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Abstract

Number sequence matrices is a widely studied subject in matrix analysis.
Especially number sequence matrices whose entries are well-known number
sequences have become a very interesting research subject in recent years. We
have seen many studies on the different number sequences in the last years.
Fibonacci and Lucas number sequences are the best of these number sequences. In
this sequences each term is the sum of two previous terms, with initial values
F,=0, F=1 and L,=2, L =1 respectively. In Pell and Pell-Lucas number

sequences, nth term of the sequence is equal to the sum of (n-2)th term and two
times (n-1)th term. In literature, many proporties belong to number and matrix
sequences constructed by recursion relations like these sequences. In this study, we
present some important relationships between (s, t)-Pell and (s, t)-Pell-Lucas
matrix sequences. Some identities for (s, t)-Pell and (s, t)-Pell-Lucas sequences are
obtained by using these matrix sequences. Furthermore, we give the Binet
Formulas for nth (s, t)-Pell and (s, t)-Pell-Lucas sequences. And in this formulas
we will determine some relations between (s, t)-Pell and (s, t)-Pell-Lucas
sequences.

Key Words: (s, t)-Pell sequence, (s, t)-Pell-Lucas sequence, (s, t)-Pell matrix
sequence, (s, t)-Pell-Lucas matrix sequence.

(s, 1)-PELL VE (s, t)-PELL-LUCAS MATRIS DIiZILERI UZERINE
Ozet

Say1 dizili matrisler, matris analizinde yaygin bir ¢aligma alanina sahiptir.
Ozellikle elemanlar1 iyi bilinen say1 dizilerinden olusan say1 dizili matrisler,
giinlimiizde ¢ok ilgi ¢ekici olmuslardir. Son yillarda farkli say1 dizileri {izerine pek
¢ok calisma gormekteyiz. Fibonacci ve Lucas say1 dizileri, bu say1 dizilerinin en
onemlilerindendir. Bu dizinin her bir terimi F, =0, F =1 ve L,=2, L =1 olmak
iizere, kendinden onceki iki terimin toplamidir. Benzer sekilde Pell ve Pell-Lucas
say1 dizileri de kendinden 6nceki terimin iki kati ile iki 6nceki terimin toplamdir.
Literatlirde buna benzer say1 dizi ve matrislerinin bazi 6zellikleri verilmistir. Biz de
bu ¢aligmada, (s, t)-Pell ve (s, t)-Pell-Lucas matris dizileri arasindaki bazi 6nemli
iligkileri sunacagiz. Bu matris dizilerini kullanarak (s, t)-Pell ve (s, t)-Pell-Lucas
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say1 dizileri igin bazi esitlikleri ele alacagiz. Ayrica, (s, t)-Pell ve (s, t)-Pell-Lucas
say1 dizileri i¢in Binet Formiiliinii verecegiz ve bu formiillerle (s, t)-Pell ve (s, t)-
Pell-Lucas matrisleri arasindaki bazi iligkileri gosterecegiz.

Anahtar Kelimeler: (s, t)-Pell sayilari, (s, t)-Pell-Lucas sayilar, (s, t)-Pell
matrisi, (s, t)-Pell-Lucas matrisi.

1. INTRODUCTION

Fibonacci and Lucas numbers are the terms of the sequences 0, 1, 1,2, 3,5, ...and 2, 1, 3,4, 7, 11, ...
wherein each term is the sum of the previous terms, beginning with the values F, =0, F =1 and
L, =2, L =1 respectively. In the literature, in [6, 7], there are the some generalizations of the

Fibonacci, Pell and Jacobsthal families. For instance, in [2], Falcon and Plaza introduce k-Fibonacci
sequence by using Fibonacci and Pell sequences. In [4, 5], ipek defined (s,t)-Fibonacci and (s,t)-Lucas
matrix sequences by using (s,t)-Fibonacci and (s,t)-Lucas sequences. He also gave some properties
related to these matrix sequences. in [1], Catarino and Vasco present some basic proporties involving
the k-Pell numbers. In [8], Uygun establish (s,t)-Jacobsthal and (s,t)-Jacobsthal-Lucas matrix

sequences and present some important relationships between these matrix sequences.

In this study, we present some important relationships between (s, t) Pell and (s, t) Pell-Lucas matrix
sequences. Some identities for (s, t)-Pell and (s, t)-Pell-Lucas sequences are obtained by using these
matrix sequences. Furthermore, we give the Binet Formulas for nth (s, t)-Pell and (s, t)-Pell-Lucas
sequences. And in this formulas we will determine some relations between (s, t)-Pell and (s, t)-Pell-

Lucas sequences.

Definition: For any real numbers s, t; the (s,t)-Pell and the (s,t)-Pell-Lucas sequences are defined
recurrently by

P.(st)=2sP,(s,t)+tP_,(s,t), Py(st)=0,R(s,t)=1 n>1
and

Q... (s,t)=25Q,(s,t)+tQ,;(s,t), Q(s,t)=2,Q,(s,t)=2s, n>1

respectively, where s>0,t=0and s® +t>0. If s=1, t=1 the classic Pell and Pell-Lucas sequences are

obtained.

Definition: For any real numbers s, t; the (s,t)-Pell matrix and the (s,t)-Pell-Lucas matrix sequences

are defined recurrently by
10 2s 1
P, (s,)=25P, (5,1)+1P, ,(s,1), Po(s,t):(o 1), Pl(s,t):[ts Oj,nzl
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and

2 2 242t 2
Q. (5,1)=25Q, (5,1)+1Q, , (s.1), Qo(s,t):(; _Zsj,Ql(s,t):[“sZ;t Zj,nzl

respectively, where s>0,t=0and s* +t > 0.
Lemma: For any integer m,n>0

P...(s,t) =P, (s,t)P,(s,t) [3].
Lemma: For any integer n>0

Qni(s,t) =Qu(s,t)P,(s,t) and Q,,,(s,t) =Q, (s,1)P,(s,1) [3].

2. MAIN RESULTS

Theorem: For any integer n>0we have

P (s,t) :(Pnﬂ(s-t) P (s,t) ]

tP,(s,t) tP _,(s,t)

Proof: By considering induction steps,

10
For n=0, Po(s,t)z[0 1), P_l(s,t)z%, P,(s,t)=0, R(s,t)=1

2s 1
For n=1, P,(s,t) =
(% )

Let us suppose that the equality holds for all n=N <[] *. To end up the prof, we have to show that the

case also holds for n=N+1. Therefore we can write,

P..(st)=2sP (s,t)+tP, _,(s,t)

Pn+2(s!t) Pn+1(s’t) _2 Pn+l(sit) Pn(Sit) t Pn(S,t) Pn—l(sit)
tP. (s,t) tP(s,t) ) > tP (s,t) tP (st " P (s,t) tP_,(s1)

[ 28R.(s.t) +tR (s,1) 2sP,(s,t) +tP,_,(s,t)
Lt(2sP,(s,1) +tP, ,(5,1))  t(2SP,,(s,t) +tP, ,(s,1))

Hence the result.
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Theorem: For any integer m, n>0we get
Prina (8D =R (8 DR,.(s,) +1R, (s, )R, (s,1)
P..(st) =P, (s,t)P,,,(s,t) +tP, ,(s,t)P,(s,t)
P..(st) =P, .. (s,t)P,(s,t) +tP, (s,t)P,,(s.t)
P.na(St)=PR,.(s,t)P (s,t) +tP, ,(S,t)P,,(s,1)

Proof:

Pm+n (S,t) Z[Pm+n+l(s,t) Pm+n (S’t) )

Pm+1 (Svt) Pm (Svt) Pn+1(s’t) Pn (S!t)
th+n (S-t) th+n—1 (S!t) [ ](

th (S’t) th—l(S!t) tI:)n (S,t) tpnl(S,t)j - Pm (S’t) Pn (S,t)

m

Poina($1)  Pon(st) ) [ Rra(S, )R8, 1) +1R,(s,1) P, (s,1) P..(s,t)P (s, t) +tP, (s,t)P,_,(s,1)
(thJrn (S!t) tP +n1(s’t)J_ t(Pm (Svt)Pn+l(s!t)+th—1(S’t)Pn (S!t)) t(Pm (Svt)Pn (S’t) +th—1(s!t)Pn—1(svt))

Theorem: For any integer n>0we have

P.(s,t) =P (s,t)
Proof: By considering induction steps,
For n=1, P,(s,t) =P/ (s,1)

Let us suppose that the equality holds for all n=N <[] *. To end up the prof, we have to show that the

case also holds for n=N+1. Therefore we can write,

Pn+1(svt) Pn (S,t) j(ZS 1}

Pl””(s,t)=P1N(S,t)P1(s’t):£tP(st) GOt 0

[ 2SR ) +tR(st)  RLu(st)) (PR..(st) PR.(st)
~Lt(2sP,(s,1) +tP,,(5,1))  tP,(s,t) _[thl(s,t) tPn(s,t)]

=Py..(5,1t)
Hence the result.
Theorem: For any integer n>0we have
detP, (s,t) =(t)"
Proof:
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2s 1
Pl(s,t)z(t Oj and detP, =t. From P, (s,t) =P (s,t)

detP, (s,t) =det(P}'(s,t)) = (detP,(s,1))" = (t)"

Theorem: For any integer n>0we have

Qn(s,t)z(Qnﬂ(S!t) Qn (S’t) j

th (S1t) th—l (S,t)

Proof: By considering induction steps,

For n=0, Qo(s,t)=[§f _28} Qu50=-2, 0,50 =2 Q5.0 =2s

2
Forn=1 Ql(S,t):(4s +2t 2sJ

2st 2t

Let us suppose that the equality holds for all n=N e[J*. To end up the prof, we have to show that the
case also holds for n=N+1. Therefore we can write,

Qi (s:t)=2sQ, (s,t)+1Q, ,(s,t)

[Qn+2 (S’t) Qn+1(s’t)j

QD QED ) [ Q6D Quh
tQ, . (s,t) tQ,(s,t)

th (S’t) th—l(slt) th—l(S’t) th—Z (S,t)

25Q,.,1(s,1) +1Q,(s,1) 2sQ, (s,1) +1Q, 4 (s,1)
t(ZSQn (S,t) + th—l (S,t)) t(ZsQn—l (S, t) + th—Z (S,t))

Hence the result.
Theorem: For any integer n>0we have

detQ,,,(s,t) =(4s’t +4t* )(t)"
Proof:

4s* +2t 2s

Qe :( 2st 2t

J and detQ, (s,t) = 4s’t +4t>. From P, (s,t) =P/ (s,t)
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detQ, ., (s,t) = det(Q, (s,t)P, (s,t)) = det (Q, (s,t) P/ (s,t) )

= (detQ, (s,1)) (detP,(s,1))" = (45t + 4% )(t)"
Theorem: For any integer n>0we have
Q,..(s,t)=2sP, ,(s,t)+2tP,(s,t)

Proof: By considering induction steps,

45 +2t 2s 2s 1 10
For n=0, s,t) = 2sP, (s,t) + 2tP, (s,t) = =2 + 2t
Q,(s:t) (s, 1) 5 (S:1) { ot ZJ [t 0] [0 J

Let us suppose that the equality holds for all n=N e[J*. To end up the prof, we have to show that the

case also holds for n=N+1. Therefore we can write,

Quua(8:) =Qy(s,t)Py (s, 1) = (ZSF’l(S,t) +2tP, (S,t)) Py (s:1)

=2sP (s, t)+ 2tP (s,t)

Hence the result.

Theorem: For any integer m, n>0we get

P, (s,1)Q, .. (5,t)=Q, .. (s,t)P,(s,1)
Proof:

Pn(8,1)Q,..(s,1) =P, (5,6)Q, (s,1) P, (s, 1)
=P, (s,t)(2sP,(s,t) + 2tPy(s,t) ) P, (s, 1)
=2SP, . ...(s,t) + 2tP (s,1)
=(2sP,(s,t) + 2tPy(s,1) ) P, (s, 1)
=Q, (s, )P, (s, )P, (s,1)
=Q,1 (s, )P, (s,1)

Theorem: For any integer n>0we have
P.(s,) =Q,,,(s,)Q; (s,1)
Proof: By considering induction steps,

For n=0,
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Py (s,1) =Q,(5,1)Q; (s, 1)
= Q, (5, VP, (s,1)(Q, (s, V)P, (s,1))
=Q,(s,))P,(s, )P (s,1)Q1 (s,1)

=|2

Let us suppose that the equality holds for all n=N e[J*. To end up the prof, we have to show that the

case also holds for n=N+1. Therefore we can write,

QN+3 (S,t)le(S,t) = Ql(S,t)PN+2 (S,t)Pl_l(S,t)Ql_l(S,t)

=Py, ()P (s,1) = Py, (s,D)P,(s,)) P (5,1) = Py, (s,1)
Hence the result.

Theorem: For any integer n>0we get
a) Q;,1(s,t) = QI(s,D)P,, (s,1)
b) Q7..(5:t) =Q,(5,)Qzn1(s:1)
€) Quna(s,t) =P, (s,1)Q, 1 (s.1)

Proof:

a) Q§+l (S1t) = Qn+l (Svt)QnJrl(S’t) = Ql(svt) I:)n (Svt)Ql(svt) I:)n (Svt)

=Q,(s,)Q,(s, )P, (5, )P, (5,1) = QI (S,1)P,, (s.1)
b) Qﬁu(sat) = le (Sft)Pzn (S,t) = Ql(s!t)Ql(S!t) P2n (S,t) = Ql(sit)Q2n+1(sit)

C) Q2n+1(sat) = Ql(sit)PZn (S,t) = Ql(slt)Pn (S,I)Pn (S,t) = Pn (S,t)Ql(S,t)Pn (S,t) = Pn (Sft)Qn+1(S!t)

Theorem: For any integer m, n>0we get

2R, (8,) =R, (s,1)Q,(s,1) + B, (5,)Q,(s.1)
Proof:
F)m+n (S,t) = I:)m (S,t) Pn+l(s’t) +th—1(S’t) Pn (S,t)

Pm+n (S,t) = Pm+l(sit)Pn(s’t) +th (S’t) Pn—l(sit)
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When the equations are gathered to the side,

m+n

2P, (5,t) =P, (5,t) (P, 1 (s, 1) + 1P, ) (5,t) + P, (5,1) (P,.. (s, 1) + P, _,(S,1))
=P, (s,1)(2sP,(s,t) + 2tP, , (s,t)) + P, (s, 1) (2P, (s,t) + 2tP,_, (s, 1))

=P, (s,1)Q,(s,t) + P,(s,1)Q, (s,1)

Theorem: For any integer m, n>0we get

Qm+n+l (S’t) = I:)m+l (S't)Qm—l (S7t) +th (Sit)Qn (S’t)
Proof:

23R, ... (s,t) =2sP, ., (s,t)P, . (s,t) + 2stP, (s, t) P, (s,1)
2tP,, (s,t) =2tP, ,(S,t)P,(s,t) + 2t*P, (s,t)P_, (s,1)

When the equations are gathered to the side,

m+n

2SP, .1 (S, 1) + 2tP, . (5,1) = P, (5,1) (25P, (s, 1) + 2tP, (5,1) ) + P, (5, 1) (2SP, (5,t) + 2tP,_,(s,1))

Qm+n+1(5't) = Pm+l(sit)Qn+l (S’t) + th (Slt)Qn (S,t)

Theorem: For any integer n>0we have
Qr2(s,1) +1Q7,1(s,1) = (45 +40) By, .5 (s, 1)
Qr2(8.1) +1Q7,1(5,1) = Quus (8,1) +1Q, 5 (5,1)

Q0 (8:8) =R, (8,0)Q,.4 (5, 1) +1R, , (5,1)Q, (5,1)

Proof:

From Q2.,(s,t) =Q{ (s,t)P,,(s.t)

(Qn+2(sit) Qn+l(s’t)J2 _ 452+2t 28 2(P2n+1(s’t) PZn(s’t) ]
tQ,u(st) Q.(st)) | 2st  2t) (tP,(s,t) tP,,(s1)

we get Q7 (s,1) +1Q7,1(s,t) = (4s” +4t) P, 5(s,1).
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From QﬁJrl(S’t) = Q1(Sat)Q2n+1(sat)

Qua(st) Qua(si)) (45?42t 25)( Quo(St) Qua(sit)
tQm—l (S, t) th (51 t) B ZSt 2t t(?2n+1(sf t) tQZn (S, t)

we get Q7,,(s,t) +tQ2,(s,t) =Q,,.., (s, 1) +tQ,, ., (5,1).

From Q2n+l(s1t) = Pn (S’t)Qnﬂ(S’t)

Q2n+l(s7t) QZn(S’t) _ Pn+1(sit) Pn(sit) Qn+2(sit) Qn+1(s7t)
tQ,(s,t)  1Q,,.(s,t) ) (P (s,t) tP,(s,1) \1Q,..(s,1) tQ,(s,t)

We get an (s!t) = I:)n (s!t)Qn+l (S,t) + tPn—l (s!t)Qn (S,t).

Theorem: For any integer n>0the Binet Formulas for nth (s,t)-Pell number and (s,t)-Pell-Lucas

number are given by

n n

P,(s,1) = %
and

Q. (st)=r"+r
Proof:

The proof of first equality is obvious from the principle of induction n. Let us prove second equality.

From Q,(s,t) =2sP,(s,t) + 2tP,_,(s,t)

rn _ I,.n rn—l _ rn—l
Q,(s,t)=2s2—2 +2t-L 2
n-n n-n
2 2
rln[wj_rzn(sr2+tJ rln(rl _rlrzj_rzn(rz _rler
-2 n r -2 2r1 2I‘2
n-n n-n
r—r r,—r
nf 171 n| 271
°(% ]_rz( r ]
=2 22 l=n"+r)
n-nrn
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Theorem: For any integer n>0we have

P (s,t) = [ Pi(s,t) - 1,P, (Svt)jrln _( P.(s,t) — 1P, (S,t)j .
n-n n-r
and
QMA&0=(QA&0—5QA&0]¢_[Qx&o—ngang
h-r n-n
Proof:
P (st)= A 2s-r, 1 H_ r, MZS—I‘1 1 H
rl—rz L t —r2 rl_rz t _rl

B n n n n n n
__1 28K = 2sr, =" +1r, n—r,
nL—r, tr" —tr, -nLn"+nr,

_(Bua(sit)  Ri(s,t)
LtP(s,t) tP_(s1)

By using the above method,

Q,(s,1)— erl(s,ojrn _£Q2<s,t) - rlQl(s,oJrn

n-n n-n

Qn+1(sit) :[

can be clearly seen.
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