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Heun equations and combinatorial identities
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ABSTRACT. Heun functions are important for many applications in mathematics, physics and in thus in interdisci-
plinary phenomena modelling. They satisfy second order differential equations and are usually represented by power
series. Closed forms and simpler polynomial representations are useful. Therefore, we study and derive closed forms
for several families of Heun functions related to classical entropies. By comparing two expressions of the same Heun
function, we get several combinatorial identities generalizing some classical ones.
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1. INTRODUCTION

Consider the general Heun equation (see, e.g., [15], [8], [9] and the references therein)
1) € afr —q
1.1 Z ¥ L D’ _apr—q _
(1.1) u(x)+(x+x—1+x—a)u(x)+x(x—l)(x—a)u(x) 0,

wherea ¢ {0,1},v ¢ {0,—1,—-2,... }and a+ 8+ 1 = v+ + €. Its solution u(z) normalized by
the condition u(0) = 1 is called the (local) Heun function and is denoted by Hl(a, ¢; o, 5;7, ; x).
The confluent Heun equation is

(1.2) u(z) + <4p + % + a:il) u'(z) +

dpaxr — o B

where p # 0. The solution u(x) normalized by u(0) = 1 is called the confluent Heun function and
is denoted by HC(p, 7, 6, o, 05 ).
It was proved in [14] that

n 2
1
(1.3) Hi (2,—n;—2n,1;1,1;x) = ((Z)xk(l —x)”_k) ,
k=0

1 . . . = ﬂ+/€—1 k —n—k ?
(1.4) Hl(2,n,2n,1,1,1,—x>:2(< L >x(1+x) >

(1 5) HC 1.0 1 n: _i —na:(n‘r)k ’
. n,1,0,5,mx | = e o )

k=0
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More general results, providing closed forms of the functions
HI (3, —2n6;—2n,20;~,v;x) and HI (3,2n0;2n,26;~,7; ), and explicit expressions for some
confluent Heun functions can be found in [4].

In this paper, we give closed forms for several families of Heun functions and confluent
Heun functions, extending (1.3), (1.4) and (1.5). Basic tools will be the results of [7] and [16]
concerning the derivatives of Heun functions, respectively confluent Heun functions; see also
[13] and [4].

By comparing two expressions of the same Heun function, we get several combinatorial
identities; very particular forms of them can be traced in the classical book [5]. Recently, Ul-
rich Abel and Georg Arends gave in [1] purely combinatorial proofs of some similar identities
presented in [2].

It is well known that the Heun functions and the Heun equations have important applica-
tions in Physics; see, e.g., [6]. Let us mention that the families of (confluent) Heun functions
investigated in this paper are naturally related to some classical entropies: see [13], [14], [4],
(3], [12].

Throughout the paper, we shall use the notation

()o:=1, (@) =a2(z+1)...(x+k-1), k>1,

(1.6) apj = 47" (2] ) (2" — 2 )
i)\ n—j
o\ L
(1.7) Tnj = <J> nj-

2. HEUN FUNCTIONS
Let a8 # 0. As a consequence of the results of [7], we have (see [4, Prop. 1] and [4, (14)]):

! _ R (1 P T
Hl(2 2( a+2)(B+2)a+2,04+2;7+1, 'y+1m>aﬁ(l 2x) dle(Q,Qaﬁ,a,ﬂ,'y,'y,x).
From [4, (6)], [4, (22)] and (1.6), we obtain
(2.8) Hl( 2n,1,1,1,x> = an;(1

j=0
Theorem 2.1. Let 0 < m < n. Then
(2.9 Hl( ,2m+1)(m n);2(mn),2m+1;m+1,m+l;x>

() ) E (-

E ()t
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Proof. We shall prove the first equality by induction with respect to m. For m = 0, it follows
from (2.8). Suppose that it is valid for a certain m < n. Then, (2) implies

11
HI (2,2(2m+3)(m+1—n);2(m—|—1—n),2m+3;m+2,m+2;x)
(m+1)(1—-22)"t d 1
= —HIl(-,(2 1 —n);2 — 2 1; 1 1;
2(m —n)(2m+1) dz ! 2’( m+1)(m —n);2(m —n),2m+ Lm+1m+ Lo

St () () E (e 2o

i=1
-1 —1n—m-—1 .
2m+ 2 m+1-+j ;
—gm1( T i1 (1 — 22)%
(in) Codl) % (i Jammerssta—200%

and so the desired equality is true for m + 1; this finishes the proof by induction.
In order to prove that the first member and the last member of (2.9) are equal, it suffices to
use [4, Th. 1]withy=m+ 1,0 =m+ %, and n replaced by n — m. [l

Corollary 2.1. Let0 <i<n—m,0<j <n—m. Then

= _i(n=m\ (m+1/2); (i n\ " /2m\ T fmA4i
2.10 —1)i~ T 25 (T) = gm o
(210 ;( ) (j)(m+1)j i m m m )t
and
.11 3 (m i Z) (Z) i = 4™ (”) <2m> (m+1/2); (" - m)

= m J mj\m /) (m+1); J
Proof. It suffices to combine the last equality in (2.9) with

(@2 —a)y =477 (1—22)2 =1)7,

respectively with

(1—22)% = (1+4(a? — ).

Example 2.1. Fori =m = 0, (2.10) reduces to

£ 0 - )

which is (3.85) in [5].
For j =m =0, (2.11) becomes

(2.13) 3 (i’) <2Z B 22@) =4,

i=0
which is (3.90) in [5].
From [4, (7)], [4, (23)] and (1.6), we know that

1 n )
(214) Hi <27n+1a2n+231;171,93) :2071]'(1*21')%72"71.
7=0



84 Adina Barar, Gabriela Mocanu and Ioan Rasa

Theorem 2.2. For m > 0, we have

Hl(2 (2m—|—1)(m+n—|—1);2(m—|—n—|—1),2m+1;m—|—1,m—|—1;x>

-1 n . N —1
n+m 2n+2m =25\ (n+m —j 9 m—2m—1
= E ni(1l—2p)<I—“n—=m

7=0
=(1 —2z)72"2 IZ <>m+1)(x2—x)

Proof. As in the proof of Theorem 2.1, the first equality can be proved by induction with respect
to m, if we use (2.14) and (2). The equality of the first member and the last member follows
from [4, Cor. 2] by choosing v =m + 1, 0 = m + 1/2, and replacing n by n + m + 1. O

Corollary 2.2. Let 0 < i <n,0<j <n. Then

N e (U NG

J=i
and

o [t M P e X

i=j
The proof is similar to the proof of Corollary 2.1.
For i = m =0, (2.15) reduces to (2.12), i.e., (3.85) in [5].
For j = m =0, (2.16) reduces to (2.13), i.e., (3.90) in [5].
Let again o8 # 0. According to the results of [7] (see [4, Prop. 1] and [4, (15)]), we have
1
1ﬂ<22@7—®@v B);2y — .2y — ﬁ7+Lv+1x)

_ 7 a+B+1-2y d L1 . .

. =L (1- —Hil=,= .

(217) O[/B( 237) del <2,2a6,a,6,%%x

Using (2.8), (2.17) and the above methods of proof, we obtain the following identities:

Hl( , 2k +1)(k — n); 2(k—n),2k—|—1;2kz+1,2k‘—|—1;x>

() () G ) (-2

(2.18) :72:41(”]__ >M(:¢2—x)j, 0<k<n.
7=0

As a consequence of (2.18), one gets
&=k (k+1/2); (5

@) > () an 0)

1 .
s(n+k 2n — 21\ (n _ i
=4 ( n ) (k) ( ok ; Tnkti, 0<i<n—k
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and

RO

=)

IO ossens

Fori =k =0, (2.19) reduces to (2.12); for j = k = 0, (2.20) becomes (2.13).
Moreover,

Hli ( ,(2k = 1)(k+n);2(k +n),2k — 1;2k:,2k’;m)

—1 —1n—k .
ook (nt k-1 n—1 2n —2i—2\ (n—1 1 1—2n+2i
=2 ( k-1 ) (k—l zz: 2%k — 2 i )il =22)

0

@21) —=(1- 12"241( >k(+2k1)/2)(x _a), 1<k<n.

From (2.21), we derive
n—=k

222) (-1 <n ; k) (k(z;)?)] (z)

j=i

k-1 n-1\"" (20 -2i -2\ (n—1
:22k—1 n A e -
<k1 E—1 9% — 9 i)kt 0<i<n-—k,
R on 92— 9\ [n—1\ (i
2.23 _
- %:( 2k =2 )< i >(J) i

ook (nHE=1\(n—-1\/n—-Fk\(k+1/2); i
()G () s osisn-n

For i = 0, k = 1 and replacing n by n + 1, from (2.22), we obtain

RO )

With j = 0, k = 1 and replacing n by n + 1, (2.23) yields

- 2i+2\ (2n—2i\ n+1
2.2 ) 1 — 4n+1
225 ;(H )<i+1><n—i) 2

It is a pleasant calculation to prove (2.24) and (2.25) directly.
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Using (2.14) and (2.17), we get

Hl( (2k+1)(k+n+1);2(k+n+1),2k+1;2k+1,2k+1;x>

-1 _1n—
o w(ntk n 2k + 25 n B —ok—1-2;j
4( n > <k) < 2j o g)rmitt =20

Jj=0

M1

e j k+1/2) j

Taking into account that r,, ,,—; = 7, from (2.26), we derive (2.19) and (2.20).
Moreover,

Hl( , (2k + )(k—n);2(l€—n),2k+1;2k+2,2k+2;x)

-1 —1n—k .
n+1 n k = 27 E+j7+1

; k+1/2); ;
(2.27) 24( ; )M(l' —z)y, 0<k<n.

From (2.27), we derive
n—k

(2.28) Z(—l)j—i(”_.k>m<g>, 0<i<n—k

— J
Jj=t
2L BN N T 20 =204 2) (g 1)
Tt n k 2% + 2 i)
and

n—k . .
2n—2i+2\ (n+1\ /(1 .
(2.29) Z( okt 9 )( . )(j.)rn,kﬂ-, 0<j<n—k

=]

:4_kn+1 n+k+1\(n\(n—k\(k+1/2);
2k +1 n k J (2k+2); "
Fori =k =0, (2.28) becomes
" 1N /n+1\ /25 2n+1/2n
e >(3) (1)) - ()
Let us recall the formula (7.6) in [5]:
01N )\ (25 (F+R\" 1 /2n+2R\ /2R
e 2(=1) GO -=CE)E)
For h =1, (2.31) reduces to (2.30). For j = k = 0, (2.29) becomes

(2.32) Zn:(zn —2i+1) (2;> (22 - ZQZ) = (n+1)4,

=0

which can be proved also directly.
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3. CONFLUENT HEUN FUNCTIONS

The hypergeometric function v(t) = 1 Fi(a; v; t) satisfies (see [10, p. 336], [11, 13.2.1]) v(0) =
1and

(3.33) t" (t) + (v — t)v'(t) — aw(t) = 0.
Moreover (see [10, p. 338, 5.6], [11, 13.3.15]),

rd

(3.34) iB(a+ Ly + L) =~

1Py (os ).
With the above notation, we have:

Theorem 3.3. For ap # 0, the confluent Heun function HC(p,~, 0, o, dpa; ) satisfies

(335) HC(]),")/, 0,0[,4])04; ZL’) = lFl(a;’Y; *4pf£),
d
(336) HC(PKY + 1707 o+ 15 4p(0é + 1),.’,5) = _LiHC(p?r% 0,0{74])0&; :E)v
4dpa dx
—1)7 i
w—,HC(p,fy,O,a,llpa;x),

(437)  HC(pv+3,0,0+japla+i)ia) = ot o5

for all integers j > 0 with (a); # 0.

Proof. According to (1.2), the function u(z) = HC(p, 7,0, o, 4pey; x) satisfies u(0) = 1 and
(3.38) xu” (z) + (4px + y)u' () + dpau(x) = 0.

From (3.33) and (3.38), it is easy to deduce that u(z) = v(—4pzx), and this entails (3.35).

Now, (3.36) is a consequence of (3.35) and (3.34); (3.37) can be proved by induction with respect
to j. Let us remark that (3.36) coincides with (30) in [4]. |
Corollary 3.3. Let K,,(z) := HC (n, 1,0, 3, 2n; 2) be the function given by (1.5). Then

DR

(3.39) K,(z)=1F (; 1; —4na:>
and
L, dt
_ = —2nz(1+t)
(3.40) K, (x) - [1 e Winer=4
Proof. (3.39) follows from (3.35) with « = 1/2, v = 1 and p = n. By using (3.39) and [10, p. 338,
5.9], [11, 13.4(i)], we get (3.40). Let us remark that (3.40) coincides with (69) in [14]. |

Using (3.37) withp =n,v=1,a =1/2, we get

. 1 ‘ =17 120\ .
(3.41) HC n,]+1,0,j+§,2n(2j+1);x =0 ; KJ)(x), j=>0.

From (3.41) and [4, (34)], we obtain

(342) K9(0) = (~n)’ (2? )
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which is (35) in [4].
On the other hand, (3.40) implies (with ¢ = sin )

Combined with (3.42), this produces

/2, . ) .

> () ()= (0)

iz \FNE J
which is (3.99) in [5].

Finally, we give closed forms for some families of confluent Heun functions.

Theorem 3.4. (i) For 0 < j < n, we have

—J
(343) HC <p,] + ; 0,5 —n,4p(j — n) ) _ Z (n y) 2Z : /;)Cv) (16pz)" 7.

(i) More generally, for 0 < j <nand A > —1,

(3.44) HC (p,j+1+X0,j —n,4p(j —n);z)
A+ 1)L+ 1) X n—j ik
=2 TN (A 1—k Apz)"ik,
T(n+A+1) kZ:O( ALkl 7 ) Upe)

Proof. By using the relation between the function ; F; and the Hermite polynomials (see [10, p.
340, 5.16], [10, p. 235, (4.51)], [11, 13.6.16]), we have

1 = 1
e . — R n—k
(3.45) 1Fy < n; 53 x) n! kE:O F(2n — 2] (—dx)" ",

From (3.35) and (3.45), it follows that

1 - 16px ) k
= =nl
(3.46) HC ( —4pn; x) n! E k' om — 2%)!

Now, (3.43) is a consequence of (3.46) and (3.37).
In order to prove (3.44), we need the relation between ; F; and the Laguerre polynomials (see
[10, p. 340, 5.14], [11, 13.6.19]):

nlTA+1)
T+t 1)Ln(a:), A>—1,
where (see [10, p. 245, (4.61)], [11, 18.5.12])

n

rA+E+D) g
348) =2 (- e T
=0
From (3.35), (3.47) and (3.48), we get
nIl'(A+1)

(3.49) HC (p, A+ 1,0, —n, —dpn; z) = Tt A+ 1)

L,); (—4pz).
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Combined with (3.37), (3.49) produces(3.44), and this concludes the proof. |

4. OTHER COMBINATORIAL IDENTITIES

Let us return to (2.10). Since

(4.50) (m+1/2); i (2m 425 (2m) 7
' (m+1); m+j m ’
it becomes
nim(—l)j‘%—j (" - m) (2m + 2]') (])
j=i J m+j {

(1 U mo i\ (2m+ 20\ (20— 2m — 2
B m m m—+1 n—-m-i )

Seti+m =r,j =1 —m+k, and replace n by n + r; we get

o O CIEET

k=0

-1
() (Q)E)E). wevrms
m m T n

Here are some particular cases of (4.51).
e 2 () () = ()
e S OG-0 )
meos S D) - ()
= S CEDEE T =0 (6
wen S ()00 Q)

Now, let us return to (2.11); use (4.50), set j +m = r, i = r —m + k, and replace n by n + r. We
get

" (r+k\ (T4 Ek—m\ [2r+2k\ [2n — 2k
= (0T

k=0

:4n<n+r>(2r>(n+r—m>’ n>0,r>m>0.
m r n

For r = m = n, (4.52) reduces to

2”: n+ k) (204 2K\ (20 -2k\ _ (20’
—\ n n+k n—k ) n/)
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Clearly, there are many other particular cases of (4.52).
Several other particular combinatorial identities can be obtained starting with other general
formulas from the preceding sections, but we omit the details.
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