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Abstract 

In this paper, we consider the Mannheim curve and the slant helix together. We called this curve as a Mannheim slant helix shortly. First we 

calculate the (first) curvature 𝜿(𝒔), and the curvature of the tangent indicatrix of the Mannheim curve, in terms of the arc-lenght parameter of 
the curve. Also, we proved that if the Mannheim curve is also slant helix, i.e. if it is Mannheim slant helix, then the partner curve is general 

helix. Moreover, we show the striction curve of the ruled surface such that the base curve is Mannheim curve, and the rulings are the normal 

vector field of the Mannheim curve, is the Mannheim partner curve. Finally, we show the ruled surface such that the base curve is Mannheim 

curve, and the rulings are the normal vector field of the Mannheim curve is non-developable while the torsion of the Mannheim partner curve 

𝝉(𝒔) ≠ ±∞ for all s. 
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1. Introduction and Material-Method  

The Mannheim curve is firstly investigated by French mathematician Amédéé Mannheim (1831-1906) in 1878. The 

Mannheim curve is a space curve such that the principal normal line of the curve coincides with binormal line of the another 

curve at the corresponding points of the curves. In general, the first curve is called as Mannheim curve and the second curve is 

called as Mannheim partner curve of the first one. All together they called as a Mannheim pair. It is well known that if (α, α) is a 

Mannheim pair then, we can write 

𝛼 = α + 𝜆�⃗⃗�  

where �⃗⃗�  is the normal vector field of 𝛼 and 𝜆 is constant. 

Also, the curvatures of the Mannheim curve satisfy 

𝜅(𝑡) = 𝜆(𝜅2(𝑡) + 𝜏2(𝑡)) (1) 

where 𝜅 is the curvature, 𝜏 is the torsion of the curve. We note that 𝜆 is the distance between the corresponding points of the 

Mannheim pair curve. 

Even if the definitions and some basic properties of this curve is given in previous century, most of studies, especially in 

three dimensional spaces, are given in the recent times. Wang and Liu [1] studied this curve in three dimensional Euclidean and 

Minkowski space. They stated the first derivative of the torsion of the partner curve depending on the curvatures of the 

Mannheim curve. Then, Orbay and Kasap [2] gave the torsion of the partner curve in terms of the curvatures of the Mannheim 

curve by following: 

𝜏(𝑡) =
𝜅(𝑡)

𝜆𝜏(𝑡)
 (2) 
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Yaylı [3] investigated these curves in three dimensional Minkowski space in detail. Honda and Takahashi [4] stated the 

curvatures of the partner curve depending on the curvatures of the Mannheim curve as follows: 

𝜅(𝑠) =
𝜅(𝑠)(𝜅(𝑠)𝜏′(𝑠) − 𝜅′(𝑠)𝜏(𝑠))

|𝜆𝜏(𝑠)|(𝜅2(𝑠) + 𝜏2(𝑠))
3
2

, 𝜏(𝑠) =
𝜅2(𝑠) + 𝜏2(𝑠)

𝜏(𝑠)
 (3) 

The concept of the slant helix is firstly introduced by Izumiya and Takeuchi [5]. They defined the slant helix as a curve that 

its principal normal lines make a constant angle with a fixed direction and characterized the slant helices by following: 

Proposition 1.1 Let 𝛾 be a unit speed curve with 𝜅(s) ≠0. Then 𝛾 is a slant helix if and only if 

σ(s) = (
κ2

(κ2 + τ2)
3
2

(
τ

κ
)
′

) (s) (4) 

is a constant function. 

Let I be an interval of ℝ and let γ : I → ℝ3 be a regular space curve, that is, γ′(t) ≠ 0 for all t ∈ I, where γ′(t) = (dγ/dt)(t). 

We say that γ is nondegenerate, or γ satisfies the nondegenerate condition if γ′(t) × γ′′(t) ≠ 0 for all t ∈ I. 

The surface formed by moving lines along a space curve is called a ruled surface. The moving lines are called the rulings of 

the surface and the space curve is called the base curve. 

Let 𝛼 be the base curve and  �⃗⃗�  be the rulings of the ruled surface. The parametrization of this surface is given by  

𝜓(𝑠, 𝑢) = 𝛼(𝑠) + 𝑢�⃗⃗� (𝑠). 

The striction curve, and the distrubition parameter (drall) of the surface is given by 

𝛽(𝑠) = 𝛼(𝑠) −
⟨𝛼′(𝑠), �⃗⃗� ′(𝑠)⟩

⟨�⃗⃗� ′(𝑠), �⃗⃗� ′(𝑠)⟩
�⃗⃗� (𝑠), 

and 

𝑃𝑋 =
det(𝛼′(𝑠), �⃗⃗� (𝑠), �⃗⃗� ′(𝑠))

⟨�⃗⃗� ′(𝑠), �⃗⃗� ′(𝑠)⟩
, 

respectively. 

Throughout this paper, the curves will be considered as an nondegenerate, unless otherwise mentioned.  

2. Results 

In this section, we give our main results about the Mannheim curves and the ruled surfaces. 

Theorem 2.1 Let 𝛼 be an non-degenerate unit speed Mannheim slant helix. The curvature of this curve is given by 

𝜅 =
1

𝜆
secℎ2𝜑 

where 𝜑 is a linear function of arc-lenght parameter.  

Proof. Let 𝛼 be a Mannheim slant helix. From (1) and (4) we get 

𝜎(𝑠) = ±
𝜆

2

𝜅′(𝑠)

𝜅(𝑠)√1 − 𝜆𝜅(𝑠)
. 

Since 𝜎(𝑠) is constant, ±
𝜆

2

𝜅′(𝑠)

𝜅(𝑠)√1−𝜆𝜅(𝑠)
 is also constant. So, we have the differential equation as follows: 
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𝜅′(𝑠) − 𝑐𝜅(𝑠)√1 − 𝜆𝜅(𝑠) = 0 (5) 

where 𝑐 is a constant. Solution of (5) gives the intended. 

Theorem 2.2 Let (𝛼, 𝛼) be a Mannheim pair curve. If 𝛼 is a Mannheim slant helix then, the partner curve 𝛼 is general helix. 

Proof. If 𝛼 is a Mannheim slant helix then, 𝜎(𝑠) is constant and 𝜅(𝑠) = 𝜆(𝜅2(𝑠) + 𝜏2(𝑠)). We note that 𝑠 is not the  

arc-length parameter of 𝛼. Since 𝜎(𝑠) is constant, it follows from (3) that 

𝜅(𝑠) = 𝑎
𝜅(𝑠)

𝜏(𝑠)
;  𝜏(𝑠) = 𝑏

𝜅(𝑠)

𝜏(𝑠)
 

where 𝑎 and 𝑏 are constant. Hence, we have 
𝜏(𝑠)

𝜅(𝑠)
=

𝑏

𝑎
 is constant, and this completes the proof. 

Theorem 2.3 Let 𝛼 be a Mannheim slant helix. The curvature of the tangent indicatrix of 𝛼 is given by 

𝜅𝑇(𝑠) = ±𝑐𝑜𝑠ℎ𝜑 

where 𝜑 is a linear function of arc-lenght parameter of the curve.  

Proof. It is well known that the curvature of the tangent indicatrix of the curve is as follows, 

𝜅𝑇(𝑠) =
√𝜅2(𝑠) + 𝜏2(𝑠)

𝜅(𝑠)
 

where 𝜅(𝑠) and 𝜏(𝑠) are the curvature and the torsion of 𝛼, respectively. By Theorem 2.1, we get the intended. 

Proposition 2.4 Let 𝛾 be an unit speed Mannheim curve and �⃗⃗�  be the normal vector field of 𝛾 in ℝ3. The striction line of the 

ruled surface 

𝜓(𝑠, 𝑢) = 𝛾(𝑠) + 𝑢�⃗⃗� (𝑠) 

is the Mannheim partner curve of 𝛾.  

Proof. The striction line of the ruled surface 𝜓 is given by 

𝛽(𝑠) = 𝛾(𝑠) −
〈𝛾′(𝑠),𝑵′⃗⃗⃗⃗ (𝑠)〉

〈𝑵′⃗⃗⃗⃗ (𝑠),𝑵′⃗⃗⃗⃗ (𝑠)〉
�⃗⃗� (𝑠). 

Since 𝜅(𝑠) = 𝜆(𝜅2(𝑠) + 𝜏2(𝑠)), we get 𝛽(𝑠) = 𝛾(𝑠) + 𝜆�⃗⃗� (𝒔) which completes the proof. 

If the distrubition parameter of a ruled surface is vanishing, that surface is said to be developable, otherwise it is said to be 

non-developable or skew. In the following theorem, we show that the ruled surface is non-developable, under the certain 

condition. 

Theorem 2.5 Let 𝛾: 𝐼 → ℝ3 be an unit speed Mannheim curve and �⃗⃗�  be the normal vector field of 𝛾. Suppose that the torsion 

of the Mannheim partner curve 𝜏(𝑠) ≠ ±∞ for all 𝑠. Then, the ruled surface of 

𝜓(𝑠, 𝑢) = 𝛾(𝑠) + 𝑢�⃗⃗� (𝑠) 

is non-developable.  

Proof. By straightforward calculations, we get the distribution parameter of 𝜓 as 

𝑃𝑋 =
det(𝛾′(𝑠), �⃗⃗� (𝑠),𝑵′⃗⃗⃗⃗ (𝑠))

〈𝑵′⃗⃗⃗⃗ (𝑠),𝑵′⃗⃗⃗⃗ (𝑠)〉
=

𝜏(𝑠)

𝜅2(𝑠) + 𝜏2(𝑠)
 (6) 
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It follows from (1) and (2) that 

𝜏(𝑠) =
𝜅(𝑠)

𝜆𝜏(𝑠)
=

𝜅2(𝑠) + 𝜏2(𝑠)

𝜏(𝑠)
 (7) 

From (6) and (7) we get 𝑃𝑋 =
1

𝜏(𝑠)
. Since 𝜏(𝑠) ≠ ±∞ for all s,  𝑃𝑋 ≠ 0 and 𝜓 is non-developable. 

3. Conclusion 

In this study, we considered the some invariant properties of the Mannheim slant helix, for instance the curvature of the curve 

is calculated by its arc-lenght parameter. Also, we gave the curvature of the tangent indicatrix of the Mannheim curve by arc-

lenght parameter similarly. Moreover, we showed that the striction curve of the the ruled surfaces such that the base curve is 

Mannheim curve and the rulings are the normal vector field of the Mannheim curve is the Mannheim partner curve. Finally, we 

proved that the ruled surface is non-developable if the torsion of the Mannheim partner curve 𝜏(𝑠) ≠ ±∞ for all s. 

For further studies, these curves will be considered and will be examined by different frames, and the ruled surfaces will be 

investigated by taking its base curve as a Mannheim curve in another space. As we did in this study, some curves will be 

considered together.  
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