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Abstract

In this paper, some Hermite-Hadamard-Fejér type integral inequalities for harmonically s-convex functions in fractional integral

forms are obtained.
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Oz

Bu ¢aligmada, kesirli integraller yolu ile harmonik s-konveks fonksiyonlar i¢in bazi Hermite-Hadamard-Fejér tipli yeni esitsizlikler

elde edilmistir.

Anahtar Kelimeler: Harmonik s-konveks fonksiyonlar, Hermite-Hadamard esitsizligi, Hermite-Hadamard-Fejér esitsizligi,

Riemann-Liouville kesirli integraller

1. Introduction

Let {ICR - R be a convex function defined on the
interval I of real numbers and 4,6 € I'with a<4.The inequality

A3h) s st [ 0= OO

is well known in the literature as Hermite-Hadamard’s

inequality (Hadamard 1893).

The most well-known inequalities related to the integral
mean of a convex function f are the Hermite-Hadamard
inequalities or their weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities.

In (Fejér 1906), Fejér established the following Fejér
inequality which is the weighted generalization of Hermite-
Hadamard inequality :

Theorem 1. Let f:[a,b] — R be a convex function. Then the
inequality
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f(aTer)fabg(x)dmSfabf(x)g(x)dxsw

/ﬂbg(x)dx

holds, where ¢:[a,b] - R is nonnegative, integrable and

(1.2)

symmetric to (a+6)/2.

For some results which generalize, improve and extend the
inequalities and see (Bombardelli and Varosanec 2009,

Iscan 2013, Iscan 2014, Sarikaya 2012, Tseng et al. 2011).

Definition 1. (Kilbas et al. 2006). Let f& L[a,b]. The
Riemann-Liouville integrals Ji.f and Ji-f of order a>0
with 220 are defined by

Juf(z) = ﬁ l =)W d, 1> a
Joflz) = 1“(10/) [ =) p 0, = <

respectively, where I’ (@) is the Gamma function defined by
I'a)= Owe’tt“’ldt and

Jof(z) =T f(z) = f(z).
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Because of the wide application of Hermite-Hadamard
type inequalities and fractional integrals, many researchers
extend their studies to Hermite-Hadamard type inequalities
involving fractional integrals not limited to integer integrals.
Recently, more and more Hermite-Hadamard inequalities
involving fractional integrals have been obtained for
different classes of functions; see (Dahmani 2010, i§can
2013-a., Iscan 2014-a, Sarikaya et al. 2013, Wang et al.
2012, Wang et al. 2013).

Definition 2. (i§can 2015). Let I € (0,00) be a real interval.
A function f:I — R is said to be harmonically s-convex, if

f(ﬁ) <tfly) +(1-6)f(z)

for all x, y € I, € [0,1], and for some fixed s € (0,1].
In (Iscan 2014-b), Iscan gave definition of harmonically
convex functions and established following Hermite-

Hadamard type inequality for harmonically convex
functions as follows:

Definition 3. Let 7€ R\{0} be a real interval. A function

f:I— R is said to be harmonically convex, if

zy
f(m) < (1-0)f(x)

for all x, y € I'and # € [0,1]. If the inequality in (1.3) is
reversed, then £7is said to be harmonically concave.

Theorem 2. (Iscan 2014-b). Let fIC R\{0} - R be a
harmonically convex function and 4, & € I with a<é. If f€
L[a,b] then the following inequalities holds:

) = [ 1w 110

if (y) + (1.3)

(1.4)

In (Latif et al. 2015) Latif et al. gave the following definition:
Definition 4. A function g:[a,b] S R\{0} — R is said to

be harmonically symmetric with respect to 4 _Cf_ b if
1
g (iv) =g ( 1 1 1 )
- + - =
a b =x

holds for all x € [a,b].

In (Chen and Wu 2014) Chan and Wu presented Hermite-
Hadamard-Fejér

functions as follows:

Theorem 3. Let £ICR\{0} >R be a harmonically
convex function and 4, & € I with a<é. If f € L[a,b] and
g:la,p] SR\{0} - R is nonnegative, integrable and

harmonically symmetric with respect to then

inequality for convex

harmonically

a
a_‘r_br)
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In (Kunt et al. 2016) Kunt et al. presented, respectively,
Hermite-Hadamard inequality in fractional integral forms
for harmonically convex functions, Hermite-Hadamard-
Fejér inequality in fractional integral forms for harmonically
convex functions as follows:

Theorem 4. Let f:1 C (0,00) — R be a function such that
JE Lla, 8], where a, b € I with a<b. If fis a harmonically
convex function on [4, 4], then the following inequalities for
fractional integrals holds:

f( aZibb)S F(gl’tl)<btiba )

{Ji, (foh)(1/a)+ Jiz (foh)(1/b)} <
(1.6)
with a>0 and A(x)=1/x, x € [ b a]

f(a) +f(b)
2

Theorem 5. Let f:[a,b] =R be harmonically convex
function with a<4 and f € Lla, 2]. If gla,b]-R is

nonnegative, integrable and harmonically symmetric

with respect to az_?_bb , then the following inequalities for

fractional integrals holds:

A28 ) e (g h)(1/a) + s (9= )(1/0)]
<[Jix. (fgeh)(1/a)+ Tz (fg - h)(1/b)]

SFGLIGIT i-(g - RX1/b)]

(1.7)

with a>0 and A(x)=1/x, z € [%,%]

Lemma 1. (Kunt et al. 2016). Let f:1 C (0,00) — R be a dif-
ferentiable function on I such that f' € Ll[a,b], where 4,4
€ Iand a<b.1If g:[a,b] —

symmetric with respect to

R is integrable and harmonically
%, then the following equal-
ity for fractional integrals holds:

A2 N s (g (1) + T (g B/
—[Jez. (fg = R)(1/a)+Tez_(fg = R)(1/b)]
=) e msas)se mrtarar

1

“T(@) _/;bb(ﬁ(_s) (g R)s)ds ) - R ()t
(1.8)
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1 1]
b a

In this paper, we obtain some new inequalities connected
with the left-hand side of Hermite-Hadamard-Fejér type

integral inequality for harmonically s-convex function in

with a>0 and A(x)=1/x, z € [

fractional integrals.

2. Results

Throughout this section, we take | g, = sup|g(#) |, for the
. . t€la,b]
continuous function g:[a,b] — R

Theorem 6. Let f:1C(0,00) >R be a differentiable
function on I such that f" € L[a,b], where 4,6 € I and
a<b. If | f'| is harmonically s-convex on [4,4], g: [a,6]= R
is continuous and harmonically symmetric with respect to

4 i b then the following inequality for fractional integrals
holds:

f(fibb>[=fz;:+<goh><1/a>+J%;:< W (/)]
—[ﬁ+b (fg )+J%+(fg =h)(1/b)] 2.1

where
B i a+s 1 (1—u)“us
Cl(a/)_/o (ub+(1L1—u)a)2du+f% (ub—i—(l—u)a)zdu
(2.2)
e w(l—w) L ¢ Sl
C:@= [ G (1mwa ™t G (e
(2.3)

withO <a<1and A(x) = 1/x, x € [%,%]

Proof. From Lemma 1 we have

A2 N T (g = h)(1/a) + Tisp (g-h)(L/b)]

—[ i (fg o h)(1/a)+ Tizs_(fg - h)(1/D)]
3 S 6= g mis) Las) | o0y ()
<t "
ﬁ(/ﬁ-——s“l\@ h)(s) |d§|v By (0) | dt
<|\gnoo/; (f epras)i-rroe

B

2al

=

I'(a) +ﬁb<ﬁ(__s“ds)\(f h) (1) | dt
[

ath Lya 1
“2ab ’
Ll
gl @ @)
F(CZ) 1(1 a
+ G0y,
+Lb “a 2lf (7) ‘dt
L 2ab
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ub+(1—u)a

N b
Setting ¢ = ab

,and dt = ( a_ba )du gives

f(fibb)[fﬁx 1) (1/a) + T (g - k) (1/0)]

—[Jﬂ%bb,(fg ) (1/a) +Jen. (fg o h )(1/b)]
. b
<lolabio—a) s >lf( = )>z‘f(ub+<“ Ja)ldu
- 1 (1—w)°
Mlasy /Z (ub+ (1—w) Z|f(ub+(ab u)a )\du

(2.4)
Since | f'| is harmonically s-convex on [a,4], we have

ff<#b_u)at>‘§us|f’(a) [+ (1 =) [£ (b) | (2.5)

If we use (2.5) in (2.4), we have

A2y )[Jz;.,:u<g°h><1/a>+m<g»h><1/b>]

[Tz (Fg = h) (1/a) + Taz (fg < b 1/b)]
HgH ab(b—a) f ub+ 1 7 z[“ [£ (@) [+ (1=w)'[f (b) [l du
rlet J b L @) 1+ 0= L )

(2.6)

If we use (2.2) and (2.3) in (2.6), we have (2.1). This
completes the proof.

Corollary 1. In Theorem 6:

(1) If we take o =1 we have the following Hermite-
Hadamard-Fejér inequality for harmonically s-convex
functions which is related to the left-hand side of (1.5):

2ab \ (v 9@ f@)g(x)
‘ f( a i b ) z’ dav / dfc ‘
<lgl.(b—a)* [ () £ (a )|+Cz( )1 () 1],
(2) If we take g(x) = 1 we have following Hermite-Hadamard

inequality for harmonically s-convex functions in fractional
integral forms which is related to the left-hand side of (1.6):

o [T (foh)(1/a)
‘f(azibb)_r(gltl)(ba—ba)« e H

o (Foh) (1/b)

SW[OI(Q) 17 (@) [+ Ca(a) | £ () 1],

(3) If we take o = 1 and g(x) = 1 we have the following
Hermite-Hadamard inequality for harmonically s-convex
functions which is related to the left-hand side of :(1.4)

‘f<a2$-bb)_baba A I 7’ dx’<ab (b—a)
[C.(1) | f (a) [+C.(1 )|f )]
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Theorem 7. Let f:IC(0,00) >R be a differentiable
function on I such that ' € L[a,b], where 4,6 € T and a<é.
If| £
is continuous and harmonically symmetric with respect to
a2 jL_bb , then the following inequality for fractional integrals

holds:

" ¢ > 1,is harmonically s-convex on [4,4], g:[a,b] = R

w[ﬂm(g%)(l/a)#ﬁ/a (1) (1/b)]
—[J5 (fg o h) (1/a) + T (fg - h) (1/b)]
() If (@) ] )}
sk b=y @|(Cot o
C(e+1) \ ab o ) )| f ()" }
+C 9
G la <+cs< If'(b)Iq)
(2.7)
where
-/o‘7 (ub + a) T du, (2.8)
=) ub+1 w) )zdu
- [ du,
/o.l ub+1 u ) (2.9)
j; ub+ 1 ) )du
1 1 u “ u’
1 du,
fi i 210)
f; ub+ 1 w) )du

with a>1 and A(x) = 1/x, x € [%,%]

Progf. Using (2.4), power mean inequality and the
harmonically s-convexity of | /', it follows that

A Wi /) + T (o) (/)]

~[ e, (fg o h) (1/a) +Ji_(fg « h) (1/0)]
‘ |
Hg“ ab(b—a) \ I-/ (ub+ ( 71L* z|f<ub+( )‘du
- F(CZ+1) ]_ u ‘
7 (ub+(1—u) ’\f<ub+ 1-u) )‘
390

gl ab(o— a)(b a)
- T(a+1) ab ( . (1—w)” -7

j; (Ubil(IU)u )a) Z}f (ub+(ab u)a )‘ﬂdu)q
(fajmdu) |

loLabo—a) (h—ay X<ﬁm[“‘f’(“)"’*“‘”)\‘f'“’)"’]d“)

I(a+1) ab f  (-we 17
L (ub+(1—u)a) u)

 (1=w)e
ub+(1 w)a)

+
—

1 (@) |1+ (1= u)* | £ (b Mduf

1
1-

P
Nﬁ

([ (ub+(1 u)a)‘ ) 1
><fU (ub+(1 u) du\f’(a ylﬂ

1
2
-/o. ub+1 w)a) du\f(b)\

(1—w)" )‘37
1 o(ub+(1— u)a)z

_lglab(b—a) (b—ia)
I'(a+1) ab

ey
—

[ttt @l |

(2.11)

If we use (2.8),(2.9) and (2.10) in (2.11), we have (2.7).This
completes the proof.

Corollary 2. In Theorem 7:

(1) If we take o =1 we have the following Hermite-
Hadamard-Fejér inequality for harmonically s-convex
functions which is related to the left-hand side of (1.5):

A2 )[4 [ Sge)

o

11 () f (@)
<lgl.(b—a)’ ¢+ <+Cs( )If’()I‘Z>]
S L) 1£ (a)

+C, (1) (+08(1) s (b )"| >]

(2) If we take g(x) = 1 we have following Hermite-Hadamard
inequality for harmonically s-convex functions in fractional
integral forms which is related to the left-hand side of (1.6):

a+th (f h 1/a
|f<a2$bb)_r(gltl)<ba ){-1—,]‘2” (f h) 1/b

o ]]

C 7 (a)

ab(b a)

J )
20 )q

+CV 7 (a)

(+CS (@) |f (b) Iq
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(3) If we take a0 = 1 and g(x) = 1 we have the following
Hermite-Hadamard inequality for harmonically s-convex
functions which is related to the left-hand side of (1.4):

f(aZibb>_baba

i e dx‘<abb a)

) 17 ) |

G|, u>waJ
e @

+CGU)+&0Hf@)]

We can state another inequality for ¢>1 as follows:

Theorem 8. Let f:IC (0,00) =R be a differentiable
function on I such that f' € L[a,b], where 4, 4 € I and
a<b. If | f'
gla,b]- R
with respect to ﬁ, then the following inequality for
fractional integrals holds:

‘,q > 1, is harmonically s-convex on [a, 5],
is continuous and harmonically symmetric

MU@» (g=h)(1/a) + T3 (g-h) (1/b)]
50 (fg = 1) (1/a) + T4 (fg - 1) (1/0)]
Lo @+ (2”—1\f \w
lalab-osoay|© (@O o
I'ae+1 a : o1_q ,
(2.12)
where
([ u” i _
C’g(a)—<f0 (wb+(1—w)a)™ ),Cm(a/) 2.13)

(f (ab f(ﬂ)ua; P d“)l

with o> 1, 4(x) = 1/, z € [%%] and 1/p +1/g = 1.

Proof- Using (2.4), Holder’s inequality and the harmonically
s-convexity of | f'[, it follows that

(2 )[J; “h)(1/a) + T (g - ) (1/5)]
[J v, (fgoh)(1/a) +Jﬂ;1,(fg )(1/b) ]
« | b
Hg” ab(b—a) I/ (ub+ ( U |f(ub+(i u)a)du }
= T(a+1) \ 1 w) \
t — (ub+ (1—u) 2\f<ub+ (1-u )‘du

~lgl.ab(b—a) (b a)
= T(a+1) \ ab

[ i Zart

L (1-w)”
+(/%A (ub+(1—u)a)

1

1)}(/ i (ub+<)>>"’df)q
s (1 ) o)

X
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~lglablb—a) (p— a)”
T(a+1) \ ab

1 1

[ wardagaeae) [ el @l a-wlr o))

S ) ([l @ 1 001 ) )

(2.14)

Calculating following integrals, we have

[He 7@ 1 =) 17 0) [ vdu =

@)+ =1 f b)) (2.15)
2 (s+1)

Sy @+ @)1y o) | du =

@7 = DIf (@) P+ (B) | (2.16)
2 (s +1)

If we use (2.13), (2.15) and (2.16) in (2.14), we have (2.12).
This completes the proof.

Corollary 3 In Theorem 8:

(1) If we take o = 1 we have the following Hermite-
Hadamard-Fejér inequality for harmonically s-convex
functions which is related to the left-hand side of (1.5):

‘ (fibb)f gz dr = ff ‘

Lol @l @ =D F @)
<u|w—@QC“D[ e Tl
- L@ =D IF @ L HE O] |

I e

(2) If we take g(x) =1 we have following Hermite-Hadamard
inequality for harmonically s-convex functions in fractional
integral forms which is related to the left-hand side of (1.6):

<2ab) F(@+1)( ab ) Jow (foh)(1/a)
Na+p)™ 277 \1-a + 5 (Foh) (1/b)

L@ e =) [ O]

ab(b a) Ci(a) 27 (s+1) ]

— 21 a o1 , , 1P
1o (@7 =1)|f (a) | ®) ]

(3) If we take a =1 and g(x) =1 we have the following
Hermite-Hadamard inequality for s-harmonically convex
functions which is related to the left-hand side of (1.4):
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‘f(azibl)_ bciba ab f;f) dx‘
o[l @l =) [ @)
<ab(b—a) 09(1)[ 27 s+ 1) ]
B s (@ =D [ @) | ®) ]|
+Cfo(1)[ > (s + 1) ]
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