstly, we
give information about the scattering solutions of ISBVP (1)-(3). By the help of these scattering solutions,
we obtain the Jost function and scattering function of the problem. After, we find discrete spectrum and
resolvent operator of (1)-(3). Unlike other studies, the innovation of this study is that the Equation (1)
involves the density function p. Furthermore, the spectral parameter exists in both differential equation
and boundary condition. The study offers a different perspective for researchers working on scattering
theory.
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