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Abstract 

In this study, firstly by considering the evolution of a moving space curve, we give some 

related definitions and some new results about Hasimoto surfaces in Euclidean 3-spaces. 

Secondly, we examine harmonic evolute surfaces of Hasimoto surfaces in Euclidean 3-spaces and 

also, we give some geometric properties of these type surfaces. Moreover, we express the 

properties of parameter curves of harmonic evolute surfaces in Euclidean space. Finally, we give 

an explicit example of Hasimoto surface and its harmonic evolute surface and also we plot these 

surfaces.  

Keywords: Hasimoto surfaces; Harmonic evolute surface; Binormal motion; Evolution of 

curves and surfaces; Gaussian curvature; Mean curvature. 

Hasimoto Yüzeylerin Harmonik Evrim Yüzeyleri Üzerine 

Öz 

Bu çalısmada, ilk olarak hareketli bir uzay eğrisinin evrimini ele alarak, Öklid 3-

uzaylarında Hasimoto yüzeyleri ile ilgili bazı tanımlar ve yeni sonuçlar verilmiştir. İkinci olarak, 

Öklid 3-uzaylarında Hasimoto yüzeylerinin harmonik evrim yüzeyleri incelenmiştir ve ayrıca bu 

tip yüzeylerin bazı geometrik özellikleri verilmiştir. Ayrıca, Öklid uzayındaki harmonik evrim 
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yüzeylerinin parametre eğrilerinin özelliklerini ifade edilmiştir. Son olarak Hasimoto yüzeyinin 

ve harmonik evrimsel yüzeyinin açık bir örneği verilmiş ve ayrıca bu yüzeyler çizilmiştir.  

Anahtar Kelimeler: Hasimoto yüzeyler; Harmonik evrim yüzeyler; Binormal hareketi; 

Eğri ve yüzeylerin evrimi; Gaussian eğrilik; Ortalama eğrilik. 

 
1. Introduction 

The harmonic evolute surface of a given surface  is defined as the geometric location of 

points that are as far away as the opposite of the mean curvature from the surface in the direction 

of the normal of the surface. The harmonic surface of a surface must be non-minimal in order to 

be obtained. Let 𝑟 = 𝑟(𝑠, 𝑡) be a surface and also  its normal and  denotes its non-zero mean 

curvature. Then, the harmonic evolute surface of 𝑟 = 𝑟(𝑠, 𝑡)  is given by parametrically  

 

see for more details, [1-3]. 

In recent years, the theory of surfaces with the connection of the motion of space curves 

and differential equations is a subject of research attention, [4, 5]. At the same time, the 

applications of this subject in differential geometry and physics have attracted attention. In 1971, 

Hasimoto examined the movement of a vortex filament, and then in 1972, Hasimoto showed that 

vortex filament (smoke ring) equation is equivalent non-linear Schrodinger equation [6, 7]. The 

relationship between the integrable equations and the theory of surfaces produces new types of 

surfaces. Hasimoto surfaces are one of these surfaces. Let 𝑟 = 𝑟(𝑠, 𝑡)  be the position vector of a 

moving curve on a surface in Euclidean 3-space and for all parameter, 𝑟 = 𝑟(𝑠, 𝑡) be a unit 

speed curve. If this surface is a Hasimoto surface, then, the position vector 𝑟 = 𝑟(𝑠, 𝑡) satisfies 

the following condition  

,                                                                                                                       (1) 

where  is the time parameter,  is arc-length parameter and the subscripts indicate the partial 

differential. This equation is said to be smoke ring equation or the vortex filament. The geometric 

properties of Hasimoto surfaces are investigated in detail by [8, 9]. Hashimoto surfaces have been 

produced according to the Bishop frame in Euclidean space, see [10]; and in Minkowski space, 

see [11]. Also, parallel surfaces of Hasimoto surfaces in Euclidean space are investigated at [12]. 
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The aim of this study is to investigate the geometric properties the harmonic evolute 

surfaces of Hasimoto surfaces. Also, the characterization of the  and  parameter curves of the 

harmonic evolute surfaces of the Hasimoto surface is examined. 

2. Geometric Preliminaries 

In Euclidean 3-space, Euclidean inner product is given by  for 

two vectors  and  in  The norm of a given vector  is 

defined as . Also, for an arbitrary curve  in , if , then the curve 

 is called as a unit speed curve or parametrized by arc-length parameter  in Euclidean 3-space, 

 

Now, we summarize basic concepts about the evolution of a moving space curve in 

Euclidean 3-space and so we give the intrinsic equations expressing with curvatures of it 

corresponding with moving Frenet frame {𝑇, 𝑁, 𝐵}, [8]. Let  be a moving space curve described 

in parametric form by a position vector 𝑟(𝑠, 𝑡) in Euclidean 3-space, where  is the arc-length 

parameter and  is the time parameter. Thus, the moving Frenet frame {𝑇, 𝑁, 𝐵} of the curve with 

respect to  and  can be written in matrix form as follows: 

 and .                                  (2) 

Here a, b, and g are some smooth functions of  and . Moreover, the time evolution equation 

for the curvature  and the torsion  of a moving curve can be found as  

                                                                                                                    (3) 

where  

                                                                                                                    (4) 

2.1. Some well-known and new results for Hasimoto surfaces 

In this section, firstly we mention about some known geometric properties of 𝑟 = 𝑟(𝑠, 𝑡)  

Hasimoto surfaces (or called as NLS surfaces) in Euclidean 3-spaces swept out by the binormal 

motion , (see for more details, [7-9]). As well known that, since the tangent vector of 
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𝑟(𝑠, 𝑡) Hasimoto surfaces is , so the unit normal vector field  of this surface is calculated 

by [9]  

                                                                                                          (5) 

Moreover, the coefficients of the first and second fundamental form of the Hasimoto surfaces are 

obtained by [9], respectively,  

                                        (6) 

Moreover, by using the compatibility conditions, , and Eqn. (2), one 

can easily get  

                                                                                 (7) 

where these smooth functions are defined as in Eqn. (2). So, the intrinsic equations given as in 

Eqn. (3) for a moving curve can be rewritten as  

                                                                                               (8) 

In order to study the harmonic evolute surfaces of Hasimoto surfaces, first let’s recall the Gaussian 

and the mean curvatues of these surfaces in terms of the cuvature and torsion of moving curve: 

Corollary 1. [9] Let 𝑟 = 𝑟(𝑠, 𝑡)  be a Hasimoto surface in Euclidean 3-space. Then its the 

Gaussian curvature  and the mean the curvature  are given by  

                                                                                                     (9) 

and  

                                                                           (10) 

where  and  are the curvature and torsion of moving curve respectively. 

Secondly, we would like to give some characterizations of parametric curves of Hasimoto 

surfaces in Euclidean 3-spaces. 
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Theorem 1. Let 𝑟 = 𝑟(𝑠, 𝑡) be a Hasimoto surface in Euclidean 3-spaces such that            

𝑟 = 𝑟(𝑠, 𝑡) is a curve parametrized by arc-length for all . Then s-parameter curves of the 

Hasimoto surface are  

• geodesic, 

• asymptotic if and only if . 

Proof. Assume that  is a Hasimoto surface in . Thus by considering the 

tangent vector of , we have . So the binormal component of  is zero. From 

which, we conclude that parameter curves of the Hasimoto surfaces are geodesics. 

On the other hand, as we know that , the normal component of  is zero if and 

only if  which shows that parameter curves of the Hasimoto surfaces are asymptotic 

ones if and only if . 

Theorem 2. Let 𝑟 = 𝑟(𝑠, 𝑡) be a Hasimoto surface in Euclidean 3-spaces such that               

𝑟 = 𝑟(𝑠, 𝑡)  is a curve parametrized by arc-length for all . Then parameter curves of  are  

• geodesic if and only if  

• asymptotic if and only if  

Proof. The proof can be exactly done by similar way of the proof of previous Theorem.  

Theorem 3. Let 𝑟 = 𝑟(𝑠, 𝑡)	be a Hasimoto surface in Euclidean 3-spaces such that             

𝑟 = 𝑟(𝑠, 𝑡)  is a curve parametrized by arc-length for all . Then, parameter curves of  are lines 

of curvature if and only if.  

Proof. From Eqn. (6), we have  and  Thus we conclude that these curves 

of the Hasimoto surfaces are lines of curvature if and only if  

3. Harmonic Evolute Surfaces of Hasimoto Surfaces 

In this section, inspired by data from Section 2, we aimed to investigate the harmonic 

evolute surfaces of the Hasimoto surfaces whose mean curvature does not vanish. Let us assume 

that the Hasimoto surface 𝑟 = 𝑟(𝑠, 𝑡) is not a minimal surface. Then we have harmonic evolute 

surface of the Hasimoto surface defined as  
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                                                                               (11) 

where  with  and  are the mean 

curvature and the normal vector of Hasimoto surface, respectively. By considering Eqn. (2) and 

Eqn. (10) with Eqn. (11), we have  

 

where  are given in Eqn. (7). So, the normal vector field of the harmonic evolute surface is 

found as  

                                                                                (12) 

such that  

 

Moreover, the coefficients first fundamental form of the harmonic evolute surface, in 

Euclidean 3-space are found by  

                                       (13) 

On the other hand, the second order derivative formulas of the harmonic evolute surface defined 

in Eqn. (11) are  
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  (14) 

By considering last equations with Eqn. (12), we could find the coefficients of second 

fundamental form of the harmonic evolute surface  as  

  

(15) 

From the equations Eqn. (13) and Eqn. (15), the Gaussian curvature  and the mean curvature 

 of the harmonic evolute surface can be obtained as following  
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(17) 

Corollary 2. The harmonic evolute surface  of the Hasimoto surface  is 

neither a developed surface nor a minimal surface.  

Let’s give some theorems about geometric interpretation of parametric curves of the 

harmonic evolute surface of the Hasimoto surface. 

Theorem 4. If we assume that  is a harmonic evolute surface of the Hasimoto 

surface  in Euclidean 3-space, then parameter curves of  are  

• geodesic if and only if  
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• asymptotic if and only if  

Proof. Let us assume that  is a harmonic evolute surface of a Hasimoto surface 

in Euclidean 3-space. Then by considering the first expression in Eqn. (14), we have the binormal 

component of  is  From which, we conclude that parameter curves of 

the harmonic evolute surfaces are geodesics if and only if  

On the other hand, by considering the first expression in Eqn. (14), we have the normal 

component of  is  which means that parameter curves of the 

Hasimoto surfaces are asymptotics if and only if  

Theorem 5. If we assume that  is a harmonic evolute surface of the Hasimoto 

surface  in Euclidean 3-space, then t-parameter curves of  are  

• geodesic if and only if  

• asymptotic if and only if  

where ,  and  are defined as in Eqn. (8).  

Proof. Let us assume that  is a harmonic evolute surface of a Hasimoto surface 
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. 

211 0.
ssH H H

k tk æ ö æ ö+ - + =ç ÷ ç ÷
è ø è ø

( ),h h s t=

ssh
1 .

ss sH H
tt æ ö æ ö+ç ÷ ç ÷

è ø è ø
s -

1 0.
ss sH H

tt æ ö æ ö+ =ç ÷ ç ÷
è ø è ø

ssh
211 ,

ssH H H
k tk æ ö æ ö+ - +ç ÷ ç ÷

è ø è ø
s -

211 0.
ssH H H

k tk æ ö æ ö+ - + =ç ÷ ç ÷
è ø è ø

( ),h s t

( ),r s t ( ),h s t

1 0,
t tH H H

ab gg kæ ö æ ö- + - =ç ÷ ç ÷
è ø è ø

2 1 0,
ttH H H

a gg kæ ö æ ö- - - =ç ÷ ç ÷
è ø è ø

a kt= - sb k=
2

ssk ktg
k
-

=

( ),h h s t=

tth
1 .

t tH H H
ab gg kæ ö æ ö- + -ç ÷ ç ÷

è ø è ø
s -

1 0
t tH H H

ab gg kæ ö æ ö- + - =ç ÷ ç ÷
è ø è ø



Eren & Kelleci Akbay (2021)  ADYU J SCI, 11(1), 87-100 
 

 97 

On the other hand, by considering the last expression in Eqn. (14), we have the normal 

component of  is , which means that 𝑠-parameter curves of the 

Hasimoto surfaces are asymptotics if and only if  

Corollary 3. Let  be a harmonic evolute surface of Hasimoto surface . Then 

the following statements are satisfied; 

• while there is no conditions for the parameter curves of the Hasimoto surface to be 

geodesic, the parameter curves of the harmonic evolute surfaces are geodesic under 

the condition is  

•  the parameter curves of the Hasimoto surfaces are geodesic under the condition 

that , while the parameter curves of the harmonic evolute surfaces 

are geodesic under the condition is. . 

Theorem 9. Let  be a harmonic evolute surface of the Hasimoto surface  

The parameter curves of harmonic evolute surface are lines of curvature if and only if  and 

 is a non-zero constant.  

Proof. The parameter curves of the harmonic evolute surface  are lines of curvature 

if and only if  and  being the coefficients of the first and second fundamental form, 

respectively, must be vanish. From the equations Eqn. (13) and Eqn. (15), we yield 

, if  and  is a non-zero constant. Thus the proof is completed.  

4. Example 

Now, we give and plot a nice example related with the Hasimoto surface satisfying the Eqn. 

(1) and also its harmonic evolute surface. For this, if one take  and such that 

they satisfy the Eqn. (8), then the Hasimoto surface  (see in Fig. 1) is expressed as follows  
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Figure 1: The Hasimoto surface 𝑟(𝑠, 𝑡)	with 𝑠Î	(−4,4) and 𝑡Î	(0,2p)  

So, the normal vector field and the mean curvature of the Hasimoto surface 𝑟 are given by, 

respectively, 

 

and 

 

Thus from Eqn. (11), we obtain the parametrization of the harmonic evolute surface  (see 

in Fig. 2) as 

( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 2

2

12 , 3 2 ,
2

1 3 2
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cosh s sech s sech s sin t

æ ö- - +ç ÷
= ç ÷
ç ÷- +ç ÷
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( ) ( )( )21 5 .
4

H sech s sinh s= - +
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Figure 2: The harmonic evolute surface  with 𝑠Î	(−4,4) and 𝑡Î	(0,2p)  
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