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Abstract

By practicing the manner of semigroup theory and Banach contraction theorem, the existence and uniqueness
of mild and classical solutions of nonlinear integrodifferential equations with time varying delay in Banach
spaces is showed. Certainly, an example is revealed to justify the abstract idea.
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1. Introduction

In this work, we examine the class of nonlinear integrodifferential equations with time varying delay of
form:

t

2(0) + Aa(t) = Fa (8,50 (0) s 2(n(6). [ alt5,2(1(5))ds)

to

t
+ Fy <t,x(771(t)), ...,x(nm(t)),/t ho(t, s,$(nm+1(s)))ds),t € (to,to + b (1)
and
z(to) + g(x) = o, (2)
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in which tg > 0,b > 0. The infinitesimal generator that is expressed by —A, of a Cy semigroup of operators
on a Banach spaces. F1, hi, Fo, he are functions which is stated in and these functions gratifying some
assumptions and xg € E. Assigning the tool of semigroup, the existence of solutions for semilinear evolution
equations is analyzed by Pazy [L1]. The same classes of evolution equations as present in [11] with nonlocal
condition are explored by Byszewskii [6]. During previous years, differential and integrodifferential system
with time varying delay is considered by various investigators like [I] - [5], [7] - [10], [13], [I4]. They have
used different tools and techniques for discussing the outcomes.

2. Preliminaries

In this section, we give some definitions, notations and basic facts which are applied in the next sections.

Definition 2.1. [I1] A one parameter family T'(t),0 < t < oo, of bounded linear operators from E — E,
where E is a Banach space, is said to be the semigroup of bounded linear operators on E if

(1) T(0) = I, the identity operator on E;
() T(H)T(s) =T(t+ s);V t,s >0 (the semigroup property).
A semigroup of bounded linear operators T (t) is uniformly continuous

lin | () — 1]| = 0.

If the linear operator A explained by

T(t)y —
D(A) = |y € E:lim Mem’sts
t—0 t

and

Ay:IimTt _y,yeD(A)

t—0

is the infinitesimal generator of the semigroup T(t). Here D(A) is the domain of A.

Definition 2.2. [11] A semigroup T'(t),0 <t < 0o, of bounded linear operators on E is a strongly continuous
semigroup of bounded linear operators if

IimT(t)y =y, Yye€FE.

t—0

A strongly continuous semigroup of bounded linear operators on E will be termed as Cy-semigroup.
Theorem 2.3. Suppose T'(t) be a Cy-semigroup. The constants Q >0 and M > 1 exist such that
| T(t)] < Me,0<t < oco.
If Q =0 then T(t) is called uniformly bounded and if M =1 it is said to be Cy-semigroup of contraction.

Now, if E is assumed as a Banach space with norm || .||. Also, Cy-semigroup of operators on E is written
by {T'(t) }+>0. Throughout paper, infinitesimal generator is represented by —A and the same is Cp-semigroup
of operators on E. Here the domain of A is given by D(A) and also tg > 0,b > 0,

J = [to,to + b],
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A:={(t,s) : tp < s <t <ty+b},

M = sup || T(t)|lpL(E,E)
te[0,b]

X:=C(J,E)
and Fy : Jx E™0 5 Bhy cAXE = E,Fy: JXE™ 5 Ehy: AxE = Eg:X — Ev:J —
J (i=12,..,n+1),n:J—=J (j =12,...,m+ 1) are stated functions and these functions meet some

assumptions.
For the suitability, the operator norm || .||gL (g, ) Will be indicated by || T'(t)]|-

The following two definitions will be mandatory for the mild and classical solutions of the system -
(2)-
Definition 2.4. The following integral equation s fulfilled by the function r € X,
z(t) =T(t —to)zo — T(t — to)g(x)

s

+/tT(t—s)F1<s,x(’yl(s)),...,a:(’yn(s)),/ hl(s,T,x(’ynH(T)))dT)ds

to to

S

—i—/tT(t—S)Fg(s,x(m(s)),...,x(nm(s)),/ hg(s,T,x(nm+1(7)))d7)ds,

to to

t € (to, to + b (3)
s remarked to be mild solution of the system - on J.
Definition 2.5. A function x : J — E is termed as classical solution of the system - on J if:
(1) x is a continuous on J and is continuously differentiable on J/{to}.

(id) @/(t) + Aw(t) = Fy (231 (1)), - 2 (), / Pa(ts 5,211 (5)))ds

to

4 Fy (t,:r(m(t)),...,x(nm(t)),/ hg(t,s,x(nm+1(s)))ds),t e J/{to}

to

(1ii) z(to) + g(z) = zo

3. Main Results

3.1. Existence of Mild Solution
The existence of mild solution is discussed by means of following theorem.

Theorem 3.1. Presume that

(1) —A is the infiniesimal generator of a Co-semigroup T(t),t > 0 in E such that |T(t)|| < M, for some
M > 1.

(ii) Here the function Fy : J x E"\ — E and Fy : J x E™"' — E are continuous. We take constants
My > 0, M3 > 0 in such a manner thatV z;,y; € E,i=1,2,...,n+1landV x;,y; € E,j=1,2,...,m+1,

we get
n+1
H Fl(taxlaan "'7xn+1) - Fl(t’ Y1, Y2, '“7y7’b+1)H S Ml(Z H Xq — yZH) (4)
i=1
and
m+1
| Falt 1.2 sini) = Falt et < M (3125 = 1) 5)

=1
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(tit) Next, h1,he : A x E — E are conlinuous functions and we consider constants Hy > 0, Hy > 0 in such
a way thatV x,y € F,

H hl(t,S,.T) - h1(t,s,y)H < HlH r— yH
and
| hao(t,s,z) — ha(t,s,y)|| < Hal| z —yl|

(iv) The function g : X — E and there is a constant G > 0 such that
I'9(u) =gVl <Gl u—v|x,Y u,veE

(v) The functions v; € C(J,J),i=1,2,...,n+ 1 and the function n; € C(J,J),j =1,2,...m+1.

(vi) finally
M [G + Myb(n + Hib) + Mab(m + Hab)| < 1 (6)

If all the above conditions are satisfied then the equations - has a unigue mild solution on J.
Proof. By explaining a mapping ¢ on X by the formula

(pu)(t) = T(t — to)zo — T(t —to)g(u)

+ [ 10 9B (s, un (), uns), [

to to

(s, G (7)) dr ) ds

S

—i—/tT(t—s)F2<s,u(771(s)),...,u(nm(s)),/ hQ(S,T,u(an(T)))dT)ds,

to to
forue X andt e J.

It is simple to understand that ¢ : X — X.

Just now, we shall try to demonstrate that ¢ is a contraction on x. For this plan, make the difference
(Pu)(t) — (Pv)(t) = =T (t —to)[g(u) — g(v)]
t
—|—/ T(t—s)
to

- I (S,U(’Yl(s))v ey 0(n(8)), /S hi(s, T, U(’Yn+1(7)))d7>] ds

to
t
—|—/ T(t—s)
to

— F (s,v(m(s)), ey U(Nm(8)), /S hQ(S,T,U(?]m+1(T)))dT>] ds

to

Fy (5. 0n (), o). [ s, (7))

to

o (5. 5))s ot (5): [ s, (7)) )

to

Now, taking norm both sides, we obtain

I (¢u)(t) = (dv) @) < | T(t = to)|[]| g(w) = g(v)]]

t
+ [ 1TE=s)
to

Fy (500 (5)) (), [ (.70l ())dr)

to

= A (50 (), 000(8). [ (o701

to

ds
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+/t | T(t - )|

— Fa (5,0 (5): s om(s)). [ (s, 7, o (7)) )

to

F (5. (5))s i (5). [ ol i (7))

to

ds (7)

< MG u—vlx + 00y [ (Z [ s — vt
o\ =1
+/t8

+ MMy / (fj | unss) vl

S
/
tO

< MG = vlx + MMb[n|| u—vllx + Hidl| u—vllx]

(5,7, u(341 (7)) = (s, T,va(T»)HdT) ds

ha(s, 7, (g (7)) = ha(s, . v<nm+1<f>>>HdT> ds

—i—MMgb[mH u— vl x + Hab|| u—vHX}, Vu,ve Jtel.

Let A\ = M[G + Mib(n + Hyb) + Mab(m + Hgb)]. Then, by and by assumption (6)), we have
I (@u)(t) — (pv)(@)]| < Al w—vllx, for u,v e X

with 0 < A < 1. This shows that the operator ¢ is a contraction on X. O

3.2. Existence of Classical Solution
In this section, we shall study the existence of classical solution through the following theorem.

Theorem 3.2. Suppose that

(i) The assumptions (i) and (iv) of Theorem 3.1] holds.
(13) E is reflexive Banach space, vo € D(A) and g(x) € D(A), where x reveals the unique mild solution of
system - .

(7it) There are constants My > 0, Ma > 0 in such way that

n+1
| Futma, 23, onss) = Filss T ns)] <0 fi =1+ 3 =il
=1

fort,se Jx;,x, € E,i=1,2,...,n+1
and

m+1
| F2(t 21, 2, s Tint1) — F2(8, T1, B2, ooy T )| < Mo [|t — s+ Z |z — fj”]
j=1

fort,se Jx;,x; € E,j=1,2,....m+1;

(tv) There exist constants Hy, Hy > 0 such that
I ha(ty,s,2) = ha(te, s, 2)|| < Hiflts — tof + || & — ]

and
| ha(t, s, 2) — ha(te, s, 3)|| < Ha[[tr — tof + || @ — 2]
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(v) There are constants C3 > 0,Cy > 0 such that

[ 2(i(@) — (i)l < Call (t) —a(s)ll,i = 1,2,..,n+1

and
| 2(n; (@) —2(n;(s))|| < Cal| 2(t) —a(s)]l,j =1,2,....,m +1

fort,se J.
If all the above assumptions are fulfil, then x is the unique classical solution of the system - on J.

Proof. The equation - possess a unique mild solution if all the conditions of Theorem are satisfied,
which is represented by x.

Next, we want to manifest that = is the unique classical solution of - on J. At this stage, we

initiate

Cs = max| Fa (5,21 (6)) 29D, [ a(o,7a0ma () |
Co = max | Py (5,20 (9), (), [ s, malnmia(r))r) |

and Cs = max H ha(t, s, x(NMn41(s H
t,sEA

Cq —grslgx H hi(t, s, 2(ynt1(s )))‘
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For this purpose, consider the difference

z(t+ h) —z(t)
=[T(t+h —to)xo — T(t — to)wo] — [T'(t + h —to)g(z) — T(t — to)g(w)]

to+h
+

S~
B

T(t+h—s)F (s,a:(’yl(s)), e (s)),/ts hl(s,r,x(%ﬂ(f)))df)ds

+
3\“
T+ 7
= =

B

T(t+h—s)F <s,x(’yl(s)), i (s)),/ts hl(s,T,x(%H(T)))dT)ds

T(t—s)Fl(s,a:(’yl(s)),...,:c( (s)),/ h1<8,7',33(’yn+1(7')))d7'>d8

to

+ |
3\“ 5*\“
g
>
5
3
3

T(t+h—s)F (s,x(m(s)),...,$( (s)),/ts hz(s,T,x(an(T)))dT)ds

t+h s
+/to+h T(t+h—s)F2<s,x(771(s)) ...,x(nm(s)),/to hQ(s,T,x(an(T)))dT)ds
_/t T(t — s)Fy (s x(ni(s)) ...,m(nm(s)),/ts hg(s,r,w(nm+1(r)))d7>ds
— T(t — t0)[T(R) — IJwg — T(t — to)[T(h) — T)g(x)

+
5\“
o
+
>

E)

T(t+h—s)F (s,x(’yl(s)), e (s)),/ts h1(8,7'7a:(’yn+1(7')))d7'>d3

_l_
s*\;

T(t —s)x

s+h
Ey <s + hyx(ya(s+h)), .., x(yn(s + h)),/t hi(s+ h,T, x(’}’n+1(7)))d7)

_— (s, 2(71(8)), oy (7 (9)), /ts hi(s, T, l‘(’yn+1(7)))dT>] ds
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+/ttT(t—s)><

s+h
By + halim(s + ). coslin(s + 1)), [ hals B (1))

to

to

- F (3, x(1(8))y ooy (M (8)), /S ha(s, T, x(nm+1(7)))dr>] ds

< Mh|| Azg|| + Mh| Ag(z)|| + hMCs

/ M M,
+/ Crdr

H2|s+h—5]d7'+/ Csdr

h+ZH (vi(s +h)) — z(7i(s) H+ H1|s+h—s]d7

dS+hM06+/ M Mo
to

he 3| gt + ) - sl
j=1

ds

to

< Mh)| Azl + Mh|| Ag(x)|| + hMCs + MM, bh
+ MM, / Z | z(yi(s + h)) — x(vi(s))||ds + MM,hbH, + MM,C7hb

to =1

+RMCy +MM2hb+MM2/ Z | 2(n;(s + 1)) — 2(;(s)) | ds
to 7=1

+ M MsHshb + M MsCghb
< Mh)|| Axo|| + Mh|| Ag(z)|| + hMCs + M M,bh

t
+ MMlTLCg/ H HE(S + h) — a:(s)Hds + M MibhH, + M M1C7bh + hMCg
to
t
+ M Mabh + MM2m04/ | (s + h) — x(s)||ds + M MbhHy + M M,Csbh
to
< M| Azoll + || Ag(2)|| + Cs5 + Mib+ MybHy + My Crb+ Ce + Mab

t
+ MsbHo + MQCgb} + [MMlnC’g + MMngz;} / H x(s+h) — w(s)“ds
to
t
<Qh+ M [M1n03 + Mngd / | z(s +h) — x(s)||ds (8)
to

for t € [to,to + h),h > 0 and t + h € (o, to + b], where
Q= M[H Azl + || Ag(@)|| + Cs + Mib(1 + Hy) + M1Czb + Cg
+ Msb(1 4+ Hs) + MyCgb
With the use of Gronwall’s inequality and use of , we have
| z(t + h) — 2(t)|| < Qhexp?™ MinCatMamCal

for t € [to,to + h),h > 0 and t + h € (to,to + b]. Hence, x is Lipschitz continuous on J.
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The Lipschitz continuity of  on J and inequalities , imply that the function

teﬁ»ﬂﬂ:ﬁ%uﬂm@ywﬂ%@x/hﬁﬁmwwﬂmmg

to

+ Iy (t,a:(m(t)),...,x(nm(t)),/ hz(t,s,w(nm+1(t)))ds> ek

to

is Lipschitz continuous on J. This property of t — z(t) along with assumptions of Theorem suggested
by Theorem 1 given in of [12] and by Theorem together with equation , we conclude that the linear
Cauchy problem

V'(t) + Av(t) = 2(t),t € J/{to}
v(to) = 0 — g()
has a unique classical solution v in such a manner

v(t) =Tt —to)xo — T(t — to)g(z) + /t T(t — s)z(s)ds

to

= T(t — to)zo — T(t — to)g(x)

/ t—s F1 S 1’(’71( )) ,:E(’Yn(s)),

S

P (5,7, (o1 (7)) 7 ) ds

to

/ (t = 25,2 (5). o 2m(5)): [ B, (7)) ) ds

to
), teJ

As a result, z(t) is the unique classical solution of the initial value problem - on J. This completes
the proof of Theorem O

3.3. Applications

Now, we discuss two examples in favour of our results.

(1) We assume the following partial integrodifferential equation of the form:

Oz(t,z) 0?2(t, )
ot 0z

= At 20 (1), 2), s 2((0). ),

Hi(t, 5, 2(n1(5), @) ds )

to
t

+ f2 <t7 Z(nl(t)v fL‘), ey Z(Um(t), x)a HQ(tv 5, Z(nerl(S)v x))d‘S) )
to
0<z<mt>0, 9)
with initial and boundary conditions

20,1) = 2(m,t) = 0,¢ > 0 (10)

k
zo(z) = z(to, z) + Zcpz(tp,:r),x € [0, ]. (11)
p=1
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In continuation E = L?[0,7] and A : D(A) C E — FE is the operator Az = 2 with domain D(A) = {z €
E : z, 2" are absolutely contiuous, 2’ € E, z(0) = z(7) = 0}.

It is well known that A is the infinitesimal generator of Cyp-semigroup {T'(t)}+>0 on E. It is assumed that
for certain constants N; > 0,¢ = 1,2, 3,4, 5, the following conditions are satisfied:

n+1

| F1(ty1, 92, s Yng1) = Jr(t 20, 22, 2 )| S NUD || i — 24
i=1
m+1

I f2(ts g, 2, oo Ym1) = Falts 21, 22, o 2mi) | < No Y | g = 2l
=1

| Hi(t,s,y) — Hi(t,s,2)|| < Ns(|| y — z|))
| Ha(t,s,y) — Ha(t, s, 2)|| < Na(|| y — z])
| G(s1) = G(s2)|| < Ns(|| s1 — s2l])
where (Gz)(z) = Y| cpz(tp, ).

Define the function Fy : J x E"t' - E: Fy: JxE™!' 5 E; hi,hy: JxJxE—-FandG:X — F
as follows

Fi(t,zi(t), ...y xny1(t))(x) = fi(t,z1(x,t), ..., xpy1(x, t))
Fy(t,x1(t), ooy xme1(t)) () = folt,z1(x, ), ooy g1 (2, 1))
hi(t,s,z1(t))(x) = Hi(t, s, x1(z, 1))

hg (t, S, :cl(t))(a:) = Hg(t, S, T (.75, t))

fort € J and 0 < x < w. Then the above problem @ — can be formulated in —. Since all the
hypothesis of Theoremare satisfied. Consequently, Theoremcan be applied for the equations @ —.

(2) Consider the another partial integrodifferential equation of the form:

ow(t,y) 0?w(t,y)

ot Oy?
t
= c1(t)w(sint, y) + co(t) sinw(t, y) t2 1 / (sins,y)ds
to
+ ¢ (t)w(sint,y) + co(t) sinw(t,y) t2 1 / e3(s)w(sin s, y)ds, (12)
to
w(t,0) =w(t,m) = 0; (13)
k
w(0,y) + Z Cpw(tp,y) = wo(y) (14)

p=1

where we state the conditions as follows:
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(i) The function ¢;(.) and ¢;(.),j = 1,2,3 are continuous on [0, 1] with condition

lj = sup |ci(s)]<1,7=1,2,3
0<s<1

and
[j= sup [|&(s)| <1,j=1,23
0<s<1
(b) The function Cp, € R,p=1,2,..., k.

Let us consider that E = L2[0, 7). Explain A = D(A) C E — E is linear operator which is described by
Aw = w" with domain D(A) = {w € E : w,w’ are absolutely continuous, w” € E,w(0) = w(r) =0}
Then operator A can be expressed

Aw = ZnZ(w,wn)wn,w € D(A)

n=1

™

where wy,(y) = (ﬁ> sinny,n = 1,2, ... is the orthogonal set of eigenvalues of A. Further, for w € F, we

have

o0 2
Z —n“t

It common that A is the infinitesimal generator of Cy-semigroup {T'(¢)}>0 on E.

To solve this system, we will define the operators F1,Fy : J X EXE — E; hi,ho: J X JXxE—=FE,; g:
X — E by

P (t,w(a(t)), /0 hl(t,s,w(a(t)))ds> )

1 t
= c1(t)w(sint,y) + co(t) sinw(t,y) + 71 / c3(s)w(sin s, y)ds;
to

I (t,w(a(t)),/o hg(t,s,w(a(t)))ds> (y)

1
= ¢1(t)w(sint,y) + c2(t) sinw(t, y) + 71 / é3(s)w(sin s, y)ds;
to

¢ 1 t ‘
/0 hi(t,s,w(a(t)))ds = 211 /to c3(s)w(sin s, y)ds;

/Ot ha(t, s, w(a(t)))ds ! /t ¢3(s)w(sin s, y)ds

241,

k
g(w)(y) = thw(tp,y)
p=1

Then system - yields the abstract form - ([2). With the choice of the above functions it is clear
that all the conditions of the Theorem [3.T] are fulfilled. Thus with the help of Theorem we assume that
the system - has a mild solution on J.
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