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1. Introduction

Almost paracontact structures were first studied by [1] and after the work of Zamkovoy in [2], many authors have made
contribution. For recent studies, see [3]-[8]. In [9], almost paracontact metric structures were classified into 212 classes taking
into consideration the Levi-Civita covariant derivative of the fundamental 2-form of the structure. In this work, we study
almost paracontact metric structures on 5-dimensional nilpotent Lie algebras.

In the literature, there are many researches on five dimensional Lie algebras equipped with an almost contact metric structure.
Andrada et al., studied Sasakian structures on five dimensional Lie algebras [10]. Calvaruso and Fino introduced an approach
on five dimensional K-contact Lie algebras [11]. Nilpotent Lie algebras having dimension 5 were classified in [12]. According
to this classification, we examined the Lie algebras equipped with quasi-Sasakian structures in [13]. Also in [14], we studied
some certain classes, such as a— Sasakian, 8 — Kenmotsu, cosymplectic, nearly cosymplectic, on five dimensional nilpotent
Lie algebras and obtained some results on the corresponding Lie groups. This paper is organised in a similar vein with almost
paracontact metric structure. Under the light of the classifications given in [9] and [12], we investigate the existence of left
invariant para-cosymplectic, nearly para-cosymplectic, o-para-Sasakian, -para-Kenmotsu and paracontact structures on 5
dimensional nilpotent Lie algebras.

2. Preliminaries

A 2n+ 1 dimensional differentiable manifold M has an almost paracontact structure (¢, &, 1), if it has an endomorphism ¢, a
vector field & and a 1-form 1 such that

*=I-n®& &) =1,0(&) =0,
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there exists a disribution D: p € M — D, = Kern.

An almost paracontact manifold is one which has an almost paracontact structure and if in addition M has a semi-Riemannian
metric g satisfying

8(0(X),0(Y)) = —g(X,Y) +n(X)n(Y)

for all vector fields X, Y, then M is called an almost paracontact metric manifold with an almost paracontact metric structure
and a compatible metric g. The 2-form

P(X,Y) =g(0(X),Y)
for all X,Y € X(M), where X (M) denotes the set of smooth vector fields on M, is defined to be the fundamental 2-form of M.
In [2], a classification of almost paracontact metric manifolds was obtained by using the covariant derivative of .

In this work we focus on following almost paracontact structures.

Let M be a differentiable manifold with an almost paracontact metric structure (¢,&,1,g) and the fundamental 2-form ©.

(9,&,m,g) is said to be

* para-cosymplectic if Vx®(Y,Z) =0,

* nearly para-cosymplectic if Vx®(X,Y) = 0, or equivalently, (Vx¢)(Y)+ (Vy¢)(X) =0,
* o-para-Sasakian if Vx¢(Y) = a(g(X,Y)E —n(Y)X) for a constant «,

¢ B-para-Kenmotsu if Vx¢(Y) = B(g(X,9(Y))E+n(Y)¢9 (X)) for a constant 3,

» o-paracontact if & = adn, where dn is the exterior derivative of 1) and ¢ is a constant,
 paracontact if & =dn

for all vector fields X, Y, Z on M.

An almost paracontact metric structure (¢,&,7,g) on a connected Lie group G uniquely induces an almost paracontact metric
structure (¢,&,1,g) on the corresponding Lie algebra g.

In this manuscript, we investigate almost paracontact metric structures on 5-dimensional nilpotent Lie algebras. Nilpotent Lie
algebras with dimensions < 5 were classified in [12], see also [15, 16]. These are algebras denoted by g; with the corresponding
basis {ej,...,es} and non-zero brackets:

g1 le1,e2] = es,]e3,e4] = e5

15 le1,e2] = e3,[e1,e3] = e5,[e2,e4] = €5

g3 len,ex] =e3,[er,e3] = eq,[er,eq] = es,[e2,e3] = e5
g4 o [er,e2] =e3,[er,e3] = ey, [er,e4] = e5

gs : [e1,ex] =ea,er,e3] =e5

96 le1,e2] = e3,]e1,e3] = eq,[e2,e3] = e5

3. Almost paracontact metric structures on g;

Let (¢,&,1n,g) be aleftinvariant a.p.c.m.s. (almost paracontact metric structure) on a connected Lie group G with corresponding
Lie algebra g;. We use the same notation for the corresponding a.p.c.m.s. on g;.

We study each algebra g; seperately:

The algebra g;: Consider the basis {ey,...,es} with non-zero brackets
le1,e2] =e5,[e3,e4] = 5.

* There is no para-cosymplectic structure on g.
To see this, we show that g; does not have a non-zero parallel vector field. Let & = Y a;e; be a parallel vector field on g .
Then for all basis elements, we have g(V,,§,e;) = 0. By Kozsul’s formula,

Zg(veléan) = _g(ela [gan]) +g(§a [62761] +g(627 [61,5})) = —a5g(e5,e5) =0,

implying as = 0. Similarly, 2g(V,, &, es5) = axg(es,es) =0 gives ar =0, 2g(V,, &, e5) = —aig(es,es) = 0 yields a; =0.
From the equation 2g(V,,&,es) = asg(es,es) = 0, we get ay = 0 and 2¢(V,, &, es) = —azg(es,es) = 0 gives az = 0.
Thus, a vector field & = Y a;e; is parallel if and only if a; = 0. Since for a para-cosymplectic structure the characteristic
vector field is parallel, there is no para-cosymplectic structure on gj.
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Similarly, there are no nonzero parallel vector fields and no para-cosymplectic structures on remaining Lie algebras g;.
Now we calculate covariant derivatives of basis elements as follows:

Ve €= Ze,g e €2,€)e;, Where & =g(e;,e;)

We write g(V,, e2,¢e;) by Kozsul’s formula. The nonzero covariant derivatives are:

1 1

Ve e2 = 65 Ve es = —5 828s€2,
1

Ve,e1 = —5es; Ve,e5 = SE18sel,
1

Veseq = 65 Veses = — 5 Eatseq,
1

V€4e3 = _§e57 V€465 = 58385637

1 1 1 1
Veser = —5 B285€2, Veser = SEiEsen, Veses = —5Esed, Veses = S E3E5€3

 There is no nearly para-cosymplectic structure on g;.
Assume that (¢,&,n,g) is a nearly para-cosymplectic structure. Then we have V., ¢(e;) + Ve;¢(e;) = 0.

Let
d(e1) =aje) +arer +azes +ases + ases,
¢ (e2) = biey +byes + bzez + bsey + bses,
¢(e3) =cre) +crep +c3e3+ cqeq + Cs5e5,

O(eq) =diey +drer +dses +dyes + dses,
0(es) = fie1 + frea + fzez + faea + fses.

Since 0 = ®(e;,e;) = g(P(e;),e;), wehavea =by =c3=ds = f5=0
From the equation (V,, ®)(e1,es) =0, we obtain 0 = —P (e, V., e5) = —g(9(e1), —%828562), which implies g(¢(e1),e2) =
—g(d(e2),e1) =0, thus ap = b; =0.

Similarly, from (V,,®)(e1,e2) = —®(e1, Ve, e2) = —Sg(d(e1),es) = 0, which implies as = fi =

(Ve, @) (es,e3) = 0 gives g(¢(es),e5) = —g(9 (65),64)2 0andsods = f4 =0.
(Ve,@)(e4,e5) =0 gives g(@(es),e3) = —g(¢(e3),e4) =0 and so d3 = c4 = 0.
(Ve,®)(e2,1) =0 gives g(¢(e2),e5) = —g(9(es),e2) = 0 and so bs = fr = 0.
(Ve, @) (e3,e4) =0 gives g(@(e3),e5) = —g(d(es),e3) =0andsocs = f3=0
Thus,

0 (e1) = azez +asey,

¢ (e2) = bzez + baey,

d(e3) = crer +caer,

0(es) =diel +daer,

¢(es) =0.

Since

0 = (Ve 9)(es)+(Ves9)(er)
= e3{—&85b3 + Lesesas)
+es{—&r85hs — Ses85a3}

and e3, e4 are linearly independent, we have
2&yb3 + &3a4 =0,

2€2b4 —&az = 0.
Similarly, from (Ve, ¢)(es) + (Ves@)(e1) =0, we get
2¢€1a3+ &by =0,

—2¢€1a4 — &4b3 = 0.

Now, we have
2&b3 + €3a4 =0,
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—&4b3 —2€1a4 = 0.

Multiply the first equation by 2&3 and the second equation by €;. Then we get b3 = 0 and a4 = 0. Similarly a3 = 0 and

by =0.
From the equation (V. ¢)(e3)+ (Ve,0)(e1) =0, we obtain (c2 +a4)es = 0, that is, ¢c; = —ay4 and since a4 = 0, we have
C) = 0.

From the equation (V,,¢)(e3) + (Ve,¢)(e2) = 0, we obtain ¢ = b4 and since by = 0, we have ¢; = 0.
Similarly, (Ve,¢)(es) + (Ve,9)(e2) = 0 implies dj = —b3 =0 and (V,, ¢)(es4) + (Ve 0)(e1) =0 yields dr = a3 = 0.
Therefore ¢ (e;) = 0 and there is no non-zero nearly para-cosymplectic structure on g .
* A vector field & on g; is Killing if and only if § € (es): For a Killing vector field § =Y ; §;e;, we have g(V,,§,¢e;) =
—8(Ve,8,ei). From g(V,,&,es) = —g(V.5&€, e2), we have & = 0.
8(Ve, &, e5) = —8(Ves&,er) gives & = 0.
g(ve4‘§765) = _g(V€5§ae4) yields 53 =0.
8(Ve & es) = —g(Ves &, e3) implies &4 = 0 and we have no any other restriction on the coefficients of &.
By similar calculations, in g», g3 and g4, a vector field & is Killing if and only if & = &ses.
A vector field € in g5 or gg is Killing on each of these algebras if and only if & = Eqeq + Eses.
e There are ¢t-para-Sasakian structures on g, where o0 = i%.
Fory =&, we get —(V,&) = a{g(x,&)E —x}. Thus, V& = a¢(x). The characteristic vector field of an o-para-
Sasakian structure is Killing. Thus & = &ses and

O(er) = évelé = éés(—%ezé?sez),

bler) = Vol = Es(zaieser),
P(e3) = éV@é = é&s(—%&&‘sa%

bles) = Ve = ~Es(Seseses),

¢(€5) =0.
Now we check the defining relation of an a-para-Sasakian structure (¢,&,1,¢)
(Vx0)(y) = a{g(x,y)& —n(y)x}

for each pair of basis elements. For x =y = e;, we should have
(Ve 0)(e1) = a{g(er,e1)Eses},

which implies

1
——&&e5 = QEes.

4a
Multiply both sides of the above equation by €], we obtain €& &5 = —4c>. Thus €& & = —1 and o = i%.
Similarly, for x =y = e3, we get £3€4€5 = —40?, which gives &3€465 =—1 and o = :i:%. There is no any other restriction
on & or on Q.
We have €166 = —1 and €36465 = —1.
Case 1: If &= —1,then €&, = 1. Eitherg; =1 and &, = 1;0or €, = —1 and & = —1. Also, since €364 = 1, & =1 and
&4 =1;0r &s = —1 and & = —1. In these cases the signature is not (3,2). Thus & # —1.
Case 2: If &5 = 1, then €& = —1 and €34 = —1. There are four possibilities for the signature of the metric.

g=lg=—-l,=1g=—-1,&=1
g=leg=-1g=-l,g=1,&=1
g=—-lg=1g=-1l,g=1,&=1

g=—-1lg=1ag=1g=-1,&=1.

One can check that (¢,&,1,g), where ¢ (e;) are given as above and g has one of the signatures above, are a-para-Sasakian
structures, where o = :i:%.
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* There is no B-para-Kenmotsu structure on gj.
The characteristic vector field & of a B-para-Kenmotsu structure satisfies the property g(V,&,y) = g(V,&,x). Checking
for basis elements, we obtain that & = &je; + Eep + Eze3 + Eseq. The definition of a -para-Kenmotsu structure

(‘P’é?n?g) ls
(Vx0)(v) = =B{g(x,¢(v))E +n(y)9(x)}.

Fory = &, we get V,& = B92(x) = {x— N (x)&}. Now

Ve & =V, (Sre1+8er+Eez +Eaes) = %es =B{e1 — €& (Erer + ... +Eqeq) ).

Since basis elements are linearly independent, we have & =0, 1 — g 612 =0,86&=0,&5¢&=0. If & =0, then
1 —& &2 =1=0and thus & # 0. Therefore, & = & =0 and & = &je;. Now for x = 5, we have

Vot =~ es = Bler—n(ex)E) = e

which implies & = 0, that is § = 0.

* There are paracontact structures on gj.
More generally, consider an a-paracontact structure (¢,&,1,g) with the fundamental 2-form ®. Since ® = adn, we
have

0=>®(&,x) = adn(§,x) = %{(Vgn)(X) =(Vem)(8)} = = (Vem)(x),
that is, (Ven)(x) = g(§, Vex) = 0. By Kozsul’s formula,
0= 2g(V5x,§) = _Zg(év [xvé])

Thus for a paracontact structure, the characteristic vector field & satisfies g(€, [x,&]) = 0 for all vector fields x.
Let & =Y &e;. We have

0=2g(G[e1,6]) = 8(§, Gaes) = Ga&sés,
0=2g(E[e2,8]) = 8(8,—C1es) = —&1 8585,

0=2g(S,[e3,8]) = 8(&, 8aes) = Gulsés,
0=2g(G[es,8]) = g(5, —E3e5) = —&36s8s.

It is easy to observe that the structure (¢,&,1,g), where & = es, g has signature +, —,+, —,+, ¢ (e1) = e2, §(e2) = ey,
0 (e3) =eu, P(ea) = e3, ¢(es) = 0 is paracontact.

The algebra g,:

The nonzero brackets of basis elements are:

[e1,e2] = e3,[e1,e3] = e5,[e2, e4] = e5.

Assume that g is a semi Riemannian metric with signature g(e;,e;) = €. Nonzero covariant derivatives of g calculated by the
Kozsul’s formula are:

1 1 1 1
Ve e2 = 5e3, Ve e3 =—388e+ 565, V,es=—3€¢&se3,
\v4 —_1 \v4 -1 \v4 -1
€l = —35€3, €3 = 5€183¢€], e,€4 = 565,

1 1 1 1

Ve,e5 = —5€485e4, Vo1 = —568e— 55, Ve = 5€8eq,
1 1 1

Vees = 5€18e1, Ve =—5es, Vo5 = 5885e,

1 1
Veser = —5€385e3, Veser = —5€4E5¢ey,

1 1
Ve5€3 = 5818561, Ve5€4 = 5828582.
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* There exists no nearly-para-cosymplectic structure.
Assume that (¢,&,n,g) is a nearly para-cosymplectic structure. Then we have V., ¢ (e;) + Ve, ¢ (e;) = 0.
Let

O(e1) = aje) +azey +aze3 +ageq +ases,
¢ (e2) = biey +bres + bzez + bseq + bses,
@(e3) = crer +crer +c3e3 + caeq + cses,
¢ (es) = diey +drer + dzes +dyes +dses,

)=
O(es) = fie1 + frex + fre3 + faeq + fses.
a

Since 0 = ®(e;,e;) = g(@(e;),e;), wehavea =by =c3=ds = f5=0
From the equation
0 = (Vez (p)(ez) = blvezel +b3Ve263 +b4V62€4 +b5v,3265
= bi(—%e3) +b3(3€1€3)e1 +ba(Ses) +bs(—1eses)es

we have, b; = b3 = by = b5 = 0. The equation 0 = (V,, ¢)(es) gives fi = fo = f3 = f4 = 0. Since (V,P)(x,y) =0, we

have | |
0= (Ve,®)(e1,e2) = —P(e1, Ve, 02) = —58(0(en), e3) = 8(9(e3), e1),

and thus a3 = ¢; = 0. In addition,

0 = (V. ®)(e1,e3) =—P(e1,V,e3)
—g(d(e1), —s&r632 + Se5)
38(9(e1),E28362) + 58(9(e5),e1)
= j86e8(9(e1),e)

implies a; = b; = 0. Since ¢(es) =0, we have g(d(e;),e5) = —g(d(es),e;) =0 and as aresult as = bs = c5 =ds =
Since
0 = (V (I))(627€5) = 7¢(623V(3265)

= %84858(¢( 2),€4),
we get by = dp = 0. Since

0 = (Vg ®)(e3,e1) = —P(Veer,e3) = P(e3,Veyen)
= —3888(9(e3),0),

we have ¢y = b3 = 0. Now,

0=(Ve,0)(e2) + (Ve,0)(e1) = asVe ed = %“es —0

gives as = 0. Since ¢(e;) =0, we obtain 0 = g(¢(e1),eq) = —g(¢(es),e1), that is d; = 0. From

0= (Ve 9)(es)+ (Vesd)(e1) = &385cad(e3) = 0,

we get ¢4 = 0 and this implies also d3 = 0. To sum up ¢(¢;) =0 foralli=1,---,5.
By similar calculations, there are no nearly-para-cosymplectic structures on the remaining Lie algebras g;.
e There is no a-para-Sasakian structure.
Let (¢,£,1n,g) be such a structure. We have & = &ses, since the characteristic vector field is Killing. Since g(&,&) =
Eles=1,e5=1. V& = ag(x),

1
Veles = _ESBSSQI

) = o{g(x,¥)€ —n(y)x} for basis elements.
e19)(e1) = ag(er,er)es implies

1
9ler) =
Now we check the defining relation (V,¢)

(v
Let x =y = e;. In this case, the equation (V,

1 1
—&Esep —{—E38& + UE =0
1g 255€2 {4oc 3€5 + 0LEy fes
this is not possible since e, and es are linearly independent.
* This algebra does not have a -para-Kenmotsu structure.
From the equation g(V.&,y) = g(V,&,x) in a B-para-Kenmotsu structure, & is obtained in the form & = §je; + &ren +
E3e3 + Eqeq. Also for x = e3 in the equation

V& = B9’ (x) = Blx—n(x)E},
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we get

{%8183 +Beséi&ster — {%8283 +Bes&rbster + Be3Es — 1)es + Pesbabaes — %65 =0.

Linear independence of basis element yields & =0, & =0, & = 1 and & = 0. Thus & = £3e3. However, in this case,

Vot = Zeicser £ Bler— n(e)E) = en

* There are paracontact structures. Consider a paracontact structure (¢,£, 1, g) with the fundamental 2-form ®. Since
® = dn, the equation

8(9(ei),ej) = 8(Ve,Srej) —8(Ve, 8 ei)
holds for all basis elements. Let & = Y &;e;. Then,

g(¢(€1),€2) :g(Velé,ez) 7g(vezéael) = 783&37

8(9(e1),e3) =8(Ve 8, e3) —8(Vey 8, e1) = —&58s,
8(9(e1),ea) = g(Ve 8 e4) —g(Ve,§,01) =0,
g(9(e1),es) =0,
8(9(e2),e3) =0,
8(9(e2),e4) = 8(Ver 8, e4) — 8(Ve, 8, 02) = —858s,

g(9(e2),e5) = g(P(e3),e4) = g(P(e3),e5) = g(P(ea),e5) = 0.
Thus,
d(e1) = —E38283e2 — Es€385e3,

¢ (e2) = Eze183e1 — Esesesey,
¢ (e3) = Ese18sen,
O (es) = Es&r85e2,
d(es) =0.
Now the equation ¢?(e3) = e3 — 1(e3)€ and linear independence of basis elements imply

§1& =0, && =0, &&=0.

There are structures satisfying these properties. For example, the structure (¢,&,1,g), such that & = es, ¢(e) = e3,
d(e2) = ea, P(e3) = e1, @(es) = ey and the metric has signature +,+, —, —, 4 is paracontact.

The algebra g3: The nonzero brackets and nonzero covariant derivatives are as follows:

[61362] = e3, [61763} = €4, [61764] = es, [62763] =és5

1 1 1 1 1
Velez = 563, Vele3 =788 + 564, Vele4 = —5;8&&e3 + 565,
Vees=—% Ve,e1=—% Ve,e3=1 !
€165 = —5&4E5¢€4, €1 = —5€3, €3 = 5€183€] + 565,
1 1 1 1 1
Veze5 = 758385837 Ve361 = 75828362 — 564, V6362 = 5618361 — 365
1 1 1 1
V63e4 = 2818461, Ve365 = 58285627 Ve461 = —5838463 — 365
1 1 1
Ve463 = 5818461, Ve4€5 = 58] &eq, Vgsel = —5848564,

1 1 1
Veser = —5€385e3, Vese3 = 3685ez, Veseqs = 5€185€].
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* There is no a-para-Sasakian structure.
The characteristic vector field of an o-para-Sasakian is Killing. Thus if (¢,&,7,g) is an a-para-Sasakian structure,
& = es. Then

1 1
¢(81) = avel% = —£848564

and the equation
(Ve,0)(e1) = a{gler,er)es —m(er)er }
result in the contradiction

1 1
—&365e3 —{ — €465 — OLE =0.
4a3563 {40545 1}es

There is no B-para-Kenmotsu structure.

Since & satisfies g(V,&,y) = g(V,&,x), checking this condition for basis elements, we get that & is of the form
& =¢&je) +&en. For x = ey, the equation V& = B{x—n(x)E} implies (1 — B E)er — Ber€iérer — %e3 = 0. From
linear independence, we have & = 0 and so & = &e1. Now for x = e, we get Bep + %eg = 0, a contradiction.

There are paracontact structures.

By using the defining equation of an ¢-paracontact structure

q)(ei’ej) = g(¢(ei)aej) = ad’? = a{g(veiévej) _g(vejévei)}v

we write
¢(e1) = —a{&3er63¢2 + Eaesese3 + Esesesent,

¢ (e2) = a{S3€1€3e1 — Esesesest,
0(e3) = a{bse1€4e; +EsEr85e2},
¢ (es) = adser&sen,
¢(es) =0.

In addition, the relation 0 = g(¢(es),d(e;)) = —g(es,ei) +N(es)n(e;) gives E1&s = Ex8s = E385 = E4E5 = 0. We
can find structures with these properties. For instance, (¢,&,1,g), where & = es, ¢(ej)es, ¢(e2) = e3, ¢(e3) = e2,
o (eq) =e1, ¢(es) =0 and g has the signature +,+,—, —,+ is a paracontact structure.

The algebra g4: The nonzero brackets and nonzero covariant derivatives are:

le1,e2] = e3, [e1,e3] =es, ler1,es] =es5

1 1 1 1 1

Ve e = 5e3, Vee3 = —588er+ 54, Ve eq4=—588e3+ 5¢5,
1 1 1

Ve es = —5€4€se4, Ve,e1 = —5es, Ve,e3 = 5€ &3¢,
1 1 1 1

Vee1 = —388e— 5es, Veer = 38 8eq, Veseq = 5€1€4eq,

Vel =—1e —1 Vee3=1 V,es=1

es€1 = —58&384€3 — 5¢€5 es€3 = 5€184€1, e,€5 = 5€185¢7,

1 1

Ve5€1 = —5848564, V8564 = 5818561‘

* This algebra does not admit an ¢-para-Sasakian structure.
Let (¢,&,m,g) be an a-para-Sasakian structure. Since & is Killing, we have & = e5 in g4. From the equation
Ve,& = ag(er), we get ¢(e2) = 0. On the other hand,

0=2g(¢(e2),9(e2)) # —gle2,e2) +M(e2)N(e2) = —&.

* There exists no -para-Kenmotsu structure.
From the equation g(V,&,y) = g(V,&,x), the Reeb vector field is obtained in the form & = Eje; + &ren + Egeq + Eses.
Since V,,& = B¢>(e3), we have

1 1
S8 (36 +€464)er — 582835162 —Bes— %64 =0.

Since basis elements are linearly independent, there is no nonzero number 3 satisfying this equation.
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 There is no paracontact structure. Since
D(ej e;) = g(d(ei),ej) =dn(ei,e;) = g(Ve, 8 ej) — g(Ve, s ei)
for a paracontact structure, we obtain ¢ (e4) = %581 gse; and ¢ (es) = 0. On the other hand, ¢?(es) = es — 1 (es5)E gives
&18seser + Eabseser + Exdseses + Eadseses) + (E3es — 1)es = 0.
From linear independence of basis elements, we have
£185 =285 = &8s =885 =0, &fes=1.
Since &2 # 0, we get & = & = & = & and & = &ses. Then, 0 = ¢?(e4) # €4 — 1 (e4)& = eu.

The algebra gs:
le1,e2] = es, [er,e3] =es

1 1 1
Vel €y = 5é4, Vel €3 = 5es, Ve] €4 = — 588,
1 1 1
Ve es = —3€&8se3, Ve = —sey, Ve,e4 = 5€184ey,
\vj —_1 \vJ 1 \v4 —_1
;€1 = —356€s, e365 = 5 €185¢€, e,€1 = —3 8284,
1 1 1
Veer = 5€184e1, Ve =—588e3 , Viez =€ Esel.

» There exists no a-para-Sasakian structure.
Let (¢,£,7n,g) be an o-para-Sasakian structure. Since & is Killing, £ = &se4 + Eses. From the equation V& = o (x),
we get @(eq) = @ (es) = 0. In addition,
8(9(ea), 0 (ea)) = —g(ea,ea) +1M(ea) 1 (e4)

implies 0 = —&; + &7. Thus, &4 = 1 and £ = 1. Similarly, &2 = 1 and &5 = 1. However, in this case, g(§,§) =
Ejes+E2e=2+#1.

¢ There is no f3-para-Kenmotsu structure.
The Reeb vector field & satisfies g(V,&,y) = g(V,&,x). Checking for basis elements, & is obtained in the form
& =¢&jeg +Erer + E3es. We also know that V& = B¢?(x) = B{x—n(x)E}. For x = e4, we have

%81 &qe1 — %828462 — ﬁ’e4 =0.

Since basis elements are linearly independent, there is no nonzero number 3 satisfying this equation.
* There is no paracontact structure. Since

D(ei,ej) = g(P(ei),ej) = dnlei,ej) = 8(Ve, & ej) —8(Ve, 6 ei)
for a paracontact structure, we obtain ¢(e4) = 0 and ¢ (es) = 0. On the other hand, ¢?(es) = e4 — 1 (e4)& gives
Ei&aeser + Exbueser + Elaeses + (Efes — 1)es) + EsEaeges = 0.
From linear independence of basis elements, we have
§160=681 =88 =68=0, &e=1.
Since 2 # 0, we get & = & = & = &s and & = Eyey. In this case, 0 = ¢ (es) # es — 1(es)E = es.

The algebra gg:
le1,e2] =e3, [e1,e3] =es, [er,e3] =es5

1 1 1 1
Ve e = 5e3, Ve e3 = —5883er+ 54, Vi eq4=—588e3,
1 1 1 1
Ve,e1 = —3es, Ve,e3 = 5€18e1 +5e5,  Vee5 = —58&se3,
Voo — 1 . Vol 1 V.oes— L
€1 = —7 82832 — 54, e3€2 = 7€183¢] — j¢5, e3€4 = 7E1&e,
1 1 1
Vees = 582852 Vee1 = —58384e3, Ve,e3 = 5€184ey,

1 1
Ve5€2 = —3&&se3, Vesej, = 3685
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» There exists no a-para-Sasakian structure.

Since & is Killing, we have & = &4e4 + Eses. From the equation V& = a¢(x) implies ¢ (es) = ¢(es5) = 0. In addition,
g(9(es),9(es)) = —glea,ea) +n(ea)n (eq) yields & = 1 and £ = 1. Similarly we have &5 = 1 and £2 = 1, which
contradicts with g(§,&) = 1.

There is no B-para-Kenmotsu structure.

The characteristic vector field of a B-para-Kenmotsu structure satisfies g(V.&,y) = g(V,&,x). Then & should be of the
form & = &jey + &ep. Now since V,, & = B> (es) = B{es — 1(es)E}, we have

&
2

L]

£3€4€3 + ﬁ64 =0,

and there is no nonzero 3 with this property.
There is no paracontact structure.
Since

cI)(eivej) = g(¢(ei)7ej) = dn(ei7ej) = g(vei§7ej> 7g(v£’j§7ei)

for a paracontact structure, we obtain ¢(e4) = 0 and ¢ (es) = 0. On the other hand, ¢?(es) = e4 — 1(e4)& gives

Ei&aeser + Exbueser + Exlaeses + (Efes — 1)es) + EsEatges = 0.

From linear independence of basis elements, we have
E&=68=866=E686=0, Ef=g=1.
Since &7 # 0, we get & = & = & = &5 and & = Eyeq. In this case, 0 = @2 (es) # es — N (es)E = es.

After all, we state followings.

Theorem 3.1. An almost paracontact metric structure on a five dimensional nilpotent Lie algebra g is para-cosymplectic if
and only if g is abelian.

Thus we may state

Corollary 3.2. There is no para-cosymplectic left invariant almost paracontact metric structure on a five dimensional
connected Lie group whose corresponding Lie algebra is nilpotent.

In addition we deduce followings.
Theorem 3.3. There is no left-invariant nearly para-cosymplectic structure on a five dimensional nilpotent Lie group.
Theorem 3.4. A 5-dimensional nilpotent Lie algebra has an a-para-Sasakian structure if it is isomorphic to g;.

Corollary 3.5. A five dimensional nilpotent Lie group has a left-invariant &-para-Sasakian structure if its Lie algebra is
isomorphic to g,.

Theorem 3.6. There exists no B-para-Kenmotsu structure on a five dimensional nilpotent Lie algebra.
Corollary 3.7. There is no left-invariant B-para-Kenmotsu structure on a five dimensional nilpotent Lie group.
Theorem 3.8. A 5-dimensional nilpotent Lie algebra has a paracontact structure if it is isomorphic to g, g2 or g3.

Corollary 3.9. A 5-dimensional nilpotent Lie group has a left invariant paracontact structure if its Lie algebra is isomorphic
to g1, g2 or g3.
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