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1.Introduction

I am refer the books [4, 11] for graph theoretical notation and terminology. Let G be a finite, simple, undi-
rected and connected graph. Denote by V(G) and E(G) be the set of vertices and edges of G, respectively.
Let A(G) denotes the maximum degree of G. A proper edge-coloring o is a mapping from E(G) to the set of
colors such that any two adjacent edges receive distinct colors. For any vertex v of G, let S5 (v) denote the set
of the colors of all edges incident to v. A proper edge-coloring o is said to an adjacent vertex-distinguishing
(AVD) if Sy (1) # Sg (v), for every adjacent vertices u and v. The minimum number of colors required for an
adjacent vertex-distinguishing proper edge-coloring of G, denoted by y/,.(G), is called the adjacent vertex-

distinguishing chromatic index (AVD chromatic index) of G. Thus, )(’a (G =y "G).

The concept of adjacent vertex-distinguishing edge-coloring has been introduce and studied in [19] Zhang

et al. (2002) and pose the following conjecture.

Conjecture 1.1. (Zhang et al. [19]) For any connected graph G (| V(G) |= 6), there is y /,(G) < A(G) + 2.

If H is a subgraph of G, it is interesting that y !, .(H) < x/,(G) is not always true. Let K, , be the complete
bipartite graph, then y/(K>3) = 3 and K; 3 — e for any edge, then y/, (K2 3—e) = 4. Deletion of an edge of a

graph may also decrease the coloring number of the graph. Let n = 3, then y/,((K1,,) =nand y (K1, —e) =

n—1.

The concept of adjacent vertex-distinguishing edge-coloring has been studied in many paper such as [1, 3,
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5-10, 12-20].

In [1] Anantharaman (2019) obtained exact values for adjacent vertex-distinguishing edge-coloring of strong
product of some graphs. In [3] Axenovich et al. (2016) obtained upper bound for adjacent vertex-distinguishing
edge-colorings of graphs. In [5] Balister et al. (2007) obtained upper bound for adjacent vertex-distinguishing
edge-coloring some special graphs also consider 3-regular graphs. In [6] Baril et al. (2006) obtained exact
values for adjacent vertex-distinguishing edge-coloring of meshes. In [7] Bu et al. (2011) finding adjacent
vertex-distinguishing edge-colorings of planar graphs with girth at least six. In [8] Chen et al. (2015) ob-
tained adjacent vertex-distinguishing proper edge-coloring of planar bipartite graphs with A =9, 10, or
11. In [9] Hatami (2005) prove that A + 300 is a bound on the adjacent vertex-distinguishing edge chro-
matic number. In [10] Hocquard et al. (2011) compute adjacent vertex-distinguishing edge-coloring of
graphs with maximum degree at least five!. In [12] Li et al. (2006) compute adjacent strong edge-coloring of
K(n,m). In [13] Lin et al. (2010) compute the adjacent vertex-distinguishing edge-coloring of graphs con-
taining Hamiltonian path and graphs containing dominating path. In [14] Lin-zhong et al. (2003) compute
on the adjacent strong edge-coloring of Halin Graphs. In [15] Omai et al. (2017) compute for some result
for AVD-edge-coloring on power of path!. In [17] Wang et al. (2010) obtained adjacent vertex-distinguishing
edge-colorings of graphs with smaller maximum average degree. In [18] Yu et al. (2016) compute adjacent
vertex-distinguishing colorings by sum of sparse graphs. In [19] Zhang et al. (2002) obtained some stan-
dard result and pose the conjecture for adjacent Strong edge-coloring of graphs. In [20] Zhang et al. (2014)

obtained improved upper bound on adjacent vertex-distinguishing chromatic index of a graph.
2. Brick-product

Let ¢ =2, m =1 and r = 0 be integers such that m + r is even. Let Cy, be a cycle of length 2¢. The (m, r)-
brick-product of C,¢, denoted by Br(2¢, m, r), is the graph with adjacency defined in two cases.
e For m =1, r = 3 must be odd and Br(2¢,1,r) is obtained from the cycle Cyy = (vg, V1, V2,..., V2r-1, Vo), by
adding chords joining v»; and v, for i € {0, 1,...,¢ — 1} where subscripts are taken modulo 2¢.

e For m =2, Br(2¢, m, r) is obtained by first taking the vertex-disjoint union of m copies of C,, denoted by
CZ[(l) = (Vi,O; Vi1 Vi2y--» Vi20-1, Ui,())r i€ {0; 1; e, — 1}

Next, for each pair (i, j) € {0,1,...,m—2} x {0,1,...,2¢ — 1} such that i and j have the same parity, an edge is
added to join v; j and v;41,;. Finally, forodd j € {1,3,5,...,2¢ -1}, an edge is added to join vo j and vp,—1,j+r,

where the second subscript is modulo 2¢ ([16]).

By definition, Br(2¢, m, r) is 3-regular. So )(’as(Br(ZZ, m,r)) = A+1 = 4. We show at most brick-product have
X s(Br(2¢,m,r)) = 4.

3.y <(Br(2¢,m,r)) for m ¢ {1,2,5}

Theorem 3.1. For m ¢ {1,2,5}, !, (Br(2¢,m,r)) = 4.

Proof.

Let G = Br(2¢,m,r).1am consider four cases.
Case 1. m=0(mod 4).

Define o : E(G) — {1, 2, 3,4} as follows:
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fori € {0,4,8,...,m—4},
if j€10,2,4,...,20 -2},
o(vi,jvij+1) =
if j€{1,3,5,...,20 — 1};

fori € {1,5,9,...,m—3}

0(vi,jvij+1) =
if je{1,3,5,...,20 —1};
fori € {2,6,10,...,m—2},

if j €{0,2,4,...,2¢0 -2},
o0(Vi,jvij+1) =

1
2
1 ifje{0,2,4,...,2¢ -2},
3
3
4

if j€1{1,3,5,...,20 — 1};

fori € {3,7,11,...,m—1},

2 ifje{0,2,4,...,2¢ -2},
o(v;jVij+1) =
if j€{1,3,5,...,20 - 1};

for j€{0,2,4,...,2¢ -2} and i € {0,4,8,...,m—4}, 0(v; jVi+1,j) = 4
for j€{l1,3,5,...,2¢-1}and i € {1,5,9,...,m =3}, 0(v; jvis1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {2,6,10,...,m—2}, 0(v;,jvis1,j) = 1;
for je€{1,3,5,...,2¢ - 1}and i € {3,7,11,...,m—5}, 0(V; jVi+1,j) = 3;
for j€{1,3,5,...,20 =1}, 0(vo,j Um-1,j+r) = 3.
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,4,8,...,m—4},
{1,2,4} if je{0,2,4,...,2¢ -2},
So(vy,j) =
{1,2,3} ifje{1,3,5,...,2¢ -1}
fori € {1,5,9,...,m—3},
{ﬂﬁA} if j€10,2,4,...,20 -2},
So(vi,j) =

{1,2,3} ifje{1,3,5,...,2¢-1};

fori € {2,6,10,...,m—2},
{1,3,4} if je€{0,2,4,...,2¢ -2},
Sq(vi,j) =
{2,3,4} ifje{1,3,5,...,2¢ -1}
fori € {3,7,11,...,m—1},
{1,2,4} ifje{0,2,4,...,2¢ -2},
So () =

{2,3,4 ifje{1,3,5,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.

Case 2. m =1(mod 4).

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,3,6},

1 ifjef0,2,4,...,20-2},

0(vi,jvij+1) =
2 ifje{1,3,5,...,2¢ -1}
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fori € {1,4,7},
1 ifje{0,2,4,...,2¢0 -2},
o(vi,jvij+1) =
3 ifje{l,3,5,...,20 - 1};
fori € {2,5,8},
1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
4 ifj€{1,3,5,...,20 - 1};
fori € {9,13,17,...,m—4},
1 ifje{0,2,4,...,2¢0 -2},

o0(V;,jvij+1) =
2 ifje(l,3,5,...,20-1};

fori € {10,14,18,...,m—3},

1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
3 ifje{l,3,5,...,2¢ -1}

fori € {11,15,19,...,m-2},

if j€{0,2,4,...,20 -2},
o(v;jvij+1) =
if j€{1,3,5,...,20 —1};

fori € {12,16,20,...,m—1},

2 ifje{0,2,4,...,2¢ -2},
o(v;jvij+1) =
4 ifje{l1,3,5,...,20-1};

for j€1{0,2,4,...,2¢ -2} and i €{0,6}, 0 (v;,jVi+1,j) = 4;
for je€{1,3,5,....,2¢ =1} and i =3, 0(v;jvi+1,j) =4
for j€{1,3,5,...,2¢0 -1} and i € {1, 7}, 0 (v} jVi+1,j) = 2;
for j€{0,2,4,...,2¢ -2} and i = 4, 0(v;,jVit1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {2,8}, 0 (v; jVi+1,j) = 3;
for j€{1,3,5,...,2¢0 -1} and i =5, 0(v;,jVi+1,j) = 3;
for je€{1,3,5,...,2¢ -1} and i € {9,13,17,...,m— 4}, 0 (v} jVi+1,j) = 4
for j€1{0,2,4,...,2¢ -2} and i € {10,14,18,...,m =3}, 0(v; jVi+1,j) = 2;
for je€{1,3,5,...,2¢ —1}and i € {11,15,19,...,m =2}, 0(v; jVi+1,j) = 1;
for j€1{0,2,4,...,2¢ -2} and i € {12,16,20,...,m =5}, 0(v; jVi+1,7) = 3;
for j€{1,3,5,...,2¢0 — 1}, 0 (vo,j Um—1,j+r) = 3.
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,6},
{1,2,4} ifje{0,2,4,...,2¢-2},

Sq(vi,j) =
{1,2,3} ifje{1,3,5,...,2¢ -1}
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fori € {1,73,

for i

fori

for i

fori

for i

{27 8})

{9,13,17,...,m—4},

fori € {10,14,18,...,m—3},

fori € {11,15,19,...,m-2},

fori € {12,16,20,...,m—1},

Observe that o is an AVD proper edge-coloring of G.

Case 3. m =2 (mod 4).
Define o : E(G) — {1,2,3,4} as follows:
fori € {0,3},

{1,3,4}
Sq(vi,j) =

{1,2,3}

{1,3,4}
So(vij) =

{1,2,4}

{1,2,3}
Sq(vi,j) = {

{1,2,4}

{1,2,3}
So () =

{1,3,4}

{1,2,4}
Sq(vi,j) =

{1,3,4}

{1,2,3}
So(vi,j) =
{1,2,4}

{1,2,3}
So () = {
{1,2,4}

{2,3,4}
So(vi,j) =
{1,3,4}

{2,3,4}
So(vj,j) = {
{1,2,4}

1

o(vi,jvij+1) =
2

if j€1{0,2,4,..
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €{0,2,4, ..
if j€11,3,5,...

if j €10,2,4,...
if je{1,3,5,...

if j€{0,2,4,..
if j€{1,3,5,...

if j €10,2,4,...
if j €11,3,5,...

if j €10,2,4,...
if je{1,3,5,..

if j€{0,2,4,...
if je{1,3,5,..

if j €10,2,4,...

if j €{1,3,5,..

if j€{0,2,4,...
if j€{1,3,5,...

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

)2€_2})

)2€_2}7

L20-1};

)22_2}7

L20—1};

)28_2’}7

20 —1}.

,2£—2},
201}
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fori € {1,4},
1 ifje{0,2,4,...,2¢0 -2},

o(vi,jvij+1) =

3 ifje{l,3,5,...,20 - 1};

fori € {2,5},

1 ifje{0,2,4,...,2¢ -2},
0(vi,jvij+1) =
4 ifjefl,3,5,...,20 - 1}

fori € {6,10,14,...,m—4},

o0(V;,jvij+1) =

2 ifje(l,3,5,...,20-1};

fori € {7,11,15,...,m—3},
1 if je{0,2,4,...,2¢ -2},

o(v;jVij+1) =

3 ifje({l,3,5,...,2¢ -1}

fori € {8,12,16,...,m—2},

if j €{0,2,4,...,2¢0 -2},
o0(Vi,jvij+1) =

{1 if j€10,2,4,...,20-2},

if j€11,3,5,...,20 — 1};

fori € {9,13,17,...,m—1},

A}

if j €40,2,4,...,20 -2},
o(v;jVij+1) =
if j€{1,3,5,...,20 — 1};
for j€{0,2,4,...,2¢ -2}and i =0, 0(v;jvi41,j) =4
for j€{1,3,5,...,2¢0 -1} and i = 1, 0(v;,j Vi+1,j) = 2;
for j€1{0,2,4,...,2¢0 -2} and i =2, 0(v;,jVi+1,j) = 3;
for je€{1,3,5,....,2¢0 —1}and i =3, 0(v; jVi+1,j) =4
for j€1{0,2,4,...,2¢0 -2} and i =4, 0(v;jVi+1,7) = 2;
for j€{1,3,5,...,2¢ =1} and i =5, 0(v;jvi+1,j) = 3;
for j€1{0,2,4,...,2¢ -2} and i € {6,10,14,...,m—4}, 0(v;,jvi+1,j) = 4
for je€{1,3,5,...,2¢ =1} and i € {7,11,15,...,m =3}, 0(v; j Vi+1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i € {8,12,16,...,m =2}, 0(v;,jvi41,j) = 1;
for j€{1,3,5,...,2¢ -1} and i €{9,13,17,...,m =5}, 0(v;,jVi+1,j) = 3;
for j€{1,3,5,...,20 — 1}, 0 (vo,j Um—1,j+r) = 3.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori = 0,
{1,2,4} ifje{0,2,4,...,2¢ -2},
So () =
1,2,3} if je{1,3,5,...,20—1};
fori =1,
{1,3,4} ifj €{0,2,4,...,2¢ -2},
So(vij) =

{1,2,3} ifje{1,3,5,...,2¢ -1}
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fori = 2,
{1,3,4}
So(vi,j) =
{1,2,4}
fori = 3,
{1,2,3}
So(vij) =
{1,2,4}
fori = 4,
{1,2,3}
So(vi,j) =
{1,3,4}
fori = 5,
{1,2,4}
So(vi,j) =
{1,3,4}
fori € {6,10,14,...,m—4},

fori € {7,11,15,...,m—3},
fori € {8,12,16,...,m—2},

fori € {9,13,17,...,m—1},

{1,2,4}
So(vi,j) =
{2,3,4}

Observe that o is an AVD proper edge-coloring of G.
Case 4. m =3 (mod 4).
Define o : E(G) — {1, 2, 3,4} as follows:
fori = 0,

{ 1

o(v;jVij+1) =
2

fori =1,
1

o(vi,jvij+1) =
3

if j€1{0,2,4,..
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €{0,2,4, ..
if j€11,3,5,...

if j €10,2,4,...
if je{1,3,5,...

if j€10,2,4,...
if j€11,3,5,..

if j€{0,2,4,..
if j€{1,3,5,...

if j€{0,2,4,..
if j€{1,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

if j€10,2,4,..
if je{1,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

.20 =2},

)22_ 1};

;2€_2})

.20 =2},

)22_ 1};

;2€_2})

,2?—2},

.20 -1}

.20 =2},

)24— 1};

.20 =2},

20 -1}

)25—2})
,20 —1}.

.20 -2},
,2[— l}y

,2£—2},
20 -1}
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fori = 2,

fori € {3,7,11,...

fori € {4,8,12,...

fori € {5,9,13,...

fori € {6,10,14,...,m—1},

o(vijVij+1) =
0(vi,jvij+1) =
o(vijvij+1) =
o(v;jVij+1) =

|
!
|
|

2
o0(Vi,jvij+1) =
4

for j€1{0,2,4,...,2¢ -2} and i =0, 0 (v; jVi+1,j) =4
for j€{l1,3,5,...,2¢0 -1} and i = 1, 0(v;,jVi+1,j) = 2;
for j€1{0,2,4,...,2¢ -2} and i =2, 0(v;jVi+1,j) = 3;

for j€{1,3,5,...,2¢0 -1} and i € {3,7,11,...,m—4}, 0(v;,jVi+1,j) = 4
for j€{0,2,4,...,2¢ -2} and i € {4,8,12,...,m =3}, 0(v; jVi+1,j) = 2;
for j€{1,3,5,...,2¢ -1} and i € {5,9,13,...,m =2}, 0(v;,jvi+1,) = 1;

if j€10,2,4,...
if j €{1,3,5,...

ifj€{0,2,4,...
if j €{1,3,5,...

if j €1{0,2,4,...
if je{1,3,5,...

if j €10,2,4,...
if j €16,3,5,...

if j€{0,2,4,...
if j€{1,3,5,...

,2[—2},
»26— 1};

)2[_2})

,2[-2},
»24— 1};

)2[_2})

y2€_2}7
»26— 1};

for j€{0,2,4,...,2¢ -2} and i € {6,10,14,...,m =5}, 0(v; jVis1,j) = 3;
for j€{1,3,5,...,20 =1}, 0(vo,j Um-1,j+r) = 3.

By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori = 0,
fori =1,
fori = 2,

fori € {3,7,11,...,m—4},

{1,2,4}
Sq(vj,j) =
{1,2,3}

{1,3,4}
Sq(vi,j) =
{1,2,3}

{1,2,4}

{1,2,3}
So(vij) =

{1,3,4}
So(vi,j) = {

1,2,4

if j€1{0,2,4,...
if je{1,3,5,...

if j €10,2,4,...
if j €11,3,5,...

if j€{0,2,4,...
if je{1,3,5,...

if j€10,2,4,...
if j €11,3,5,...

,24_2},
’25_ 1})

)22_2})
, 20 -1}

!24—2}7
’22_ 1})

)22_2})
20 -1}
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fori € {4,8,12,...,m—3},

{1,3,4} ifje{1,3,5,...,2¢ -1}

{1,2,3} if je€{0,2,4,...,2¢ -2},
Sq(vi,j) =

fori € {5,9,13,...,m—2},

{2,3,4} ifje{0,2,4,...,2¢ -2},
So(vij) =

{1,3,4} ifje{1,3,5

fori € {6,10,14,...,m—1},

20 -1}

{2,3,4) ifj€{0,2,4,...,20-2},
Sq(vj,j) =

11,2,4} ifje{1,3,5

Observe that o is an AVD proper edge-coloring of G.
Thus, x/,(Br(2¢,m,r)) = 4.

4.y" (Br(2¢,1,1))

By definition, r € {3,5,7,... }. Also, £ = 3.
Theorem 4.1. If / =3 (mod 6) and r ¢ {3,9,15,21,...}, then
Xs(Br(2¢,1,r) = 4.

Proof.
Define o : E(Br(2¢,1,r)) — {1,2,3,4} as follows:

1 ifje{0,3,6,.
o(vjvjy1) = 2 ifje(l,4,7,.

3 ifje{2,5,8,.

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are:

{1,3,4} if j€{0,3,6,
So(vj) = {11,2,4} ifje{l,4,7,
{2,3,4) ifje{2,5,8,

Observe that o is an AVD proper edge-coloring of G.
Thus, y/,((Br(2¢,1,r)) = 4.

5.y (Br(2¢,2,1))

By the definition of Br(2¢,2,r), r is even.
Theorem 5.1. For £ =0 (mod 3), y,(Br(2¢,2,r)) = 4.

Proof.

yeens 2013,

.20 -3},
.,20-2},
.20 -1},

., 20 =3},
.20 =23,
20 -1}
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Let G=Br(2¢,2,r).I am consider two cases.
Casel.r ¢ 1{4,10,16,...}.
Define o : E(G) — {1,2,3,4} as follows:

1 ifje{0,3,6,...,2¢ -3},
o(vojvoj+1) = 2 ifjeil,4,7,...,20 -2},

3 ifj€{2,5,8,...,20—1};

3 if j€{0,3,6,...,2¢ -3},
o(v,jn,j+) = (1 ifje{l,4,7,...,20 -2},
2 ifjel2,58,...,20-1).

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

{1,3,4} ifje{0,3,6,...,2¢ -3},
So(vo,j) = {11,2,4} ifje{1,4,7,...,20-2},
{2,3,4} ifjei2,58,...,20-1};

{1,2,4} ifj€{0,3,6,...,2¢-3},
So(v1,)) = $12,3,4} if je{l,4,7,...,20-2},
{1,3,4) ifje{2,58,...,20—1}.

Observe that o is an AVD proper edge-coloring of G.
Case 2. r €{4,10,16,...}.
Define o : E(G) — {1, 2, 3,4} as follows:

1 ifj€{0,3,6,...,20-3},
o(vo,jvo,j+1) = 2 ifjeil,4,7,...,20 -2},
3 ifje{2,5,8,...,2¢ -1}

2 ifje{0,3,6,...,2¢0 -3},
o(vy,jvj+1) = {3 ifje{l1,4,7,...,20 -2},

1 ifje{2,5,8,...,20—1}.

Remaining edges are colored 4.

By the construction, o is a proper edge-coloring.
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The induced vertex-color sets are given below:

{1,3,4} if j€10,3,6,...,2¢ -3},
Solvo,j) = 1{1,2,4} if je{l,4,7,...,20 -2},
{2)3)4} ifj€{2)5)8)~-~)2(_1};

{1,2,4} if j€{0,3,6,...,2¢ -3},
So(v1,)) = $12,3,4} if je{l,4,7,...,20-2},

{1,3,4} if je{2,5,8,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.
Thus, y/,((Br(2¢,2,1)) = 4.
This completes the proof.

6. 1 ,s(Br(2¢,5,1))

By the definition of Br(2¢,5,r), r is odd.

Theorem 6.1. For £ =0 (mod 3), y,(Br(2¢,5,1)) = 4.

Proof.

Let G = Br(2¢,5,r).1 am consider two cases.

Casel.r ¢1{3,9,15,...}.

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,2,4},

1 ifj€{0,3,6,...,2¢ -3},

o(vijvij+1) = (2 ifjefl,4,7,...,2¢0 -2},
3 ifjef{2,5,8,...,2¢ -1}
fori € {1,3},
3 ifje{0,3,6,...,2¢0 -3},

o(vijvij+1) = 1 ifjefl1,4,7,...,2¢0 -2},

2 ifje{2,5,8,...,2¢ - 1}.

Edges {vg,jv1,j,V2,jv3,j: J€11,3,5,...,20 = 1}}U
{v1,jV2,j,V3,jVa,j, Vo,j Vs, j+r: J€10,2,4,
By the construction, o is a proper edge-coloring.
The induced vertex-color sets are given below:
fori € {0,2,4},
{1,3,4} if j€10,3,6,...,2¢ -3},
So(vij) = {11,2,4} ifje{l,4,7,...,2¢ -2},

{2,3,4) ifj€{2,5,8,...,20—-1};

11

...,20 —2}} are colored 4.
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fori € {1,3},

{2,3,4} if j€{0,3,6,...,2¢ -3},
So(vij) = {11,3,4} ifje{l,4,7,...,2¢ -2},

{1,2,4} ifje{2,5,8,...,2¢-1}.

Observe that o is an AVD proper edge-coloring of G.

Case2.r€{3,9,15,...}.

Define o : E(G) — {1,2,3,4} as follows:

fori € {0,2},

1 ifj€{0,3,6,...,2¢ -3},

o(vijvij+1) = 2 ifjefl1,4,7,...,2¢0 -2},
3 ifje{2,5,8,...,2¢0 -1}
fori € {1,3},
3 if je€{0,3,6,...,2¢ -3},

o(vijvij+1) = (1 ifjefl1,4,7,...,2¢0 -2},

2 ifj€{2;578}--')2€_1};

fori = 4,
2 ifje{0,3,6,...,2¢ -3},

o(vi,jvij+1) = {3 ifje{l,4,7,...,2¢0 -2},

1 ifje{2,5,8,...,20—1}.

Remaining edges are colored 4.
By the construction, o is a proper edge-coloring.

The induced vertex-color sets are given below:

fori € {0,2},
{1,3,4} ifje0,3,6,...,2¢ -3},
So(vij) = {11,2,4} ifje{l,4,7,...,2¢ -2},
{2,3,4} ifjef2,5,8,...,2¢0-1};
fori € {1,3},
{2,3,4} ifj€{0,3,6,...,2¢ -3},
So(vij) = {11,3,4} ifje{l,4,7,...,2¢ -2},
{1,2,4} ifjef2,5,8,...,20-1};
fori = 4,
{1,2,4} ifj€{0,3,6,...,2¢ -3},
So(vij) = 12,3,4} ifje{l,4,7,...,2¢ -2},
{1,3,4} ifjef2,5,8,...,20-1}.

Observe that o is an AVD proper edge-coloring of G.
Thus, x/, (Br(2¢,5,1)) = 4. We finish this paper with the following problem.
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i) For £ =3 (mod 6) and r € {3,9,15,21,...}, compute )(’as(Br(Zﬁ, 1,r).
ii) For ¢ # 3 (mod 6), compute y/,(Br(2¢,1,1)).
iii) For ¢ # 0 (mod 3), compute y ', (Br(2¢,2,1)).
iv) For ¢ # 0 (mod 3), compute )(’as(Br(Zé,S, r).
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