https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 70, Number 1, Pages 279-289] (2021)
DOTI: 10.31801/cfsuasmas.807169

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: October 7, 2020; Accepted: January 22, 2021 SERIES Al

DEFERRED NORLUND STATISTICAL RELATIVE UNIFORM
CONVERGENCE AND KOROVKIN-TYPE APPROXIMATION
THEOREM

Kamil DEMIRCI, Fadime DIRIK, and Sevda YILDIZ
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ABSTRACT. In this paper, we define the concept of statistical relative uniform
convergence of the deferred Norlund mean and we prove a general Korovkin-
type approximation theorem by using this convergence method. As an applica-
tion, we use classical Bernstein polynomials for defining an operator that sat-
isfies our new approximation theorem but does not satisfy the theorem given
before. Additionally, we estimate the rate of convergence of approximating
positive linear operators by means of the modulus of continuity.

1. INTRODUCTION AND PRELIMINARIES

The notion of statistical convergence for the sequences of real numbers was in-
troduced by Steinhaus [17] and Fast |11] independently in the same year. After
that, the concept of statistical convergence in approximation theory has been used
by Gadjiev and Orhan [12] to prove Korovkin-type approximation theorem. Recent
studies on the statistical approximation may be found in the monograph by Anas-
tassiou and Duman [3]. Later many researchers have investigated the Korovkin-type
approximation theorems for various operators defined on different spaces, for ex-
ample, the space of all continuous functions, modular space, the space of all Bogel
continuous functions, etc. ( [4H61/8,9L[13}/16,|19,(20]). In this paper, we define a
new concept of statistical relative uniform convergence of the deferred Norlund
mean that improve the deferred Norlund statistical uniform convergence. Then, we
prove a Korovkin type approximation theorem by using this interesting convergence
method and show its importance by giving an example. Finally, we study the rate
of convergence.
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First, we begin with some definitions and notations.
The natural density of a set B C N, the set of natural numbers, is defined by

§(B) := lim l|{l<:§n:l~€€B}|,
n—oo N

provided that the limit on the right-hand side exists ( [15]) where |B| we mean the
cardinality of the set B.

A sequence x = (x,,) of real numbers is said to be statistically convergent to L,
if for every ¢ > 0,

d({neN: |z, —L|>e})=0.

It is denoted by st — 7}LII;O$n = L.

Now, we remember that the idea of the weighted statistical convergence based
upon the deferred Norlund mean D% (N, p, q).

Let (a,) and (b,) be sequences of nonnegative integers and satisfy the following
conditions:

(1) an < by,

(i) 1lim b, = oco.

The above conditions (¢) and (i¢) are known as the regularity conditions for the
deferred Norlund mean (see [1]).
Assume that (p,,) and (g,,) are the sequences of nonnegative real numbers such

that
bn bn
P, = Z pvandQn: Z Qu-
v=an+1 v=an,+1
The convolution of the above sequences can be introduced as follows:

bn
Ry =(P*Q)y= D Pulb, o

v=a,+1

In order to define the deferred Norlund mean D% (N, p, q), we first set

2
1
tn = Rb" E Db, —vqvTy-
an+1 v=a,+1

Then we say that a sequence z = (z,,) is deferred Norlund statistically summable
to L or, briefly, statistically summable D?(N, p, q), if
st— limt, = L.

n—oo
We denote by S;, the set of all sequences that are D?(N, p, q) statistically sum-
mable.
A sequence x = (z,,) is said to be statistically convergent to L with respect to
the deferred Norlund mean D% (N, p, q) if, for each € > 0, the following set:

brn .
{m < Ran+1 * Pb,,—mGm |$’m - L| > E}
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has zero deferred Norlund density, that is,

lim Hm < Rg:Jrl * Db, —mAm |5Cm - L| > 5}’ =0.

n
n—oo Ran+1

In this case, we write S;, —limx,, = L.

Let us turn our attention to the definitions deferred Norlund statistical pointwise
and uniform convergence were given in [1§]:

Let f and f,, for Vn € N, belong to C(X). We denote by C (X) the space of all
continuous functions on X, which is a compact subset of R. This space is equipped
with the supremum norm

IfIl = sup If (), (fel(X)).

Definition 1. ( [18])(fn) is said to be deferred Nérlund statistically pointwise
convergent to f on X, (i.e., t,-statistically pointwise convergent) if for every e > 0
and for each z € X,
. Qa(z,e)
lim —————=

n— 00 Rb"r 11
An

=0

where Q,(z,€) = Hm < RZT’LH Y Dby —mGm | fm(2) — f(2)] > EH In this case we

write fp, — f(t,-stat-pointwise) on X.

In the following, we rewrite the definition of deferred Norlund statistical uniform
convergence given in [18] and we extend this definition to the deferred Norlund
statistical relative uniform convergence:

Definition 2. ( [18/)(f.) is said to be deferred Nérlund statistically uniformly
convergent to f on X, (i.e., t,-statistically uniform convergent) if for everye >0,
P
tim 22 _ g,

n—00 Rb" 11
An

where ®,,(e) = Hm < RZ:"LH : pbn,mqmsu}z | fm(2) — f(2)| > 5}
zE

. In this case

we write fp, = f (tn-stat-uniform) on X.

Let us remind the concept of statistical relative uniform convergence. According
to Demirci and Orhan [7], this method is defined as follows:

Definition 3. [7] (f,) is said to be statistically relatively uniformly convergent to
f on X if there exists a scale function o(z), |o(2)| > 0, such that for every e > 0,
K,
lim 7"(6)

n—oo N
’LUhe’I‘e Kn(E) = ‘{m S n: sup %;)f(z)
z€X

:()7

> s}‘ . In this case we write fm, = f
(o;st) on X.



282 K. DEMIRCI, F. DIRIK, S. YILDIZ

Actually, the above definitions come from the idea by Duman and Orhan [10]
and Karakug et al. |13]. For the purposes of this paper, we now give our new
convergence method with the help of Definition [2[ and Definition

Definition 4. (f,) is said to be deferred Norlund statistically relatively uniformly
convergent to f on X , (i.e., t,-statistically relatively uniformly convergent) if there
exists a scale function o(z), |o(z)| > 0, such that for every e > 0,

D (e)

lim — =0,
nHOORaZ-I—l
where ®,(e) = Hm < RZ:+1 © Db, —mqm SUP ‘% > 5}‘ In this case we
) zeX

write fr, = f (0} ty-stat-uniform) on X.

Here it is important to say that, ¢,-statistical uniform convergence is the spe-
cial case of t,-statistical relative uniform convergence in which the scale function
is a non-zero constant. If the scale function is bounded, then t,-statistical rela-
tive uniform convergence implies t,-statistical relative uniform convergence. But,
t,-statistical relative uniform convergence does not imply t,-statistical uniform
convergence, when o(z) is unbounded.

Now, we present the following example showing the importance of our new con-
vergence method.

Example 5. Forp, = 1, ¢, = Zﬁ, a, = 2n and b, = 4n, let us define the

sequence of continuous real-valued functions gy, : [0,1] — R by

2nz 1
_ Ttn2220 < € [0’ E] )
gn (Z)—{ +0’ = (%’1]7

and g(z) = 0 on [0,1]. Since [|gn — g|| = sup [gn(2) — g (2)| = 1, then
zeX

Db, —mqmSup |gm(2) — g (2)| = Zﬁ Hence, for 0 < e <1, we obtain
ze€X

i (i < B mansup o)~ ()] 2 < |
nHOORa:Jrl zeX
2
= lim — {mSRZ’“H: mt Zs}‘
nHOORaerl " m + 1
=1

Therefore, (gn) s not t,-statistically uniformly convergent. Now we get the scale

function as follows:
1
o(z) = { i Ze(_o’l]’
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As can be seen from, ||g%;g|| = %, 1t is clear that
" OORG7L+1 g
. m+2 1
= lim — mSRZ"’+1:7.—25 =0,
n—oo Rbn | T I m

i.e.,
gn = g = 0(c; ty-stat-uniform) on [0,1].

2. KOROVKIN-TYPE APPROXIMATION THEOREM

Let (L,) be a sequence of positive linear operators on C (X). The study of
uniform convergence of (L,, (f)) to a function f by using the test functions defined
by 1, z, 22, was initiated by Korovkin [14] (see, for instance, [2]). Recently, the
Korovkin-type theorem has been proved via the concept of statistical convergence in
[12] and more recently, the statistical relative Korovkin type approximation theorem
has been proved in [7]. In this section, we give the Korovkin-type theorem for
sequences of positive linear operators defined on C (X ) using the concept of deferred
Norlund statistical relative uniform convergence.

Theorem 6. Let (L) be a sequence of positive linear operators acting C (X) into
C (X). Then, we have, for dall f € C(X),

L., (f) = f(o;ty-stat-uniform) on X, (1)
if and only if
L, (f;) = fi(oi; tn-stat-uniform) on X, i =0,1,2, (2)

where |o;(2)| > 0,4 = 0,1,2, 0(2) := max {o;(2) :i=0,1,2} and fi(z) = 2,i =
0,1,2.

Proof. Since each of the functions given by f; () = 2%, (i = 0, 1,2) belong to C(X),
the implication l) is quite obvious. Now, we assume that holds. Let f
belongs to C'(X) and z € X fixed. Then there exists a constant £ > 0 such that,

f() <k
which ensure that
|f(u) = f(2)] < 2.

From the continuity of f, for a given € > 0, there exists § > 0 such that
|f(u) = f(2)| < € whenever |u—z| <§ (3)
for every u € X. Now let ¢ (u,2) = (u— 2)% If [u — 2| > 6, u € X, we get

£(0) = £ < 236 (w2). (@
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From (3)) and (4)), we can see that

o= Tow,) < fw)— J(2) S e+ 5 (w2). 6

Since the positive linear operator L,(1;z) is monotone, by applying this operator
to the inequality in ([5), we have

La(1:2) (_6_?;¢<u,z>) < Lo(12) (f(u) - f(2))

< Lo(1;2) <8+?;¢(u,z)>. (6)
Then, we obtain the following inequality:
—eLa(1i2) = Ly (:2)52) < Lalfiz) = f(2)La(1:2)
< eLa(i2)+ 5 La(6(w,2)i2). (7

Since

Ln(f;2) = f(2) = [Ln(f32) = f(2) L (15 2)] + f(2)[Ln(1;2) — 1], (8)
we apply the equality in , it can be easily seen that,

Lu(f:2) = £(2) < eLu(132) + oLy (6 (u:2); 2) + F(2)[Ln(1; 2) — 1.

52
Now we calculate the term of L,, (¢ (u, 2);z). We can write the following:
Lo (¢(u,2)52) = Ln((u—2)%y)
= L, (u*—22u+2%2)
= L, (u*2) —22L, (u; 2) + 2°Ly,(1;2) (9)

= [Ln (u%2) — 2%] =22 [Ly, (w5 2) — 2] + 2% [Ln(1;2) — 1]
By using (9)), we have
Lo(fi2) = f(2) < eLn(Li2) + f(2)[Ln(L;2) - 1]
+%’§ ([Ln (:2) = 2] = 22 [Lo (w3 2) — 2] + 22 [La(1:2) — 1]}
= etelln(l;2) =1+ f(2)[Ln(1;2) — 1]
—I—i—s {[Ln (u*2) — 2] —22[Ly, (u;2) — 2] + 2° [Ln(1;2) — 1]} .
Since € > 0 is arbitrary, we can write

La(f;2) = ) < F {|La(132) = 1| + |Ln (w5 2) — 2| + | L (u?;2) — 2|}
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where f :=max {e + k + 25 || fol|, 35 || f1]|, 25 } . Let 0(2) := max {o3(2) : i = 0, 1,2}
and |o;(2)| >0:9=0,1, 2 Then we get

Lnl£i2) —F&)| F{’Ln(fo;z)—fo(z) Ly (f152) — f1(2)

"

o(z) a0(2) o1(2)
+ L (f232) — f2(2) }
o2(2)
Taking supremum on X, we get
Ln(f)f‘ <F{‘ Ln(fo) = Jol| HLn(fl)fl +) Lo (f2) = fo }
g - go g1 () '

Now, for a given r > 0, define the following sets:

(I)"(T) = ‘{m < RZZH * Pb,—mAdm

p-t]

Lm(fi) - f’i

gi

and

r
(bn,z(i) = ‘{m S Rzz_t,_l * Pb,—mGm H

3F —3F

T}’ (i=0,1,2). (10)

It is easy to see that ;bn(r) < Z ;7(”) Then using the hypothesis and

ap+1 i—0 an+1
considering Definition |3 ' the rlght hand side of (10| . ) tend to zero as n — oo. Hence,
the proof is completed. (Il

Example 7. Let X =[0,1]. Forp, =1, q, = Z—ﬁ, an = 2n and b, = 4n, we first
consider the Bernstein polynomials:

- k n n—
= f() ( )zk(l—z)” Fofecion)].
kZ:o n k
It is known that
Bn(fi;z) = f’i(z)v Z:O’l
N

Using this polynomial, we define a sequence of positive linear operators
D, : C[0,1] — C[0,1] as follows:

Dy (f;2) = (14 gn(2))Bn(f;2), 2 €[0,1] and f € C[0,1]. (11)

If we choose the sequence (gn(z)) of functions as we considered in Example@ then
we can see that

Dy(fo;2) = (1+gn(2))fo(2),
Dyn(fi1;2) = (1+gn(2))f1(2),

Duf2i2)) = (1+gu(2) [f2<z>+

n

21 —z)] |
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Now, we consider the scale function as follows:

1 2€(0,1],
U(Z)_{ 1, z=0.

Hence, after some simple calculations, it can be easily seen that,

Dn(fO) - fO _ ‘ gj
g g
Dn(f1) = fr < ‘ Gn
o - o
Du(f)—fol| (14 gu(2)) [2(2) + 252] = fa(2)
_— = sup
o 2€[0,1] o(z)
L g | 0(a) + 2 ()
2€[0,1] o(z)
‘ gnl| . L1 L9
- o 4n ||lo dn Il o
< 2 ’ @ + l
- o n’

Since

1
gn = g = 0(c; tp-stat-uniform) on [0,1] and — — 0,
n

we conclude that
D, (fi) = fi(o;ty-stat-uniform) on X, i=0,1,2.
Then, by our main theorem, Theorem[6, we have
D, (f) = f(o;t,-stat-uniform) on X.

Furthermore, since the sequence (gn) of functions on [0,1] is not t,-statistically
uniformly convergent to the function g = 0 on the interval [0,1], we can say that
Korovkin-type approximation theorem given via deferred Norlund statistical uniform
convergence does not hold for our operators defined by .

3. RATE OF CONVERGENCE

In this section, we compute the rate of the deferred Norlund statistical relative
uniform convergence of a sequence of positive linear operators defined on C (X) by
means of the modulus of continuity.

Now we recall the concept of modulus of continuity. For f € C' (X), the modulus
of continuity of f is defined by

w(f;0) = sup [f (u) = f(2)].

lu—z|<6, u,z€X
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It is also well known that for any § > 0 and each u,z € X

()~ ()] <w(f:0) <'“6Z' +1>.

Now, we state and prove the following theorem.

Theorem 8. Let (L,) be a sequence of positive linear operators acting C (X) into
C (X). Assume that the following conditions hold:

(2) Ln(fo) = fo(oo; tn-stat-uniform) on X,

(1) w(f, an) = 0(o1;ty-stat-uniform) on X,

where o, (y) = /|| Ln(0(., 2))|| with o(u,z) = (u— 2)?, |o;(2)] > 0,i=0,1 and
o(z) :=max{o;(z):i=0,1}.

Then we have, for all f € C(X),

L,.(f) = f(o;t,-stat-uniform) on X.
Proof. Let f € C(X) and z € X. It is known that ( [2]),
[Ln(f52) = F(2) < La(|f (u) = F(2)]52) + £ |Ln(fo; 2) = fo(2)]

< La(w(f:9) ('“ L 1) . 2) 4 | Ln(fo3 2) — fol2)

'LL—Z2
< o (w0 (U 1) i2) it s) - o)
= wltalid) - o)+ LEV L, (@ 2p%2)
+w (f30) L (fo; )
< wltaion?) ~ o) + L0V L, (@ 2% 2)

Fw (f;6) |Ln(fo; 2) = fo(2)| + w (f;6)

where k := || f|| and ¢(u, z) = (u — 2)?. Then, taking supremum on X, we obtain

‘Ln(f)—fH y HHLn(fo)—fo | tdie)
o o (o) o1
_’_HLn(fO) _fU Hw(fa an) ‘ (12)
ago g1

where 6 := a,(y) = /|| Ln(e(, 2))|l, loi(2)] > 0,i=0,1 and
o(z) :=max{o;(2):i=0,1}.
Now, for a given r > 0, define the following sets:

@, (r) == ‘{m < RZ’Z+1 © Pbp,—mGm WH > 7"}‘

Lm(f()) - fO

g0

)

2]

01

= ’{m < RZ:J"I * Po,,—mGm H
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2,(0) _Hm@n b, mquf’”)H%}i

Then, we can get

(I)n(r) < q)n,()(%) + (bn,l(i) (Dn,2(%)
- bn, bn b :
R +1 R +1 Ran+1 Ran+1

an
Now, we also define the following sets:

(I)n,?)(\/z) = ‘{m < R n * Db, —mGm H f’ dm H ;}
(I)n,4(\/§) L= ‘{m S R * Db, —mGm H \/5}‘

We can easily see that

(e 7%

Pno(5) _ Pus(v/5) | PnalV/5)

— by by
Ran+1 Ran +1 Ra"+1

)

which gives

(I)n(r) < (I)n,l(g,%) (I)n,Z(%) + (bn,?)(\/g) + q>n,4(\/§). (13)

+
b, bn bn bn
Ran-&-l Ran+1 Ran-&-l Ran,+1 Ran+1
Then the hypothesis (i) and (i4) leads us to the conclusion that the right hand side
of tend to zero as n — oco. The proof is completed. O
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