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x x x 1n n n1 2= -+ - .

In [13] Kent and Kosmala studied the periodicity and 
asymptotic periodicity of solutions, as well as the existence 
of unbounded solutions of the difference equation

x x x 1n n n1 3= -+ - .

Before the paper [18] of Stevic and Iricanin, the 
following difference equation x x x 1n n l n k1 = -+ - - , n N0!

, where , , , ( , )gcdk l k l k l 1N 1! = , and the initial values 
, ..., ,x x xl 2 1- - -  are real numbers, had not been investigated for 

general case of k and l. In [18], they studied the behavior 
of solutions of the difference equation of general character, 
by describing the long-term behavior of the solutions of 
the difference equation for all values of parameters k and 
l, where the initial values satisfy the following condition 

, ..., ,min x x xl 2 1- - -" ,.

Some difference equations, especially the periodicity, 
boundedness and some other properties of higher order 
nonlinear difference equations have been investigated by 
many authors, see [1]-[20]. 

Ladas [2] investigated the stability of the equilibrium points 

1. Introduction
In the recent times, nonlinear difference equations have 
a critical role in the fields of physics, economy, ecology 
and computational science and engineering, etc. Many 
researchers have investigated the behavior of the solution 
of higher order nonlinear difference equations for example:

In [10] Kent et al studied the periodicity of solutions, 
boundedness of solutions, and existence of unbounded 
solutions of the nonlinear difference equation

x x x 1n n n1 1= -+ - .

In [12] Kent et al studied the long-term behavior of 
solutions of the difference equation

x x x 1n n n1 1 2= -+ - - .

In [11] Kent et al investigated the periodicity of solutions, 
existence of unbounded solutions and converging to the 
negative equilibrium of the difference equation
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and the long-term behavior of solution of second-order 
difference equation

, , , , ...,x x x n 0 1 2n n n1 1 a= + =+ -   (1)

where the initial conditions x-1 and x0 are real numbers and 
R!a . In this paper, we examine the periodic behaviors 

of solutions and dependence of such behaviors on initial 
conditions of the Eq.(1). 

2. The Equilibria of Eq.(1)
In this section, we investigate that Eq.(1) have exactly two 
equilibria and nontrivial-periodic solutions.

After solving the equation x x 02 a- + =r r , we find that 
Eq.(1) has exactly two equilibria, which x1r  is negative 
number and x2r  is positive number together:

x 2
1 1 4

,1 2

! a
=

-
r .  (2) 

Note that there are three cases for (2): 

Case 1. xr is complex number if 4
12a ,

Case 2. x1r  and x2r  are real numbers if 4
11a  

Case 3. x 2
1=r  is the unique equilibrium if 4

1
a = .

3. The Periodic Solutions of Eq.(1)
Now, we study the existence of periodic or eventually 
periodic solutions of Eq.(1). 

Theorem 1 There are no eventually constant solutions of 
Eq.(1).

Proof. If xn n 1
3

=-" ,  is eventually constant solutions of 
Eq.(1), then x x xN N 1= =+ r  for some N 0$ , where xr  is 
an equilibrium point. Therefore from x x xN N N1 1 a= ++ - , it 
follows that

x x
x

x
x xN

N

N
1

1 a a= - = - =-
+

r
r

r .

Repeating this procedure, we obtain x xn = r , for 
n N1 1# #- +  as claimed.

Theorem 2 Difference equation (1) has no nontrivial period 
two solutions nor eventually period two solutions.

Proof. Suppose that x xN N k2= +  and x xN N k1 2 1=+ + + , for every 
k N0! , and some N 1$- , with x xN N 1! + . Therefore, we 
have

.

x x x

x x x

x x x

x x x

N N N

N N N

N N N

N N N

4 3 2

1 2 3

1 2

1 1

a

a

a

a

= +

= + =

= + =

= + =

+ + +

+ + +

+ +

- +

From this and since x xN N4 =+ , we obtain a contradiction 
which finishes the proof of the result.

The following result shows that there exists exactly three 
periodic solution of Eq.(1) with minimal period three and 
gives a description of each.

Theorem 3 There exists exactly three periodic solution of 
Eq.(1) with minimal period three. They are given by the 
three pairs of initial conditions

, ;

, ;

x x

x x

1 1

1 1

1 0

1 0 a

=- =-

=- = +

-

-

and 

, ;x x1 11 0a= + =--

where 0!a .

Proof. The case 1a =-  was investigated in [1]. Now, we can 
write terms of a period-three solution of Eq.(1) as

,

,

x a

x b

x ab

1

0

1 a

=

=

= +

-

and 
( )

( )

x ab b a

x a ab b

2

3

a a

a a

= + + =

= + + =

so 

,

.

ab b a

ba a b

0

0

2

2

a

a

a

a

+ + - =

+ + - =

Thus, this is indeed a solution of period three if the system 
below is satisfied.

( )( )b ab a1 0a+ - + =   (3) 

( )( ) .a ab b1 0a+ - + =   (4) 

Therefore, we obtain three cases after solving (3) and (4), 

Case 1. Suppose that b + 1 = 0. From (4) then (a + 1)(ab - b 
+ a) = 0 implies that ab - b + a = 0 or a + 1 = 0 and hence 
a = -1 or a = a+1.

Case 2. Suppose that a + 1 = 0 From (3) then (b + 1)(ab - a 
+ a) = 0 implies that ab - a + a = 0 or b + 1 = 0 and hence 
b = -1 or b = a + 1.

Case 3. Suppose that a 1 0!+  and b 1 0!+  such that

ab a 0a- + =   (5) 

.ab b 0a- + =   (6) 

Therefore, after solving (5)-(6) we find that
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a x1= r  and b x1= r

or

a x2= r  and b x2= r .

In this case, there are no periodic solutions of Eq.(1) with 
prime period three, because it has trivial solutions.

Hence, there exists exactly three periodic solutions with 
minimal period three of Eq.(1) given by

, , , ...

, , , ...

, , , ...

x x x

x x x

x x x

1 1 1

1 1

1

1

1 1

1 0 1

1 0 1

1 0 1

a

a

a

=- =- = +

= + =- =

=- = =

-

+ -

-

-

-

 (7) 

as claimed. In addition, the graphs of Eq.(1) are presented 
below where the initial conditions are given in (7).

In the sequel, we will refer to any one of these three periodic 
solutions of Eq.(1) as

, , , , , , ,1 1 1 1 1 1f fa a+ - - + - -  (8) 

Theorem 4 Difference equation (1) has no nontrivial period-
four solutions.

Proof. Let xn n 1
3

=-" ,  be a period-four solution of Eq.(1). 
Then , ,x a x b x cn n n4 1 4 4 1= = =- +  and x dn4 2 =+  for every 
n N0!  and some a,b,c,d R!  such that at least two of them 
are different. Therefore by direct calculation we have

x x x ab c1 0 1 a a= + = + =-   (9) 

( )x x x b ab d2 1 0 a a a= + = + + =    (10) 

x x x cd a3 2 1 a a= + = + =    (11) 

x x x ad b4 3 2 a a a= + = + + = . (12) 

Thus, from (9)-(12), we have two cases,

Case 1. If 0!a , then a b c d x1= = = = r  and 
a b c d x2= = = = r , 

Case 2. If 0a = , then a b c d 0= = = =  and 
a b c d 1= = = = .

Consequently, there are no periodic solutions of Eq.(1) with 
period-four, because it’s trivial solutions or non-periodic 
solutions.

Theorem 5 Difference equation (1) has no nontrivial period-
five solutions.

Proof. Let xn n 1
3

=-" ,  be a period-five solution of Eq.(1). Then  
, , ,x a x b x c x dn n n n1 1 55 5 5 2= = = =- + +  and x en5 3 =+  for every 

n N0!  and some a,b,c,d,e R!  such that at least two of 
them are different. Therefore by direct calculation we have

x x x ab c1 0 1 a a= + = + =-   (13) 

Graph 1: ; ,x x x x x3 1 1n n n1 1 1 0= + =- =-+ - - and a = 3.

Graph 3: ; ,x x x x x5
2 1 1 5

3
n n n1 1 1 0 a= = =- - + =+ - - and        

5
2

a =- .

Graph 2: ; ,x x x x x 12
1 1 2

3
n n n1 1 1 0a= + = =-+ =+ - - and        

2
1

a = .
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.

x x x x

x x x x

x x x

x x

1 2
2

2 1

2 2 1 1

2 3 1

4 1

2

2

2

2

a a

a a

a

+ -

+ -

+

^ h

By induction, it can be proved that,
...

... .

x x x

x x x x x x

0

1

1 4 7

58 6 3 2 0

1 1 1 1

1 1 1 1 1 1 1-

In other words, x n n3 1 0
3

+ =" ,  is a positive increasing 
subsequence and x n n3 0

3

=" ,  and x n n3 02
3

+ =" ,  are negative 
decreasing subsequences.

Next we verify that these subsequences are unbounded and 
thus that our solution is unbounded. Suppose that the two 
decreasing sequences, x n n3 0

3

=" ,  and x n n3 02
3

+ =" ,  are bounded 
from below. Then they each must converge to a finite limit 
(which is the same finite limit and less then x2r ). But by 
Eq.(1), the third increasing subsequence x n n3 1 0

3
+ =" ,  must 

also converge to a finite limit (which is positive), where,

.x x x x xn n n n n3 1 3 3 1 3 3 1$a a= + = ++ - -

This is impossible because there are no periodic solution 
with minimal period two (see Section 3, theorem 2). So 

x n n3 0
3

=" ,  and x n n3 02
3

+ =" ,  are unbounded (They tend to 3-
) and thus x n n3 1 0

3
+ =" ,  is also unbounded (it tends to 3+ ) by 

Eq.(1) again.
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x x x bc d2 1 0 a a= + = + =   (14) 

x x x cd e3 12 a a= + = + =   (15) 

x x x de a24 3 a a= + = + =   (16) 

x x x ae b5 4 3 a a= + = + =   (17) 

Then, from (13)-(17), a b c d x1= = = = r  and 
a b c d x2= = = = r . So, there are no periodic solutions of 
Eq.(1) with period-five, because it’s trivial solution. 

4. The Long-Term Behaviour of Eq.(1)
In this section, we find sets of initial conditions of Eq.(1) 
for which unbounded solutions exist. The following theorem 
take care of long-term behaviour of Eq.(1).

Theorem 6 Let 4
12a  and ,x x 11 0 1-- . Then 

...

...

x x x

x x x x x x

0

1

1 4 7

8 36 5 2 0

1 1 1 1

1 1 1 1 1 1 1-

and subsequences ,x xn n nn3 3 1 00
33

- ==" ", ,  tend to 3- , x n n3 1 0
3

+ =" ,  
tends to 3+ . 

Proof. We first have, x x x 0x1 0 1 2a= +- . We will prove 
that, x x 12 01 1- . 

Since x 1 00
2 2+^ h , we have that x x2 1 00

2
0 2+ + . 

Thus,  x x
1 2 1 0

0 0
2 2+ +  so x x

2 1 1
0 0

2 2+ - . Since x 11 1--

, we must have, x x x
2 1

1
0 0

21 +- . Thus x x x2 1
1 0

0
2 +-  and 

x x x2 1
1 0

0
2a a+ + +- . Therefore x x2 1

1
0

2 a+ + . It 
follows that 

.

x x x x

x x x x x

x x

2 1

2 1

1

1 0 0 0

1 0 0 0 0

2 0

1

1 1

1 1

a

a a a

+ +

+ + + +

-

Next, we show that x
3
 is not only less than -1, but it is also 

less then x
2
. To show this, we note that since x

2 
< x

0 and x
1 
= 

x
0 
x

-1 
 + a > 0 we have x

2 
x

1 
 < x

0 
x

1
. This gives x

2 
x

1 
+ a < x

0 

x
1
 + a, and hence x

3 
<x

2 
<x

0 
<-1.

We want to show x
4 
> x

1 . To show this, we start by observing 
that x

3 
< -1 and so x

3 
< x

1
. Therefore, since x

3
 = x

2 
x

1 
+ a < 

x
1
, we obtain with x

2
 + 1 < 0,

x x x

x x

x x

x x x x
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