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Abstract

Let 2NN be a family of all subsets of NxN. Following the definition of ideal convergence in a metric space by Kostyrko et al. in
2000, ideal convergence for double sequences in a metric space was introduced by Das et al. (2008). In this paper, I investigate
I>-convergence and I,-convergence of double sequences in a topological space and establish some basic teorems. Furthermore we
introduce of I-Cauchy and I -Cauchy notions for double sequences in topological groups.
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Oz

28N NxN kiimesinin tiim alt kiimelerinin ailesi olsun. Kostyrko ve arkadaglarinin 2000de bir metrik uzayda ideal yakinsaklig:
tanimlamalarinin ardindan, ¢ift diziler i¢in ideal yakinsaklik Das ve arkadaglar: tarafindan tanimlandi (2008). Bu makalede bir topolojik
uzayda ¢ift dizilerin I,-yakinsakligs ve I -yakinsaklig1 incelenmis ve bazi 6nemli teoremler inga edilmistir. Ayrica topolojik uzaylarda

¢ift diziler i¢in I,-Cauchy ve I -Cauchy kavramlar1 tanimlanmugtur.
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1. Introduction

By an ideal on a set X we mean a nonempty family of
subsets of X closed under taking finite unions and subsets
of its elements. In other words, a non-empty set 7 C 2" is

called an ideal on N if;

i BeI whenever BC A for some A €. (closed unders
subsets)

ii AUB € I whenever A,B € I . (closed under unions)

It N& 1 then we say that this ideal is a proper ideal.
Similarly an ideal is proper and also contains all finite
subsets then we say that this ideal is admissible. Filter is a
dual notion of ideal and generally we will use ideals in our
proofs but if the notion is more familiar for filters, we will
use the notion of filter.
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Similarly, a non-empty set F' C 2" is called a filter on N if;

i B€F whenever B2 A for some A € F . (closed unders
supersets)

ii ANBeF whenever under

intersections)

ABeF. (closed

Proposition 1.1. If [ is a non-trivial ideal in NV, then the
family of sets F'= F()={M=N\WAeIl}

is a filter in IV and it is called the filter associated with the
ideal.

Definition 1.1. Let z=(z;) be a real sequence. This
sequence is said to be I- convergent to L € R if for each
€ >0 the set

A.={keN:|z,—L|>¢e}

belongs to I In this definition the number L is I-limit of
the x.

I-convergence ordinary convergence and

statistical convergence. This means that if we choose two

generalizes
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special ideals, we have ordinary convergence and statistical
convergence such that;

Example 1.1. [ is an admissible ideal and I-convergence
coincides with the usual convergence.

In recent years, important concepts such as statistical
I-convergence, convergence etc. began to be defined for
double sequences like:

(i) Mursaleen and Edely (2003) studied statistical
convergence for double sequences.

(i) Tripathy (2005) has a paper which introduced

I-convergent double sequences.

(iii) Kumar (2007) defined the notions I- and I'- convergence
of double sequence and studied some properties of these
notions.

(iV) In a metric space, Das et all. (2008) introduced the

concepts of I- and I-convergence of double sequence.

(V) Diindar and Altay (2011 and 2014) have two papers
about I,-convergence of double sequences and I,-Cauchy
sequences.

In 2005, Lahiri and his friends introduced I-convergence
in topological groups and also Savas (2014) gave new
definitions in topological groups by using ideal. Gezer
and Karakus (2005) investigated I-pointwise and uniform
convergence and I'-pointwise and uniform convergence of
function sequences and then they examined the relation
between them.

Now lets remind the convergence of a double sequence.
Convergence of a double sequence means the convergence in
Pringsheim’s sense. Let z = (zx) be a double sequence and
L be a number of real sequences. z = (zn) hasa Pringsheim
limit provided that given an & > 0, there exists an n € N
such that |2, — L| < & whenever k,l > n and we denote by
P-lim x=L. Generally we say that = = (zn) is P-convergent
fort his situation.

Before giving Mursaleen and Edely’s definition about
statistical convergence for double sequences, lets recall two-
deimensional analogue of natural density can be defined as
follows:

K(m,n) is the number of (; ) in KCNXIQI sucil that
. . (m,m

i<m and j=n. In case the sequence —, ~— has
a limit in Pringsheim’s sense then K has double natural

density and is defined by

. K(m,
P Jim 5 = 5,00
392

Example 1.2. Let K ={(i*j"):4,j € N }.Then

K
5,(K) = Jim K)oy S,

i.e. the set x has double natural density zero.
Definition 1.2 : (Mursaleen and Edely, 2003) Let z = (z,,)

be a real double sequence. This sequence is statistically
convergent to the number L if for each &€ > 0 the set

{kDk<ml<n|z,—L|>e}
has double natural density zero.

Now we will talk about I-convergence for double sequences
according to Kumar’s paper.

Throughout the paper X =N XN and I will denote the
ideal of subsets of N X N .'The following proposition gives
us the relation between an ideal and a fitler for double
sequences.

Proposition 1.2. Let 1 C 2" be a non-trivial ideal. Then
F()={(NxN)\A:Ae} isafilteron NXN.

Definition 1.3. (Kumar, 2007) Let IC 2™" be a non-
trivial ideal and z = (zy) be a double sequence. T = (zx)
is I-convergent to the number L if for each € > 0 the set

Ale)={(k,]))eNXN:|zu—L|>€e} el
Itis denoted by I— limzy, = L.
Example 1.3. Lets take the ideal,

I={EC NXN:Eisthe form(NxA)UAXN} where 4
is a finite subset of V. Then I-convergence is equivalent to
the usual Pringsheim’s convergence.

Throughout the paper we take I, as a nontrivial admissible
ideal in N XN and X be a Hausdorft topological abelian
group written additively. A nontrivial ideal I, on N XN is
called strongly admissible if {7 } X N and N x{i }belongs
to I, for each 7 € N . It is evident that a strongly admissible
ideal is admissible also.

2. Main Results

We will start with the definitions of I,-convergence and I,
-convergence of double sequences in a topological group.

Definition 2.1. Let z=(zx) be a real double sequence.

z=(zu) is said to be I,-convergent to the number L if for
each neighborhood U of 0,

{(k))ENXN:zy—LE U} € L.
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That is,
{(k))ENXN:2y—LeU}eF(L,).
It is denoted by 1, — ]}Hrolcxk, =L.

Definition 2.2. Let z=(z,)be a real double sequence.
z=(zu) is said to be I ,~convergent to the number L
provided that for each neighborhood U of 0, there is a set

M,= {(k,l) eENXN:EkIl= 1,2,...} e F(I,)
(ie., (NXN)\M, € ) such that g{l}xu = L. Itis denoted
by L—limzy=L. ‘

Definition 2.3. A real double sequences x = (x,) is said to be
I,-Cauchy in Xif for each neighborhood U of 0, there exists
q,7 € N such that forall k,m = q and I,n =1,

{k,)ENXN:zy—2,m FU}EL.

Definition 2.4. A real double sequences x = (zw) is said to
be I,-Cauchy in X if for each neighborhood U of 0, there

is set

M, ={(k,l)E NXN:k,1=1,2,..} € F(L)
(i.e., (NXN)\M, € I, such that for every
(k,0),(p,g) €E N XN ,we have

{(k,l),(p,q) ENXNaw—z,€U}eF(L).

Theorem 2.1. Let I, be an arbitrary strongly admissible
ideal and X be a Hausdorft topological abelian group.
Then I,— klgroloxk, = L implies that (x,) is I,-Cauchy double
sequence.

Proof: Let I, be an arbitrary strongly admissible ideal and
U be an arbitrary neighborhood of 0. Choose ¥, W such that
W+WcVcU.Since I,— ;Hroloxm = L, we have

AW)={(kl)ENXN:xy—LEW} e,

for each neighborhood W of 0. Then for any

T — Ton :.Tkl_L'i'L_.Tmn eW+wWcVc U.HCHCC it
follows that {(k,l) € NX N:zy— 2. F U} C A(W)

where (m,n) € X\A(W) is fixed. This shows the existence of
(m,n)€ X forwhich {(k,l))e NXN:zy— 2, FUYEL.

As this holds for each neighbourd U of 0, (x,) is I,-Cauchy
double sequence.

Theorem 2.2. Let I, be an arbitrary strongly admissible
ideal, and X' be a Hausdorff topological abelian group. If (x,)
is I, -Cauchy double sequence then it is 7,-Cauchy double
sequence.
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Proof: Let () is I -Cauchy sequence then by the definition,
there exits a set

M,={(k1)eNXN:k1=1,2,..} € F(L)

(ie., (NX N)\M, € I) such that

{(k,1),(p,q) ENXN:zyy—1,, € U} € F(L),

for every (k,0),(p,q) € Ms,k,l,p,g>r=7r(U) and r€N

. Then, we have

AWU) ={(kl)eNXN:zy—z, EU}
CHUWM,n[({1,2,....(r—1)}xN)

UNx{1,2,..,(r=1) D).

Since

HuM,n[{1,2,...,(r—1) } x N)

UNx{1,2,..(r—1}]) €1,

then we have A(U) € I,. Thus (x,) is I-Cauchy double

sequence.

Theorem 2.3. Take an arbitrary strongly admissible ideal I,.
If = (zu) is I -convergent then it is -Cauchy.

Proof: Let I~ limzy, = L. Then by definition there exists
a set

M, ={(k])ENXNkI=12,.} e F(L)

(ie., (NXN)\M,€1I, such that g}{r}oxMZL for each
(k,1)\M, . Then for each neighbourd U of 0, we have
{(k,))eNXN:zyu—2,m €U}
c{(kl)ENXN:zy—LeEU}

U{(m,n) ENXNzwm—LeU}

Therefore, for each (k,1),(m,n) € M, we have
{(k,1),(m,n) E NXN:xy—2m €U} € F(L,)

Hence (x,) is a I,-Cauchy double sequence.

Definition 2.5. Let [, C 2" be an admissible ideal. I,
satisfies (ﬂPZ) if for every sequence (A,),cy of pairwise
disjoint sets from I, there exist sets B, C N,n € N such

that the symetric difference A,AB, is a finite set for every
nand UB, €.

Theorem 2.4. If the ideal I, has the property (4P,) then I -

convergence for double sequence implies I; -convergence .

Proof: Suppose that I, satisfies property (A4P,). Let
I,— ]}EIOIQLI?M =L .Then

TW) ={(k])ENXN:zy—LE U} €I, 1)
tor each neighborhood Uof 0. Put
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T.(U)={(k,l)) ENXN:zyu—LE U}

and
T.(U) = (k) ENXN:Ur & xy—LEU 1

for 22 2 and k€N . Obviously T'NT;=¢ for i #J
and T:(U) €L, for each i € N . By property (4P,) there
exits a sequence of sets {Vi}iex such that T,AV; is

included in finite union of rows and columbs in N XN
for JEN and V= UV €1,. We shall prove that for
=(NxXN)\V,M, = F(Iz) we have hmxkl =L.

Let ¥y > 0.Choose k € N such that k < 7.Then
{(k)) ENXN:zu—=L&E U, } C ]_L:JlTj.

Since T;AV;,7=1,2,...
rows and columbs, there exists no € N such that

, are included in finite union of

QIT,-m{(k,z) ENXN:k=n, and 1> no}

k ()
- jL:JlV,»ﬁ{(k,l) ENXN:k>n, and 1= no}

If ki>n  and  (RDEV, so  (K)€& ,lej
and from (2), (k)& UT This implies that
{(k,l)E NXN:zy— LEU}EF(IQ), so we have the
proof.

Lemma 2.1. Let {P.}, be a countable collection subsets
of NXN such that {P.}>, € F(I,) is a filter associate
with a strongly admissible ideal 7, with property (4P,). Then
there exists a set P C N XN such that P € F(I,) and the
set P\P, is finite for all i.

Now we will prove that, a I-Cauchy double sequence
coincides with a I, -Cauchy double sequence for strongly
admissible ideals with property (AP,).

Theorem 2.5. Let I, be strongly admissible ideal and it
satisfies (4P,). Then the concepts I,-Cauchy double sequence
and I, -Cauchy double sequence coincide.

Proof: Even if a double sequence has not the property
(4P),if is I, -Cauchy then it is I -Cauchy by theorem 2.2.
Now it is sufficient to prove that (zw), I -Cauchy double
sequence under assumption that (xq) isa IZ—Cauchy double
sequence. Let (zx)isa Iz—Cauchy double sequence. Then
by definition, there exits ¢, € N such that, for all k,m = ¢
and [,n =7,

{(kl)eENXN:zy—2m EU} EL
for each neighborhood U of 0. Let
Pi={(kl)eNXNzy—z., €U},j=1,2,
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It is clear that P, € F(I,) for j=1,2,... Since I has (AP)
property, then from Lemma 2.1 there exists a set P C N
such that P € F(I,) and P\P; is finite for all j. Now we
will show that

{(k7l)7(p7Q) ENXNzy—x,E U} € F(Iz)

for every (ki),(p,g)€P. Let j€EN such that
(mjn;)e NxN.If (kl),(p,q) €P then P\P; is finite
set, there exists £ = ,éj such that

{(k,)) e NXN:zyy— 20, € U} € F(I,)
and

{(p,q) ENXN:zpy— 20, €U} € F(I,)
for all 2,2 m,n > ,éj. Hence it follows that

{(k,0),(p,g) ENXN:xy—1x,, €U}
C{(kl)ENXN:zy~2,, €U}

U{(p,q) ENXN:z),— 2, €U}

For &,,m,n > k(U). Therefore there exists
(k,1),(p,q) € P € F(I,) such that

{(k,0),(p,q) ENXN:zy—z, €U} e F(I,) and this

proves the theorem.

3. Functions Preserving I -Convergence in

Topological Groups

Definition 3.1. Let X be a Hausdorft topological abelian
group and I, be an arbitrary strongly admissible ideal. For
a sequence (x,) in x, we say that the function f:X —X
preserves I-convergence in x if L—limzy=L then

hmf(.%‘kz) f( )
As is not difficult to the predict we have the following.

Theorem 3.1. If a function f:X — X is continous on X, then
it preserves I -convergence in X. (for an arbitrary strongly
ideal I))

Proof: Let I,— hmxkl =L . If fis continous, then for each
neighborhood U,,,Ua of 0 such that z € B(L,0)=Us.
Then f(z) € B(f(L),7)=U,.But we have

{(kl)e NXN:zy—L e Us}
c{(k,l)e NxN:f(zy)—f(L) € U,}

and
{(k,1) € N X N:f (z:) — f(@a)— f(L) € U, } € F(L.)
{(k,l)e NXN:xu—L e Us} € F(L)

Hence I, — lim f(zu) = f(L) and fpreserves I -convergence.
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