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ABSTRACT. We give uniform and L,, Caputo-Bochner abstract sequential generalized right fractional Landau in-
equalities over R_. These estimates the size of second and third sequential abstract generalized right fractional deriva-
1

tives of a Banach space valued function over R_. We give an application when the basic fractional order is 3.
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1. INTRODUCTION
Letp € [1,00],I =Ry orI =Rand f: I — Ris twice differentiable with f, f” € L, (I), then
[’ € L, (I). Moreover, there exists a constant C, (I) > 0 independent of f, such that
1 1
ey 1 s < Co (DA 1505

where |[|-[|,, ; is the p-norm on the interval , see [1], [5]. The research on these inequalities
started by E. Landau [10] in 1913. For the case of p = oo, he proved that

) Co (Ry) =2 and Co (R) = V2

are the best constants in (1). In 1932, G. H. Hardy and J. E. Littlewood [7] proved (1) for p = 2,
with the best constants

©) Oy (Ry) =+2 and Oy (R) = 1.

In 1935, G. H. Hardy, E. Landau and J. E. Littlewood [8] showed that the best constants C), (R)
in (1) satisfies the estimate

) C, (Ry) <2 for pe[1,00),

which yields C,, (R) < 2 for p € [1, 00). In fact, in [6] and [9] was shown that C,, (R) < /2. We
need the following concept from abstract fractional calculus. Our integral next is of Bochner
type [11]. We need

Definition 1.1. ([4], p. 105) Let [a,b] C R, (X, ||-||) @ Banach space, g € C* ([a, b]) and increasing,
feC(ab,X) v>0.
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We define the right Riemann-Liouville generalized fractional Bochner integral operator

1 b 1
©) (Boof) @ = 557 [ @) =@ ™o (201 ()

Yz € [a,b], whereT is the gamma function. The last integral is of Bochner type. Since f € C ([a,b] , X),
then f € Loo (Ja,b], X). By Theorem 4.11, p. 101, [4], we get that (Jg_;g f) e C([a,b], X). Above

we set Jy) . f = f and see that (Jb”ﬁgf> (b) = 0.

We also need

Definition 1.2. ([4], p. 107) Let o > 0, [o] = n, [-] the ceiling of the number. Let f € C" ([a,b] , X),
where [a,b] C R, and (X,|-||) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that
g teC™(lg(a),g(b)]). Wedefine the right generalized g-fractional derivative X -valued of f of order
a as follows:

_1\" b
© D@t [ GO -g@)y T O feg ) (00) i

V x € [a, b]. The last integral is of Bochner type. Ordinary vector valued derivative is as in [12], similar
to numerical one. If « ¢ N, by Theorem 4.11, p. 101, [4], we have that (Dg‘f;gf> € C([a,b],X). We
see that

) (i (1" (Fog™) ™ og)) () = (Diyf) (@), Y € [a,b].
We set
®) Dy of (#) = (=1)" (Fog™")" 0g) (#) € C([a,], X), n €N,

Dl?f;gf(x) =f(z), Yz €la,b].
When g = id, then
(9) Dl()yF;gf :Dl()):;idf = Dl()"ffa
the usual left X-valued Caputo fractional derivative, see [4], Chapter 2.

By convention, we suppose that
(10) (D2 _.,f) (x) =0, forz >z

Zo—39
for any z, zo € [a,b].
Denote the sequential (also called iterated) generalized left fractional derivative by
(11) Dy, =Dy Dy ,..Dy_., (ntimes), n € N.
We need the following g-right generalized modified X-valued Taylor’s formula.

Theorem 1.1 ([4, p. 120]). Let 0 < a < 1, n € N, f € C' ([a,b],X), g € C* ([a,b]) strictly
increasing, such that g=' € C'([g(a), g (b)]). Let Fy := Dy f, k = 1,...,n, that fulfill F}, €
C! ([a,b],X), and F,, 1 € C([a,b],X) . Then,

) —g@)
(12) T@ =3 ety (P ®

=0
b
+ m/ (g(t)—g (l.))(n+1)a—1 g (1) (Dz(;j_gl)af> (1) dt,

V€ la,b].
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We make
Remark 1.1 (to Theorem 1.1). When 0 < o < 1, by (6), we get
1 D))= e [ GO0 O G
Va € la,bl.
Hence,
|MD&wf)uw|§IW{[a>[f@<wgcwrﬂg%wH(fog1Y<gu»Hﬁ
fog™t "o
(14) < HH( gr(j—j)ww[a’b] (/: (g(t) —g(x) " (t)dt>
(fog™) o
Wl e
That is
a Moo ool s
(15) [(DF=g f) (@)]| < (g(b) —g(z)) " < oo,

r2-o
V€ la,b],0 < a < 1. Hence, it holds
H(Dl?f;gf) (b)H =0,

ie.

(16) (Dg_.,f) (b) =0,

when 0 < a < 1.

The author has already done an extensive amount of work on fractional Landau inequalities,
see [3], and on abstract fractional Landau inequalities, see [4]. However, there the proving
methods came out of applications of fractional Ostrowski inequalities ([2], [4]). Usually there
the domains, where [A, +00) or (—oo, B], with A, B € R and in one mixed case the domain was
all of R.

In this work with less assumptions, we establish uniform and L,, type right Caputo-Bochner
abstract sequential generalized fractional Landau inequalities over R_. The method of prov-
ing is based on right Caputo-Bochner sequential generalized fractional Taylor’s formula with
integral remainder, see Theorem 1.1.

We give also an application for a = 3. Clearly we are also inspired by [3], [4].

2. MAIN RESULTS

We present the following abstract sequential generalized fractional Landau inequalities over
R_.

Theorem 2.2. Let g € C' (R_) strictly increasing, with g=' € C'(g(R_)). Let 0 < o < 1,
fe @ X) with I flle_ ||| (Fos7) 00|,
D’b‘"'f;gf € C' ((—o0,b], X) and Dy f € C ((—o0,b], X), ¥V b € R_. We further assume that
17) Ky = HHDgg;g (t)HHOO,RE < 0,

< oo. For k = 1,2,3, we assume that
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where (b,t) € R%. Then

‘ . [(2a+1) [230+1 (280 1 1) (20 1 1) _
(18) bﬁg [(Dp2of) B)] < 220—1 (20 — 1)\/ T (4 + 1) Mo K
and

AVAT 3o+ 1) (T (4o + 1)) 7 (222 41 1 s
19 s [[(pie, ) o] < PLELDEUT DT EEAD )yt o

(¥V3)" (v2)" (2 - 1)

That is su H D22 £) (b
be]Rp_ ( b=ig )()

s [(Di2,r) ) < oo

277

Proof. We notice easily again here that (Df,‘ﬂ g f) (b) = 0,V b € R_. We make use of Theorem
1.1for 0 < o < 1 and n = 3, applied for any b € R_ and a = —oo. Momentarily, we fix b € R_.

Let zo < z1 < b, then g (z2) < g (z1) < g (b), and

(g (b) — g(x1))>"

) (b)

P )= WO ICDT (e gy ) 5 GO Z9CDT (e
(20) + ﬁ / b (9(0) =g (@)™ g (1) (D32, f) (1),
and
@ s = QI oy WO 9 EDT e
t i [ 00 -9 0 (D)
That is
ey WO gy )4 QO IEDT (e gy
ORI | b (9(6) ~ g (20))" " o (8) (DI 1) (0) b = A
and
@ QIO e gy LI ey
OB (9(0) — g (@2))" o (0) (DA, 1) () dt = B
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We are solving the above system of two equations with two unknowns (D?,ﬁ; 9 ) (0), (Dgf; p ) (d).
The main determinant of system is

(g(b)—g(z1))>" (g(b)—g(z1))*"
T(2a+1) T(3a+1)

D:=

(9(b)—g(x2))** (9(b)—g(x2))**
I'(2a+1) T'(3a+1)

1
I'2a+1)T'(Ba+1)

x |(g(®) =g (1)) (g (b) — g (22))>* = (g (b) — g (21))’* (g (b) — g (w2))**

— sl @O0 (g 0) - g2 - (00) - g 20)] >0

i.e.

2« 2a
@ p= S A ) g (22)" - (9 8) g (0))7] > 0.

We obtain the unique solution

(g(b)—g(z1))**
A ‘ r(3i+i)

B (g(®)—g(w2))**
CEMICE TeatD — |

b —a(zx 2a
s

(25)

CIORTTERV L
(D, f) () = =5

Therefore, we have

(g(b)—g(x2))3% (g(b)—g(x1))3*
4 A— T 3a+11 B

(Dgg;g ) (b) = —F= T )

(26) and
(g)—9(@1))2* B (9(b) —g(wa))>* 4
D3a f (b) _ T(2a+1) T(2a+1)
b—;g - D

We have the following

1

b
4] = Hf(xl)—f(b)—r [ =o' 0 (k)

Iptar e .
@7) <2 oo+ Fpary) @)~ 9 )

under the assumption ||[| f||[|, g_ < oo. Thatis

8) 141 < 2 W+ g (00— 9 )™
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and similarly,

) 1B < 20+ Frrgay (90 =9 (e2) ™

where by assumption

(30) 79 = HHDgg;gf (t)HHoo,RE < 00,

with (b,t) € R%. Consequently, we have

[(D22,0) 0 H_F(MH) (00~ 9 (@)™ (20 + (4M1><g<b) s0)")
@) @0 =90 (20 lln + et @O -]
and

102201 Ol < s [0 - 9@ (21llor + Fas; 0O - 9™

) @) - 9™ (20 lln + et 0O - s

Set now g (x1) := ¢ (b) — h, g(x2) := g(b) — 2h, where h > 0, so that g (b) — g(z1) = h,
g (b) — g (x2) = 2h. Hence, we get

22ah5a (204 _ 1)

33) “T@a+ ) BarD)
Therefore, we derive (from (26))
F(2a—|—1) K,
D20z 23(1 3a 2 g 4o
K,
4 3a 9 g 24a 4o
649 +h ( Al + Fra 2
2a+]‘ 3a 3o 75] 3a 4o Ta
— o [P W (5% #1157 4+ it (42
(35) 2a+1 2%+ 1) Moo 23 (2 + 1)z 50
22’JK 20 — 1 h2a I(da+1) 9 '
That is
I'(2a+1)
2a
(D=, 1) W) < (2 o)
22+ DI lloor_ | 2% (2% + 1)~
oo, R_ K 2c
(36) h2e I'(da+1) e
VbeR_,Vh>0.lLe.,itholds
I'(2a+1)
D
sup [ (03,) 0] < ( grarae )
2%+ 1) M Moo 23 (20 +1)——
7 == K, h*
37) h2a Mo 1) Dl | <00
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Vh>0,0<a< 1 By(26), we derive

3a+1) Ky
D3 (— 20 9 7924@( 4o
||( b—3g IC H—22ah a (20 — )[h ( H||f||H°°7R*+F(4a+1) h )
K,
207 2a 9 o
a2 (2|||f||oo,R el ﬂ
B P(30[+1) 20 20 4o 2a) 1,6
8) — o 201 (24 1) 14 e ()
_(TBa+1) 2 (22& =+ 1) ||Hf||||OO,R, 2% (22a + Ufha
Gy 3 I'(da+1) *
CTBat+ ) +1) 2 Mller. | 2K,
220 (2a _ 1) h3a F(40é+ 1)
That is
(08 1) )] < I'(3a+1) (22 +1)
= 22a 20 ]_)
2 Moo 22K, .,
(39) x l o Fdat1D)

VbeR_,Vh>D0.lLe,itholds
[ (3a+1) (22 +1)

bsup || (D ,g.f) b)H < 22 (2a _ 1)
21[1171 0 220K,

4 o0, R g9 o
40 X[ 30 Tdat1) | =%
Vh>0,0<a<l1 Cal
(41) =2 (24 1) 1 oo

230 (20 + 1) K,
42 =2 = "7
(42) b I'(da+1) 7
both are greater than zero. Set also p := 2a; 0 < p < 2. We consider the function
(43) y (h) :=ph™? +6h?, Vh>0.
We have
(44) y' (h) = —pph™"~" + pon?~' =0,
then

Oh*’ = p,

with a unique solution

s = (B)7
(45) hO = hcmt.no, <9) .

We have that
(46) y' (W) =plp+ 1) puh™" >+ p(p—1)0h 2
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We see that

—p—2 p—2

7 o (H % _ LANER _ Y 2o
y" (ho) =y ((9) )—p(p+1)u<9) +p(p 1)0(9)
0\ 7
—o(9) [to+ 1 Vil + (o~ 1) Vil
BN o, 0\ "
—P(u) (20\/@)—20 \//E<M> > 0.
Therefore, y has a global minimum at ho = (&) ﬁ, which is

y(ho):,LL(%)_%%—@(%)% —u<z>é—|— O = 2+/0p.

We have proved that (see (37))

sup [[(D52f) @) < m
W) . \/ 2ot (I?S(zoffl(f“ D il R
Call
& =201l
(48) ..
U= T

both are greater than zero. We consider the function

(49) v (h) := ERT3* 4 h®, YV h > 0.
We have
v (h) = =3ach™3*7t £ aph*~! =0,
then
hi* = 3¢,
with unique solution
(50) hO = hcrit.no. = (?f) " .
We have that
(51) 7" (h) = 3a (3a+ 1) A3 2 4 a (o — 1) Yh* 2.
We see
" (ho) = 3a (Ba+1)& <i’f)4a +a(a—1)9 (if)m
—a @5) [3(3%1)5;2 +(a— 1)¢]
(52) =a (‘:’f) N (4anp) = 4aep (‘?f) o > 0.
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1

Therefore, v has a global minimum at hy = (f) . , which is
e\ (88
o (ho) = §<w) W(w)
3¢\ T (L 3¢
53 Y e} b
52 (%) (e+)- “’(w)

Consequently,
64 3 (ho) = 30 (i’f) -G

We have proved that (see (40))

N 4r (3a+ 1) (22 +1)
be]Rp, H(Db— qf) (b)H - (\/g) 220 (2 — 1)

% 2af %
M Mer ) (o)

4V/2T (3a + 1)T (da + 1) 77 (220 1)
55 -
5) B o A 2 %o

The theorem is proved. U

X

We continue with abstract L,, right sequential generalized fractional Landau inequalities over
R_.

Theorem 2.3. Let g € C' (R_) strictly increasing, with g=' € C' (g (R-)) . Letp,q > 1: L +¢ =1,
0<a<l LetfeC R, X)with || flllcg. ||| (Fog™) og]|| . <oo Fork=1,23we
assume that D, f € C* ((—o0,b], X) and D}, f € C ((—o0,b], X),V b € R_. We further assume
that

. 4o
o (s 112kl ) <o

Then
1) under 55 < o < 1, we get

sup [[(D32.,7) )] < (”F (20) 10 - i)) <4a (14 2—3a>> (%=%)
beR_

200 — 1

X

142075 ><4‘3f37) (j:j>

(F(4a) (¢ (4o — 1) +1)7 11l o,k

& ot ) <
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2) under <a <1, weget

s [(Di,1) )] < (F (30) (ta - p)> <6a (1+ 21-2a)> (%)

1o} >(4;11,) (k)
2

) ( IS
I'(4) (¢ (4 — 1)+ 1)

o [T e

|| (D7) @] < oo

That is sup H(Dgf,g )
bER_ '

Proof. As in the proof of Theorem 2.2, we have that

b
1412 | @) = 1 0) = gy [ 00 =9@0) g 0 (Dl 1) 1)
L 401
<2l + gy [ @O =g g @ (D, 1) ()]

(a(da—1)+1)
1 b) — a
) <2MWlex * gy e (bset%p HHDz*“;ngHp,R)

q
(9(b)—g(1)=:h>0) 1 pl4a=3) .
oA gy MR e pmTaTed b (1 D2z 1

with ﬁ < a < 1. Thatis

- |||\Dbagfur|,,R) »

h4a7%
©0) Al <20 llr + (

I (4a) (q (4o — 1) + 1)%

where ﬁ < a < 1. We also have

b
@) IBIE | (@)~ 1)~ 5 [ 00 =9@)™ o (D, ) (O
(g4a—1)+1)
(g(b) —g(xa)) -

(61) <2 Mlocn + DT ( up [[[[D5% £, 5 )

(9(0)—g(w2)=:2h) 2l ptey

2 M + o 1)H)é<sup ll|Die. f||||pR>~

That is

@ B2+ — sup |[[|Die, £l
ST TUa)(qUa -+ \per T T )
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where ﬁ < a < 1. We have assumed that

@ = (s 119kl ) <o

For convenience, we call

Q=

(64) c:=T4a)(g(da—-1)+1)7 >0.

So, we have

1

,EE

c

h4a

A< 2l m +
(65) and

Bll <2 24@—%h4a—%ﬁ
1Bl < 2[[I1flll oo p_ + =My,

c

where ﬁ < a < 1. Next, we estimate the (26)-quantities and we have

1
[(D2200) O < prgay 20 141+ 12 B

@3 h%T (2a+1)

(66) = Soappe (20— 1) [2°*]|All + || BI]
©9) T (20 +1) N gsapla—y
< P (20 — 1) 2o ng N Moo + — M
24a7%h4a7%
+ 2|1 f oo + — M
(2541 42) ] (2% +2t7)
_ I'2a+1) oo, R_ n ﬁhza—%
220 (20 — 1) h2 c g
a—L1\ 77
o _2reaty [20425) Wl (427H) 0
(22 —1) h2« c
That is

. 2T 20+ 1)) [200+27%) [/ (1+2°7F) 0 ,
) (03,0 0] < () TSN L L

VbeR_,Vh>D0.lLe,itholds

20T (20 + 1)
20 — 1

sup [[(0f,7) )] < (

beR_

1
h2a—; ,

Oé—l r
2(1+27%) s (1+2°7%) 3,

h2« c

(69)

)



Sequential Abstract Generalized Right Side Fractional Landau Inequalities 285
Y h > 0, under ﬁ <a<l. Again from (26), we get

|(Dje., f) B)]| < 5 [P 1B] +2%h%* || 4]

I‘(2a+ 1D
h2°T (30 + 1) o
(70) = Jrapga (20— 1) [1BI + 22« || All]

h2OZF (3@ + ]_) 240‘_%h40‘—% o
() (21 + 22—,

2a+1 22ah4a_% EVE
+ 2O o+ ———

o 2c da—g
IBa+1) |(2+2° +1)HllfllHoo,]R,Jr(2 +277)

_— 1
71 = - Myh®~%
1) 920 (20 — 1) hBo c d
_2a 200—1
TGat ) [20427) Wl (HF)
(20 —1) h3e c g
That is

Gat 1)\ [20+272) [1£] L+275)
o o o< (D) [ Wiles, () oy,

VbeR_,Vh>D0.lLe,itholds

3a+1)
sup [[(Df,1) )] < (=)
beR_
2(1+27% 142%7%)
- ( hli|||f|||oo,R+( c jJ—

Vh>0,4—1p<oz<1.Call

=2 (104279 [ Al

b (1+2”’%>E

= = s

(74)

both are greater than zero. We consider the function

(75) y(h) = ph ™2 + 0h°* "%, Y h > 0.

We have

(76) Y (h) = —2aph—22"1 4 (m _ p) or2e-31 g,
then

1
<2a - ) oR2e vt = 20yh =271,
p
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ie.,
1
(2a - > Onte s = 20,
p

with a unique solution

1
4a—-1
9 P
(77) hO = hcm’t.no. == (Oélul>

(assuming 2—117 < a < 1). We have that

1 1
(78) y' (h) = 2a (2a + 1) ph™272 <2a - ) <2a ——— 1) OR> "2,
p p
We see that
2a0—2
4a-—1
2 P
y" (ho) = 20 (2a + 1) p | ——E
(Qa - %) 0

+(2a_;)(2a_;_1)9(m)m

(79) - ((20‘—1)9) o {m (20 + 1) 1 + 20 <2a - % _ 1)}

2004
ho = (2a - %) ; )
which is
B Mfu 4;ia% 20&7’11'
(80) y“@”(@a_ge> +9(@a—39)
200 423@% 2ap
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“2043 201 .
o :@%i)))(mf)m(mz%@».

(2a)<4"2f% g
That is
—2a+1
o oy ) )T ey
(2a)<4“2fl>
Therefore, we derive (see (69))
(20-3)

o (012, 0] < (2;5(_2?)) (2@26—)[ 11)) (0 1) <4a - ;)

2a-1 a1l (4;‘,’;) a1
T 297 P L
X (2 (1+2_30‘))<4”’l> (F(4a)<1+ ) ) |||f||||(‘:;p>

Il

o0

@ [

where i < a<1.Cal

€= 2(1+272) [l -

(84) 2o 1
<1+2 ey
Y=t My,
both are greater than zero. We consider the function
(85) v (h) = Eh™3% 4 ph®" 5, ¥ h > 0.
We have
1 1
7' (h) = —=3ath™3"1 4 <a - p) YRt =0,
then
1 1
<a - ) Yhr T = 3agh 3!
p
and

(a - 1) R = 3ag,
p

with unique solution

(86) ho := heritno. = ((a?ia;)w) o
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(assuming > < a < 1). We have that
(87) 7" (h) = 3a (3o + 1) ER™3972 ¢ (a — ;) <a — % — 1) YR B2,
We observe
(2%)
v (ho) = 3a (3a+ 1) & ( 3as )
(a=3)v
1 1 3a <%>
+(a—) <a——1)w YO
3 3 (a=3)v
(227)
- _ (( Baf)w) [3a(3a+1)§+<a—;—1) 304
— 3a¢ 3at (%> <4 1) >0
(o=3) B
Therefore, y has a global minimum at
_ 3ag ﬁ
: (<a -3) )
which is
(89) (ho) = €hg*® + yhy 7 = hy™ (5 + by )
(=)
B 3aé P 3al
@5 ()
(o )““%) (24)
(a=3)v i
That is
(=)
(90) 7(%)—5( . )( o )
WANCERE
(=) (o
(o) ) (@;)) )
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I.e., we have found

1) ¥ (ho) = (1) g<53;i)¢f4jaé>.

(a _ %) (%) (304)(4;?%)

We have proved that (see (73))
92)

40[—% I' (3a) o (4&1%%>
sup [[(Dy2,f) )] < (< 2621 ) (i;)
ol 20-1 (Jj> oy
—2a (ﬁ) (1+2 p) ’ (“‘%)
x (2 (1+272%)) ™ N 1)% LA o
(=)
ot ) <

where % < a < 1. The theorem is proved. O

We give an application when a = § and g (t) = e'[g_.

Corollary 2.1. Let f € C" (R, X) with ||| fllllooz_, |[|(f oln) o €![|]| o < oo, where (X[}

is a Banach space. For k = 1,2,3, we assume that D f;e f et ((-o0 b] X) and D:ietf €
C ((—00,b], X),V b € R_. We further assume that

(93) |22 et 0 < o0,

...

where (b,t) € R%. Then,

on s [(D}r) @ H( Sas )wamR(MD ol ) <o

and

-

| (525) )

9y/m 1
5) <(( s (¢)QWMWR(MD A0l ) <

That is sup H( 25 etf> (b)H7 sup H( ) (b)H < 00

beER _ beR_

Proof. By Theorem 2.2. O
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