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Abstract — The purpose of the present paper is to consider and study a certain identities for some
generalized curvature tensors in B-recurrent Finsler space F,, in which Cartan’s second curvature tensor
P}-ikh satisfies the generalized of recurrence condition with respect to Berwald’s connection parameters
Gy Which given by the condition By, Pfip, = Ay Plen + tm( 8k gjk — Sk gjn), Where B, is covariant
derivative of first order (Berwald’s covariant differential operator ) with respect to x™, it’s called a
generalized BP-recurrent space. We shall denote it briefly by GBP-RF,,. We have obtained Berwald’s
covariant derivative of first order for the h(v)-torsion tensor P, , the deviation tensor P and the
covariant derivative of the tensor Hy, , (in the sense of Berwald), also we find some theorems of the
R-Ricci tensor Rj, and the curvature vector R;in our space. We obtained the necessary and sufficient
condition for Berwald’s covariant derivative of Weyl’s projective curvature tensor Wjém and its torsion
tensor Wy, in our space. Also, we have proved that in GBP-RE,, Cartan’s second curvature tensor
P/ir, and the v(hv)-torsion tensor Py, for n = 4.

Keywords — Finsler space, Cartan’s second curvature tensor P]‘kh, Generalized BP-recurrent space, Weyl's projective curvature

tensor Wﬁ(h , Cartan’s fourth curvature tensor R}kh

1. Introduction

The generalized recurrent space characterized by different curvature tensors and used the sense of Berwald
studied by Pandey et al. [1], and Ahsan and Ali [2], studied the properties of W-curvature tensor and its
applications. The concept of the recurrent for different curvature tensors have been discussed by Qasem [3]
and Matsumoto [4], they studied the generalized birecurrent of first and second kind, also studied the special
birecurrent of first and second kind and Wj‘}(h generalized birecurrent Finsler space studied by Qasem and
Saleem [5]. The generalized birecurrent space was studied by Hadi [6], Qasem and Abdallah [7], Qasem and
Saleem [8], Abdallah [9], Qasem and Abdallah [10-12], Qasem and Baleedi [13,14]. The generalized
birecurrent Finsler space studied by Qasem [15]. F.Y.A. Qasem et al. [16] studied of GR™TRI affinely.
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Consider an n-dimensional Finsler space, Fig. 1., equipped with the metric function F satisfies the
requisite conditions [16]. Let consider the components of the corresponding metric tensor g;;, Cartan’s
connection parameters Fj";f and Berwald’s connection parameters Gj"k*1 .

These are symmetric in their lower indices.

Fig.1. The figure for Finsler Space as a Locally Minkowskian Space
The vectors y; and y' satisfy the following relations [16]
a) y; = gij ¥y’ andb) y; y' = F?#(1.1)
The two sets of quantities g;; and its associate tensor gY are related by [16]

. 1, if i=k
9y 9" = 6f = { 0o, if i=k"1?
The tensor C;j, defined by
1 . 1 . . .
Cijk = E ai g]k = Z ai 6] ak FZ#(13)
is known as (h) hv - torsion tensor [16].

The (v) hv-torsion tensor €/} and its associate (h) hv-torsion tensor Ciji are related by

a) Chy! = Cijyl =0, b) y; C =0, ¢) Cijky! =0 (
o , . 1.4)
d) grj Cix = Cijic » e) i 9F = C', f) Cijk 97 = C;
Berwald’s covariant derivative B, T of an arbitrary tensor filed T} with respect to x* is given by
B T} = 0 T} — (0r T} ) G + T} Gly — T} Gy (1.5)
Berwald’s covariant derivative of the metric function, the vector y* and the unit vector [* vanish identically
[16], i.e.
a) B,y ' =0,b)B, F=0 andc)B,y; =0 (1.6)
But Berwald’s covariant derivative of the metric tensor g;; doesn’t vanish, i.e. By g;; # 0 and given by
Bigij = —2 Cijin Y" = =2 y" By, Cijie 1.7)

Berwald’s covariant differential operator with respect to x® commutes with partial differential operator with
respect to y* , according to [16]

(O0kBr—Bro) T} =T/ Ginr — T Giay,j (1.8)
where Tji is any arbitrary tensor field.

*; Theindices i,j,k, ... assume positive integral values from 1 to n.
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The hv-curvature tensor Pj,,; and the v(hv)-torsion tensor P, satisfy [16]
8) Plen ¥7 = Pin, b) gir Plien, = Pijin
€) 9rp Pin = Pipn, ) Pji; = Py, (1.9)
e) Plii =P, ) Py y* =Pl y" =0

also the hv-curvature tensor P}, is defined by

a) Pin = Tiin + Cfr Py — C]lh,k (1.10)

or equivalent by
b) Phn =0nTj +CLCl. y$—C!

jr “khis jhik
or
C) ]kh khlj C]khlr glr + rh ]?;l rlk
where
a) Tin ¥/ = Pip, b) T ¥ = 0 and ) ¥i Tijn = = Pujn (1.11)

The projective curvature tensor jl}ch is known as ( Wely’s projective curvature tensor ), the projective

torsion tensor Wj‘}( is known as ( Wely’s torsion tensor ) and the projective deviation tensor Wji is known as
(Wely’s deviation tensor ) are defined by

W i ) o g . 9
]kh ]kh +mH[hk]+n+1 Hkh nz _1(nH1h+Hh]+y thT')_ ﬁ(nH]k‘l‘Hk]‘l‘y ijT) (112)
. yi (Si
e = ]k + 1H[]k] +2{ e (n Hi) =y Hyr) (1.13)
and
Wi—Hi—HSi—;(a'HT—a'-H) : (1.14)
i =4 S T ot T o)y '

respectively.
The tensors th, j‘}{ and W are satisfying the following identities [16]
a) Wi, ¥/ = Wi, and b) Wy, y/ = Wy (1.15)
The projective curvature tensor ]kh is skew-symmetric in its indices k and h.
Cartan’s third curvature tensor Rjkh , Fig.2., and the R-Ricci tensor Rj; in sense of Cartan, respectively,

given by [16]
a)R kh =Thix + (T )Gh + G (Gkh Gyt Gh) + T D™ — k/h
b) Rjxn yl = Hkhi C) jk yl =
d) Ry y* ,8) R jkl =

(1.16)
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Fig.2. The figure for Covariant Derivative for Cartan’s Torsion in Geometrical

Berwald curvature tensor H}kh and h(v)-torsion tensor H}, form the components of tensors are defined as
follow [16]

a) Hjyp, = 0; Gip + Giop G + Gl Gl — - (1.17)
and
b) Hip, := 0n G + Gk Cfy — h/k
They are also related by [16]
a) Hyp v/ = Hip, b) Hiy, = 0; Hip and ©) H}y, = 0; Hj, (1.18)

These tensors were constructed initially by means of the tensor H: , called the deviation tensor, given by
Q) H =20, G'—8,G. y" + 2 G}; G — G¢ G}, (1.19)
where
b) ék Gii1 = Glih
In view of Euler’s theorem on homogeneous functions and by contracting the indices i and h in (1.18) and
(1.19), we have the following:
a) Hjyy/ = Hi ,b) gip H}, = Hjpy and©) H;y' = (n — DH (1.20)

2. A Generalized BR-Recurrent Space

Cartan's second curvature tensor Pj"kh satisfies the condition
B, jikh =M PjikhJ Pjikh #0 (2.1)

is called a recurrent Finsler space, where A,, is non-zero covariant vectors field.
A Finsler space F,, whose the curvature tensor Pjikh satisfies the condition

BnPikn = Am Pjikh + um( 8% gjie — Ok jn), Pjikh #0 (2.2)

where B, is covariant derivative of first order ( Berwald’s covariant differential operator ) with respect to
x™, the quantities 4,, and u,, are non-null covariant vectors field. It is called such space as a generalized
BP-recurrent space, he denoted it briefly by GBP-RF, .

Definition 2.1. A Finsler space F,, whose Cartan’s second curvature tensor Pjikh satisfies the condition (2.2),
where A,, and u,, are non-null covariant vectors field, it's called a generalized BP-recurrent space. We

shall denote it briefly by GBP-RE, .
Transvecting the condition (2.2) by y/, using (1.6a), (1.9a), (1.1a) and (1.4c), we get

B Pin = Am Pien. + tm (8% Y — 8 ) (2.3)
Contracting the indices i and h in (2.2) and (2.3), using (1.9d), (1.9¢) and in view of (1.2), we get
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B ij =Am ij + tm(n—1) Ijk (2.4)
B Pk = A P + piy(n — 1) yy, (2.5)

Therefore, using the above assumptions and mathematical analysis results the following theorem have been
derived.

Theorem 2.1. In GBP-RF,, , v(hv)-torsion tensor P, , P-Ricci tensor Pji and the curvature vector Py ( for
Cartan’s second curvature tensor Pjikh ) are given by (2.3),(2.4) and (2.5), respectively.

Trausvecting (2.2) and (2.3) by g;,-, using (1.9b), (1.9¢), (1.7) and in view of (1.2), we get
BmPikrn = Am Pikrn + Um (grn 9jx — 9rk 9jn ) —2y" By, Cirm Pjikh (2.6)

BmPkrh = Am Pkrh + ﬂm(ghr Yk — Gkr Yh) -2 yn Bn Cirm Plih (2-7)
Therefore, we have
Theorem 2.2. In GBP-RF,, , the associate curvature tensor P;j, of the (hv)-curvature tensor P} ikn @nd the

associate tensor Pj, of v(hv)-torsion tensor P}, (for Cartan’s second curvature tensor jikh ) is given by the
equations (2.6) and (2.7), respectively.

Taking covariant derivative (Berwald’s covariant differential operator) of the equation (1.10a) with respect
to x™ and using condition (2.2), yields
Am jikh + Mm( 5fil Ijx — 51i gjh) = Bm ( Ff;clh + Cjir Pep — Cfmk)

By using the equation (1.10a), the above equation can be written as

B ( jkn T Cl Pgp — C]lh.k) Ain ( jkn T Cl Pgp — th”{) + tm (8% 9ji — 6k 9jn) (2.8)
Equation (2.8) shows that the tensor (F]”}c‘h + Cjir Piy — C]lhlk) can’t vanish, because the vanishing of it
would implies the vanishing of the covariant vector field u,, ,i.e. u,, = 0, a contradiction.
Thus, it is concluded the following.

Theorem 2.3. In GBP-RF,, the tensor (1},‘;",1 + Cjir Pin — CJ‘hIk) is non-vanishing and this tensor is
generalized recurrent.

Transvecting equation (2.8) by y/, using equations (1.6a), (1.9f), (1.1a) and (1.4c), we get the same equation
(2.3).

Further, transvecting (2.8) by y; , using equations (1.6c), (1.99), (1.1a) and (1.4c), we get the same equation
(2.6).

Now, transvecting equation (2.8) by y*, using equations (1.6a), (1.11b), (1.9f), (1.1a), (1.4c) and in view of
(1.2), we get

Bm (Chlky ) Am (kay )+Mm(6fil3’j_gjhyi) (2.9)
Transvecting (2.9) by g;,-, using (1.4d), (1.1a), (1.7) and in view of (1.2), we get

B (Cirmpe ) = A (Cjrne ¥) + ttm (G ¥ = Gjn 9r) = 29" BuCirm ( CLyye¥*)  (210)
Therefore, it is concluded the following.
Theorem 2.4. In GBP-RF,, , we have the identities (2.9) and (2.10).
Trausvecting (2.9) and (2.10) by g’*, using (1.4e), (1.4f), (1.1a) and in view of (1.2), we get

m (Chy%) = 2 (€L y*) #(2.11)

B (Crie %) = A (Cpi 7*) = 257 BuCipm ( € 7*) where B g =0 (212)
Therefore, we have
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Theorem 2.5. In GBP-RF,, , the tensor (Clik yk) is recurrent and the tensor (Crlk yk) is given by the
equation (2.11).

3. The Certain Identities for Curvature Tensor Pj,

In this section we shall obtain certain identities for some tensors to be generalized recurrent in our space of
GBR-TRE, .

For a Riemannian space V,, the projective curvature tensor P}kh (Cartan’s second curvature tensor) and the
divergence of W-tensor in terms of the divergence of projective curvature tensor can be expressed as [9]

. . 1 . .
ikh = Pien + 3 (66 Rin —RLgjx ) 3.1

Taking covariant derivative of first order (Berwald’s covariant differential operator) of (3.1) with respect to
x™, we get

. , 1 . .
BmWikn = BmPjin + 3 B ( 6k Rin — RL 9 ) (3.2)
Using the condition (2.2) in (3.2), we get
i i i i 1 i i
BuWiiin = Am Plin + (84 9jic — 6k 9jn) + 3 B ( 6k Rin — R 9ji )

In view of equation (3.1) and by using (1.7), the above equation can be written as

; . ) . 1 , ,
BuWjkn = AqWiin + b ( 8k 9jic — Sk 9jn ) — 3 Am( 8k Rin — Ri gjx )

(3.3)
1 1 i 2 i on
+ 3 6kBijh 3 (ﬂmRh )gjk +§ Ry y" By Cikm
This, shows that
B jl}ch = /1ijl}<h + um( 8E gjx — Sk 9jn)
if and only if
8k BmRin — Am( 6L Rin — R gjx ) — (BmR}E, ) 9jic + 2R}, ¥y By Cigm =0 (3.4)

Therefore, using the above assumptions and mathematical analysis results the following theorem have been
derived.

Theorem 3.1. In GBP-RF, (for n = 4), Berwald’s covariant derivative of the first order for Weyl’s
projective curvature tensor jl}{h is generalized recurrent if and only if (3.4) holds.

Transvecting (3.3) by y/ , using (1.6a), (1.15a), (1.1a), (1.16c) and (1.4c), yields
By = A Wi + 1t (5h e = 5% 1) = 5 Am(65Hh — RiH) + 5 6Bty — 3 (BuRl) v (35)
This, shows that

BuWin = AnWien + tim( 8k i = 8k Yn) (3.6)

if and only if
8t B Hy — A (8 Hy — Ry Hy ) — (BmRE ) yie = 0 (3.7)

Therefore, it is concluded the following theorem

Theorem 3.2. In GBP-RF, (for n = 4), Berwald’s covariant derivative of the first order for Weyl’s
projective torsion tensor Wy, is given by the equation (3.6) if and only if (3.7) holds.
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Transvecting (3.5) by y* , using (1.6a), (1.15b), (1.1b), (1.2) and (1.20c), we get
, , , ; 1 ; ; 1 . 1 ,
BuWy = AnWn + (6 F? = yny" ) =3 Am(Hn ¥ = (R = 1) R H) + 3 ¥ B Hy =5 (BB ) F2
This, shows that
BmW};':AmWif+ﬂm(6il'z Fz_yhyi) (3-8)

if and only if
Y B Hp— An(Hyy' = (m—1)RLH) — (BnRL )F2 =0 (3.9)

Thus, the following is derived.
Theorem 3.3. In GBP-RF, (for n = 4), Berwald’s covariant derivative of the first order for Weyl’s
projective deviation tensor W} is given by the equation (3.8) if and only if (3.9) holds.
Also, the projective curvature tensor Pjikh (for a Riemannian space V, ) is defined by [9]
. . 1, . .
Pixn = Rjxn — 3 (84 Rix — 6k Rjn) (3.10)

Taking covariant derivative of third order (Berwald’s covariant differential operator) of (3.10) with respect to
x™, we get

BinPjin = Bm Rijn — %( 8% BmRjx — 6 B Rin ) (3.11)
Using the condition (2.2) in (3.11), we get
B Rixn = Am Pen + (O g — 61 gjn) + %(5}3 BRjk — 6 By Rjr, )
By using (3.10), the above equation can be written as
. . . ; 1, . . 1 . .
BnRhen = AmRn + tm (819 k — 6kgjn) + 5(5;leRjk — 8 BmRin) — §/1m(5;lek — 8 Rin) (3.12)
This, shows that

B, jikh = AmR;‘kh + tim (85 Gjic = Ok Gjn)
if and only if
(8: BmRjx — 6} Bm Rin ) — Am( 8L Rj — 6L Rjp) = 0 (3.13)
Thus, it is concluded the following theorem
Theorem 3.4. In GBP-RF,, (for n = 4), Berwald’s covariant derivative of the first order for Cartan’s third
curvature tensor R}kh is generalized recurrent if and only if (3.13) holds.
Transvecting (3.12) by y/, using (1.6a), (1.16b), (1.1a) and (1.16c), yields

. ) . . 1, . . 1 . .
By Hip, = AmHin, + Mm(6;l Yk — Ok J’h) + 3 (5;1 BmYk — 6k Bm Yh) ~3 Am((S;l Yk — Ok }’h)

This, shows that

B Hin, = AmHin, + tim (8% Yic = 8% ¥n) (3.14)
if and only if
(84 BmYk = 6k B Yn ) — Am( 8h vk — Sk yn ) =0 (3.15)
Further, transvecting (3.13) by y*, using (1.6a), (1.20a), (1.1a), (1.1b) and (1.2), we get
i i i 2 i 1o 2 i 1 i 2 i
By Hy = AmHp, +Ilm(5h Fe=yny ) + §(5thF —Y Bn )’h) 3 lm(ah Fo—ypy ) (3.16)

This, shows that
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Bmeil ZAmHiiz+ﬂm(6iiz F? — 40 yi) (3-17)
if and only if

(8hBmF? =y Bnyn ) = Am( 6L F* = yay') =0 (3.18)
Transvecting (3.13) by g;, , using (1.7), (1.6a), (1.20b) and (1.2), yields

BmHkp.h = /1m Hkp.h + .um(ghp Yk — gkp Yh) —2 Hlich yn Bn Cipm
1 1 (3.19)
+ §(ghmeyk — Gkp B ¥n ) — 3 Am( Gnp Vi — Gkp Y1)
This, shows that
BmHipn = Am Hipn + tm(Gnp Ve — Gp Y1) (3.20)
if and only if
(.ghp Bnyx — Ikp Bm Yn ) - Am( Inhp Yk — Gkp Yn ) —6Hy, y"B, Cipm =0 (3.21)

Therefore, using the above assumptions and mathematical analysis results the following theorem have been
derived.

Theorem 3.5. In GBP-RF,, (for n = 4), Berwald’s covariant derivative of the first order for the h(v)-torsion
tensor Hi, , the deviation tensor H} and the tensor Hyp.pare given by the equations (3.14), (3.17) and
(3.20), respectively, if and only if (3.15) (3.18) and (3.21)holds.

Contracting the indices i and h in (3.12), using (1.16€) and in view of (1.2), we get
B Rjx = AmRjx + (0 — 1) i, gjic + %(n — 1) BpRji —%(n — 1) Ay Rj (3.22)
This, shows that
Bm Rjx = AmRjx + (0 — 1) um g
if and only if
BnRik = Am Rk (3.23)
Therefore, it is concluded the following.

Theorem 3.6. In GBP-RF,, (for n = 4), Berwald’s covariant derivative of the first order for the R-Ricci
tensor Rjj is non- vanishing if and only if R-Ricci tensor Ry is recurrent.

Transvecting (3.22) by y/, using (1.6a), (1.16¢) and (1.1a), yields

1 1
By H = AmH + (0 — 1) pn i + §(n — 1) By Hy —§(n— 1) Am Hy (3.24)
This, shows that
B Hy = AmHi + (0 — 1) ton Y (3.25)
if and only if
BmH, = Hy (3.26)

Further, transvecting (3.22) by y* , using (1.6a), (1.16d) and (1.1a), we get
1 1
This, shows that

if and only if
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Therefore, it is concluded the following.

Theorem 3.7. In GBP-RF,, (for n = 4), Berwald’s covariant derivative of the first order for the curvature
vector H, and the curvature vector R; are non- vanishing if and only if the curvature vector H, and the
curvature vector R; are recurrent.

4. Conclusion

A Finsler space is called generalized BP-recurrent if it satisfies the condition (2.2).

In GBP-RF,, Berwald’s covariant derivative of the first order for v(hv)-torsion tensor P}, P-Ricci tensor
P and the curvature vector Py (for Cartan’s second curvature tensor P]-ikh ) are given by (2.3),(2.4) and
(2.5), respectively.

In GBP-RF,, the associate curvature tensor P;j., of the (hv)-curvature tensor Pjikh and the associate

tensor Py, of v(hv)-torsion tensor P, (for Cartan’s second curvature tensor Pj"kh) is given by the equations
(2.6) and (2.7), respectively also we have the identities (2.9) and (2.10).

In GBP-RF,, (for n = 4), the necessary and sufficient condition of Weyl’s projective curvature tensor Wj‘}(h
to be generalized recurrent are given by the equation (3.4).

In GBR-TRF,, (for n = 4), the necessary and sufficient conditions of Berwald’s covariant derivative of the
first order for the torsion tensor W}, , the deviation tensor W}, the h(v)-torsion tensor H}, , the deviation
tensor H: and the tensor Hy, , are given by equations (3.6), (3.8), (3.14), (3.17) and (3.20), respectively.

In GBR-TRF,, (for n = 4), the necessary and sufficient conditions of Cartan’s third curvature tensor R}kh is
generalized recurrent and given by equation (3.11).

Author recommend the need for continuing research and development in generalized BP-recurrent spaces
and interlard it with the properties of special spaces for Finsler space.
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