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Abstract

In this paper, we study the existence and uniqueness of solutions for the neutral Caputo fractional Volterra-
Fredholm integro differential equations with fractional integral boundary conditions by means of the Arzela-
Ascoli’s theorem, Leray-Schauder nonlinear alternative and the Krasnoselskii fixed point theorem. New
conditions on the nonlinear terms are given to pledge the equivalence. An example is provided to illustrate
the results.
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1. Introduction

The topic fractional calculus can be measured as an old as well as a new subject. Started from some
speculations of Leibniz and Fuler, followed by other important mathematicians like Laplace, Fourier, Abel,
Liouville, Riemann and Holmgren [4, 6, 10} 13], 14, 17, 21, 22]. In the fractional calculus the various integral
inequalities plays an important role in the study of qualitative and quantitative properties of solution of
differential and integral equations [13] [I§].

In recent years, many authors focus on the development of techniques for discussing the solutions of
fractional differential and integro-differential equations. For instance, we can remember the following works:
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Ibrahim and Momani [11] studied the existence and uniqueness of solutions of a class of fractional order
differential equations, Karthikeyan and Trujillo [12] proved existence and uniqueness of solutions for fractional
integro-differential equations with boundary value conditions, Bahuguna and Dabas [5] applied the method
of lines to establish the existence and uniqueness of a strong solution for the partial integrodifferential equa-
tions, Matar [16] deliberated the existence of solutions for nonlocal fractional semilinear integro-differential
equations in Banach spaces via Banach fixed point theorem.

In [I] the authors studied a class of nonlinear differential equations with multiple fractional derivatives
and Caputo type integro-differential boundary conditions

DD u(t) = g(t, u(t))] = f(t,u(t), te[0,T],
u(0) =0, (D"u)(T) = M u(T), 0 < a,v,p < 1.

In [2] existence criteria are developed for the solutions of Caputo-Hadamard type fractional neutral
differential equations supplemented with Dirichlet boundary conditions

D[ D"u(t) — g(t,u(t))] = f(t,u(t)) 0<a,v <1,
u(l) =0, uw(T)=0, te[1,T].

Ntouyas [19] studied the existence results for the following fractional differential equation with fractional
integral boundary condition

“Dyru(t) = f(t,u(t), 1 <v <2,
u(0) =0, u(l) =al’u(n), aeR, 0<p<1l, 0<n<L

Akiladevi et al. [3] discussed the existence and uniqueness of solutions to the nonlinear neutral fractional
boundary value problem

D+ [u(t) — g(t, u(®)] = f(tu?)), 0<v<1,
u(0) = alfu(n), a € R, 0<p<1l, 0<n<l,

Motivated by the above works, we will study a more general problem of Caputo fractional integro-
differential equations which called Caputo fractional neutral Volterra-Fredholm integro-differential equations
of the form

‘D [u(t) = g(t,u(®)] = f(t, ult), Ku(t), Qu(t)), 0 <v <1, (1)

with fractional integral boundary condition
u(0) =alfu(n), 0<p<1l, 0<n<l, (2)

where “Df; is the Caputo’s fractional derivative v, The function g : J xR — R is continuously differentiable,
f:JXxRXxRXxR — R is continuous. I” is the Riemann-Liouville fractlonal integral of order p and
a;ér(pH)eR with J :=[0,1], Q@ = {(t,s) : 0 < s <t <1}, and Kult fo (t,s,u(s))ds, Qu(t) =

ne
fo (t,s,u(s))ds.

The main objective of the present paper is to study the new existence and uniqueness of solutions of
fractional neutral Volterra-Fredholm integro-differential equation in Banach contraction principle.

The rest of the paper is organized as follows: In Sect. [2] some essential notations, definitions and Lemmas
related to fractional calculus are recalled. In Sect. [3] the new existence and uniqueness results of the solution
for Caputo fractional neutral Volterra-Fredholm integro-differential equation have been proved. In Sect. [
an example is provided to illustrate the results. Finally, we will give a report on our paper and a brief
conclusion is given in Sect.
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2. Preliminaries

The mathematical definitions of fractional derivative and fractional integration are the subject of several
different approaches. The most frequently used definitions of the fractional calculus involves the Riemann-
Liouville fractional derivative, Caputo derivative |7, 8, @, 13}, 15, 18] 20, 2T].

Definition 2.1. [13/ (Riemann-Liouville fractional integral). The Riemann-Liouville fractional integral of
order o > 0 of a function v € C([0,T1]) is defined as

Jou(t) = I‘(la) /O (t — 5)°Lu(s)ds,

where I' denotes the Gamma function.

Definition 2.2. [153] (Caputo fractional derivative). The fractional derivative of u(t) in the Caputo sense is
defined by

D) = D"

= a)fO (t—s)m—" 186:,,(15)ds, m—1<a<m,

= (3)
o™ u(t)

orm a=1m, mEN,

where the parameter « is the order of the derivative and is allowed to be real or even complex. In this paper,
only real and positive o will be considered.
Hence, we have the following properties:

L J§Ju = Jg‘f”u, a,v > 0.
o _ _IB+1 o
2. J0+uﬁ— WU/B—F 5
3. Dg,uf = %uﬁﬂ, a>0, B>-L.
4. Jo DS u(t) = u(t) —u(a), 0 < a < 1.
5. J2, D& u(t) = u(t) — Sp u® () 528 ¢ >0,

Definition 2.3. [13] (Riemann-Liouville fractional derivative). The Riemann Liouville fractional derivative
of order a > 0 is normally defined as

Dgiu(t) = Dyt Jgi “ult), m—1<a<m, meN (4)

Theorem 2.1. (23] (Banach fized point theorem). Let (S,||.||) be a complete normed space, and let the
mapping F : S — S be a contraction mapping. Then F has exactly one fizved point.

Theorem 2.2. [15] (Krasnoselskii fized point theorem.) Let M be a closed conver and nonempty subset of
a Banach space X. Let A, B be two operators such that:

1. Ax + By € M whenever z,y € M.

2. A is compact and continuous.

3. B 1s a contraction mapping.

Then there exists z € M such that z = Az + Bz.

Theorem 2.3. [I5] (Leray-Schauder nonlinear alternative) Let E be a Banach space, C a closed, convex
subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is a continuous, compact (that is,
F(U) is a relatively compact subset of C) map. Then either

(I) F has a fived point in U or

(IT) There is a uw € QU (the boundary of U in C) and X € (0,1) with u = \F(u).
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Lemma 2.1. Let o # %. Assume that f is continuous function. If u € C(J,X) then u satisfies the
problem

“Dyi[u(t) —g(t)] = f(t), 0<v <1, te[0,1],
u(0) = alPu(n),

if and only if u satisfies the integral equation

t —3 v—1
ut) = [ pes = o a(0) + g0

(v) L(p+1) —ane
al(p+1) "(n—s)! T =) s
I(p+1) —anﬂ</o I'(p) g(s)d8+/o L(p+v) fle)d )

3. Main Results

In this section, we shall give an existence and uniqueness results of Eq. , with the condition (2)).
Before starting and proving the main results, we introduce the following hypotheses:
(A1) The function g : J x R — R is continuously differentiable, f : J x R x R x R — R is continuous,
and there exist constants L1, Lo > 0, for t € J, u;,v;,y; € R, such that
|t ur,v1,91) = f(t u2,v2,92) < Laflur — uz| + [vr — v2| + |y1 — y2l]
lg(t,u1) — g(t, uz)| < La|uy — usl.

(A2) The functions k,q : J x J x R — R are continuous and there exist constants Ly, L5 > 0, such that
|k(t,s,u1) — k(t,s,u2)| < Lglu; —uzl, t,s € J, up,uz € R,

‘q(t737u1) - Q(t,S,U2)| < L5|U1 - uQ’? t?‘g € ‘]a Ui, U2 € R.
(A3) Let P, = L1(1 + L4+ L5))\1 + Lodg < 1. where

1 PV 1
A= + an’Tp+1) and Mo =
F'v+1) [T(p+1)—anl(p+rv+1)

Clp+1) —an’| + an”
C(p+1) —an?|
(A4) For py, s € C(J,R), we have

lf(t,u,v,y)] < pa(t), (Lu,v,y) € J xR xR xR,
lg(t,u)] < pa(t), (t,u) € J xR.

First, we will state the following axiom lemma.

Lemma 3.1. Let 0 < v < 1. Assume that f is continuous function. If u € C(J,R) then u satisfies the
problem (1))-(9) if and only if u satisfies the integral equation

I(p+1)
I(p+1)—anr

o T (n—s)t
T(p+1) (/0 (n—s)° o(s, u(s))ds

t _Su—l
u(t) = /0 E=9" (s u(s), Ku(s), Qu(s))ds —

o 9(0,u(0))

+g(t,u(t)) + T

p+1)—anr I'(p)
7 (n—s)Ptr!
+/0 Wf(&u(s), Ku(s), Qu(s))ds). (5)

Theorem 3.1. Assume f, g,k and q satisfy the assumptions (A1)-(A3). Then the problem (I)-(2) has a
unique solution on J.
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Proof. Let My = sup,¢; |f(t,0,0,0)|, M2 = sup,¢c s |9(£,0)|, My = sup; 4c s |k(t,5,0)|, M5 = sup; sc; lq(t,s,0)]
and consider B, = {u € C : |Ju|| < r}, where r > 15}1 with

Llp+1)

po = [(My + LiMy+ LiMs) A1 + Mada +
| T(p+1) —an’|

190, u(0))[]

Let C = C(J,R) be the Banach space of all continuous functions from J — R endowed with the norm
defined by |Ju|| = sup{|u(t)|, ¢t € J}. In view of Lemma [3.1] we transform as

u=F), (6)
where ' : C — C is given by
[ __ Tt
(Pt = [ ). Ku(s), Quis))ds = 5 A (0,u(0)
al(p+1) " —s)t
+g(t,u(t)) + Tlp+ 1) —arp (/0 ) g(s,u(s))ds
n — s +v—1
[ e Kt Quis)is) g
For u € B,, we have
[(Fu)®)
st D(p+ 1)
< sup [ [ s ) Ku(s), Quis)lds + o022 fg(0.(0)
al(p+1) "9
laltu(®)]+ o ([ (s, u(e)) s
=)t
+ [ (o). Kus). Quis)lds)
< sup [ [ S 170, Ku), QuEs) — £(5,0,0,0)1+ 17(5,0,0,0) s
= L Ty e e
0 90, w0+ (9t u(e) = 6,0+ g(t.0))
o —s)P~t
([ ot uls)) = o(s,0) + (s o)) s
(=)t
+ [ (s (). Ku(s).Qu) = £(5.0.0.0)| +(5.0.0.0))ds)
< (LlT(l + Ly + L5) + My + MyLy + M5L1))\1 + (LQ’I“ + Mg))\g
L(p+1)
D 23] = g 1900 0)
< (L4 Lo+ Do) + Lpdolr + | (M + MaLy + Ms L) + Mg
I'(p+1)
T D) = a9 O]
Pir+ Py

IN N

T.
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This shows that F B, C B,. Next, for u,v € C and t € J, we obtain

t _81/—1
|Fu— Fo| < sup[%;°ﬁr>\f@nﬂ@,Ku@xcwm@>—flav@xzﬁm@,Qv@»um

teJ (v)

L(p+1)
aF(p+1) nw S, uls — S, U(S S
+W@+1%%WH(A ol u(s) = g(a.v(s))
(st
[ s () K, Qu(s) = (s o). Kv(s), Qo))
< [Li(1+ Ly + Ls)A1 + LaXo]ju — v
S Pl\u — ’U|.

Here P; depends only on the parameters involved in the problem. By assumption (A3), P; < 1 and therefore
F' is a contraction. Hence, by the Banach contraction principle, the problem — has a unique solution
on J. 0

Now we prove the existence of solutions of the problem (I)-(2) by applying Krasnoselskii’s fixed point
theorem.

Theorem 3.2. Assume f,g and h satisfy the assumptions (A1)-(A3). If

Li(1+ Ly + Ls)an” ™ T(p + 1)
T(p+v+1)

1
L :=
IT(p+1) — an’|

Then the problem — has at least one solution on J.

[LalID(p + 1) = anf| + o] + <1 (8)

Proof. Let |||l = supyey|pil, ¢ =1,2 and B, = {u € C : ||ul]| < r}. Now we decompose F as F + F5 on B,,

where
t —s v—1
R
I'(p+1)

(Fau)(t) = —mg(ovu(o)wrg(t,u(t))

al(p+1) T =) s
+F(p+1)—0mp</o L'(p) g(s,u(s))d

7 (n— )Pt
+/0 Wf(s,u(s), Ku(s), QU(S))dS)a

(s, u(s), Ku(s), Qu(s))ds,

for t € J. Choose
1 an™T(p+1
ol 1)
L) Tlp+1) —an’L(p+v+1)
T(p+1) —an?| + an? T(p+1) }
T(p+1) — ane| T(p+ 1) — ane|
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For u,v € B,, we find that

|Fiu — Foul|
Lt —s)! L(p+1)
< sup [ [ s ) Ku(s). Quis) s + 5 B 0.0(0))
al'(p+1) U
ot o) + s oo ([ P —la(s. (sl
n (77 _ S)p-i-v—l
+ [ s o(s). Kv(e). Qus) s )
[ | L(p+1)
S FT D ) a0 v el
al'(p+1) n° nety
T 1) =] (TG0 2+ Ty 1)
Let p = max{p1, g(0,v(0)), p2}. Then, by simplification, we have
1 an”t'T'(p+ 1)
I = Fwll < W[y * TG ) el + D)
T(p+1) —an’| + an’ L(p+1) }
T(p+1) —an’| T(p+1) —an’|
< 7
Thus Fiu + Fyv € B,
Next we prove that Fy is a contraction.
| Fou — Fou|
al'(p+1)
< s |lg(t,u(®) = 90O+ 501~
T (n—s)t
(| ot ue) = g, o) s
QU o
[T s () (), Qu(s) = (5, 0(). Ku(). Qu(s) s )|
Ll 4 D) o o) | Tt Lt Loon “Tip+ )y
- T(p+1) — an?| T(p+1) —an?[L(p+v+1)
< Llu—wv.

Hence F5 is a contraction. Continuity of f implies that the operator Fi is continuous. Also F} is uniformly
bounded on B, as

t (t _ S)u—l
|(Fiu)(t)]] < ilel? [/0 WV(S?U(S%KU(5)7QU(5))|d5]
|| 1]
F'v+1)

To prove that the operator F) is compact, it remains to show that Fj is equicontinuous. For that, let
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f =sup|f(t,u, Ku,Qu)|. Now, for any t1,ts € J, with t; < to and u € B,, we have
[(Fru)(t2) — (Fru)(t)]]

t1 [(t2 _ S)I/—l _ (tl o S)V_l]
< mlf ) (s, u(s), Ku(s), Qu(s))|ds
(st
+/t1 ) ’f(S,u(s),Ku(s),Qu(g))‘ds}
oo
< Tt

— 0 as to — ;.

Thus F} is equicontinuous. By Arzela-Ascoli Theorem, Fi is compact. Hence, by the Krasnoselskii fixed
point theorem, there exists a fixed point u € C such that F'u = u which is a solution to the boundary value

problem —.
O

The next result is based on Leray-Schauder nonlinear alternative.

Theorem 3.3. Assume that the following hypotheses hold:

(A4) There exist continuous nondecreasing functions 11,1 : [0,00) — [0,00) and ¢1,¢2 € L*(J,RY)
such that, for each (t,u,v,y) € J x R xR x R,

‘f(ta u, v, y’ < ¢1(ﬂ¢1(”“”)a

lg(t, u)| < ga()iha([lull), (t,u) € J xR.
(A5) There exists a constant M > 0 such that % > 1, where

ol (p 4+ D)IP(IP¢1(n) + pa2(n)
T(p+1) — an’|

+ (1) + Llp+1) ]

N = (M) [I”qbl(l) + T(p+ 1) — an|

Then the problem — has at least one solution on J.

Proof. Observe that the operator F' : C — C defined by is continuous. Next we show that F' maps
bounded sets into bounded sets in C. For a positive number k, let By = {u € C : ||ul]| < k} be a bounded
ball in C(J,R). Then we have

[ (F'u) (@)
f—s!
sup [/0 T |f(s,u(s), Ku(s), Qu(s))|ds + T

teJ (v)

al'(p +1) " (n—s)
Hlaltu(®)| + oo o (s, u(s))|ds

n — s +v—1
[ . )

IN

1 —s v—1
) [ n(6hds + A0, u0)] + a1yl

« M (n— )P ! _ g)ptv-l

et (vl [ oateas + vl [ 0 s)as)
vy (1) 2 AT DI 0101 Do+ Dlg(0, u(0)

DR [ 010) + ] D)

al'(p+1)
T+ 1) e %207

I
<

IN

(k) [ 62(1) +
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Choosing (k) = max{¢1(k), ¥2(k), g(0,u(0))}, we have

IFOO1 < w1760 + 5 01206 0) + 62
I'(p+1)
Fe T G+ 1) —awl)

Now, we show that F' maps bounded sets into equicontinuous sets in B. For that, let t1,ts € J with ¢ < to.
Then, for u € By,

[(Fu)(t2) = (Fu)(t1)]]

to — s v—1
< [ e o) Ku(e), Quis) ds + Lo ute)
t1 — g v—1
- [ ), K. Quis)lds  lgltn )
t1 (t — 3)”71 — (t — 5)”71
< wl(k)/o [ : () : Ml(s)ds

to —s v—1
+1g(t2, ultz)) — g(t1, u(t1))] + ¢1(k)/ Mqﬁl(s)ds

t1 F(V)
—> 0 as tyg —> t1.

Thus F maps bounded sets into equicontinuous sets in By. By Arzela-Ascoli’s Theorem, F' is completely
continuous. Now let uw = AF'u where X € (0,1). Then, for ¢t € J, we have

A(p+1)
F'(p+1)—anr

s ([ sttt
0

t _81/—1
at) = A = (s, uls). Ku(s), Quis))ds - 4(0, u(0))

¥)
+Ag(t, ult)) +

L(p+1) —ane L'(p)
(- syt
+/0 Wf(s,u(s),[(u(s),Qu(s))ds).
Then, using the computations of the first step, we have
v al'(p+1) v
] < D[ + (1 ) + a()
I'(p+1)
e G ) — e )
Consequently
ful < B [Far () + g1 )+ ga(m)
N 1 [T(p+1) = anf| R
Llp+1)
ol + T(p+1) - omp\]'

In view of (A5), there exists M such that ||u|| # M. Let us set
U={ueClC:|ul| <M}

Note that the operator F' : U — C is continuous and completely continuous. From the choice of U,
there is no w € OU such that u = AFu for some A € (0,1). Consequently, by the nonlinear alternative
of Leray-Schauder theorem, we deduce that F' has a fixed point v € U which is a solution to the problem

m-@. 0
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4. An Example

As an application of our results, we consider the following Caputo fractional neutral Volterra-Fredholm
integro differential equation

—t t
Cni € u(t) 1 ”U,(t)| 1 / —Lu(s)
D2 — = —
) = e T a@) — Groritlum 3, ¢

1 1 —s
et el
36 J, 9 1+ |u(s)

_l’_

with fractional integral boundary condition
1
u(0) = \/iféu(§>, (10)

where

t

v=24, gtu(t) = g&arads, f(tu(t), Ku(t), Qu(t))

()’
[u(®)] to—tuls s)| _ o L(p+1)
= (t+16)2 T u(t)] +36 0€ ) ds+36f 9 1+\u(s dS a=V2 p=n=g# -0,

and

|f(tua(t), Kui(t), Qui(t)) — f(t, uz(t), Kua(t), Qua(t))|
< %Hul —ug| 4+ |[Huy — Huz| + |Qui — Qua],

1
‘g(tvul) - g(t7u2)‘ S 7|u1 - uQ’v
27
1
|k(t, s,u1) — k(t,s,uz)| < g]ul — ugl,

1
|Q(t787u1) - Q(t,S,UQ)’ < 6‘“1 - ’LL2|,

we get the value of P, = 0.6042799 < 1. All the conditions of the Theorem are satisfied. Hence the
problem (9)-(10) has a unique solution on [0, 1].

5. Conclusion

The main purpose of this paper was to present new existence and uniqueness of solutions by means of the
Krasnoselskii fixed point theorem, Leray-Schauder nonlinear alternative and the Arzela-Ascoli’s theorem for
Caputo fractional neutral Volterra-Fredholm integro differential equations with fractional integral boundary
conditions. New conditions on the nonlinear terms are given to pledge the equivalence. Moreover, the results
of references [1, [, 19] appear as a special case of our results.
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