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Abstract

In this study, firstly by considering the evolution of a moving space curve, we give some
related definitions and some new results about Hasimoto surfaces in Euclidean 3-spaces.
Secondly, we examine harmonic evolute surfaces of Hasimoto surfaces in Euclidean 3-spaces and
also, we give some geometric properties of these type surfaces. Moreover, we express the
properties of parameter curves of harmonic evolute surfaces in Euclidean space. Finally, we give
an explicit example of Hasimoto surface and its harmonic evolute surface and also we plot these

surfaces.

Keywords: Hasimoto surfaces; Harmonic evolute surface; Binormal motion; Evolution of

curves and surfaces; Gaussian curvature; Mean curvature.
Hasimoto Yiizeylerin Harmonik Evrim Yiizeyleri Uzerine
Oz
Bu calismada, ilk olarak hareketli bir uzay egrisinin evrimini ele alarak, Oklid 3-
uzaylarinda Hasimoto yiizeyleri ile ilgili baz1 tamimlar ve yeni sonuglar verilmistir. ikinci olarak,

Oklid 3-uzaylarinda Hasimoto yiizeylerinin harmonik evrim yiizeyleri incelenmistir ve ayrica bu

tip yiizeylerin baz1 geometrik dzellikleri verilmistir. Ayrica, Oklid uzayindaki harmonik evrim
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ylizeylerinin parametre egrilerinin 6zelliklerini ifade edilmistir. Son olarak Hasimoto yiizeyinin

ve harmonik evrimsel yiizeyinin acik bir 6rnegi verilmis ve ayrica bu yiizeyler ¢izilmistir.

Anahtar Kelimeler: Hasimoto yiizeyler; Harmonik evrim yiizeyler; Binormal hareketi;

Egri ve yiizeylerin evrimi; Gaussian egrilik; Ortalama egrilik.

1. Introduction

The harmonic evolute surface of a given surface 7 is defined as the geometric location of
points that are as far away as the opposite of the mean curvature from the surface in the direction
of the normal of the surface. The harmonic surface of a surface must be non-minimal in order to

be obtained. Let r = r(s, t) be a surface and also u, its normal and H denotes its non-zero mean

curvature. Then, the harmonic evolute surface of r = r(s, t) is given by parametrically

1

—)u(s,t),

h(s,t) = r(s,t)-l—
H (s,t
see for more details, [1-3].

In recent years, the theory of surfaces with the connection of the motion of space curves
and differential equations is a subject of research attention, [4, 5]. At the same time, the
applications of this subject in differential geometry and physics have attracted attention. In 1971,
Hasimoto examined the movement of a vortex filament, and then in 1972, Hasimoto showed that
vortex filament (smoke ring) equation is equivalent non-linear Schrodinger equation [6, 7]. The
relationship between the integrable equations and the theory of surfaces produces new types of
surfaces. Hasimoto surfaces are one of these surfaces. Let r = r(s,t) be the position vector of a
moving curve on a surface in Euclidean 3-space and for all #—parameter, r = r(s, t) be a unit

speed curve. If this surface is a Hasimoto surface, then, the position vector r = r(s, t) satisfies

the following condition

=T AT M
where ¢ is the time parameter, s is arc-length parameter and the subscripts indicate the partial
differential. This equation is said to be smoke ring equation or the vortex filament. The geometric
properties of Hasimoto surfaces are investigated in detail by [8, 9]. Hashimoto surfaces have been
produced according to the Bishop frame in Euclidean space, see [10]; and in Minkowski space,

see [11]. Also, parallel surfaces of Hasimoto surfaces in Euclidean space are investigated at [12].
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The aim of this study is to investigate the geometric properties the harmonic evolute
surfaces of Hasimoto surfaces. Also, the characterization of the s and ¢ parameter curves of the

harmonic evolute surfaces of the Hasimoto surface is examined.

2. Geometric Preliminaries

In Euclidean 3-space, Euclidean inner product is given by <X,y >= Xy, + X, ), + X, ), for
two vectors X = (xl,xz,x3) and y= (yl,yz,y3) in E’. The norm of a given vector x € E° is

defined as ||x|| = «/< X,Xx >. Also, for an arbitrary curve 7 in E? , if Hr'(s)” =1, then the curve

r is called as a unit speed curve or parametrized by arc-length parameter s in Euclidean 3-space,
E3

Now, we summarize basic concepts about the evolution of a moving space curve in
Euclidean 3-space and so we give the intrinsic equations expressing with curvatures of it
corresponding with moving Frenet frame {T', N, B}, [8]. Let » be a moving space curve described
in parametric form by a position vector r(s,t) in Euclidean 3-space, where s is the arc-length
parameter and 7 is the time parameter. Thus, the moving Frenet frame {T, N, B} of the curve with

respectto § and 7 can be written in matrix form as follows:

T 0 x 0O|T T 0 a BT
Ni=|-x 0 z||N|and | N|=|-aa 0 y || N| )
B 0 -r 0|l B B - -y O] B

N t
Here «, f, and y are some smooth functions of s and . Moreover, the time evolution equation

for the curvature x and the torsion 7 of a moving curve can be found as

K, =a, -1, 3)
T, =y, + K0,
where
_ B+ )
K

2.1. Some well-known and new results for Hasimoto surfaces

In this section, firstly we mention about some known geometric properties of v = r (s, t)
Hasimoto surfaces (or called as NLS surfaces) in Euclidean 3-spaces swept out by the binormal

motion 7, = KB, (see for more details, [7-9]). As well known that, since the tangent vector of
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7 (s, t) Hasimoto surfaces is , =T, so the unit normal vector field u of this surface is calculated
by [9]

N SAL/R N (5)

rAn

Moreover, the coefficients of the first and second fundamental form of the Hasimoto surfaces are

obtained by [9], respectively,

E:<rs,rs>:1, F:<rs,1;>:0, G:<r r>:K2,

o ©)

e ={ry) ==,/ = {1 )= k. g = (1) = k0, —x”

Moreover, by using the compatibility conditions, 7, =T,

ts 2 st

=N,, B, = B_and Eqn. (2), one

can easily get

2
K._—KT
a=—k1, =K, y=—"—, @)

where these smooth functions are defined as in Eqn. (2). So, the intrinsic equations given as in

Eqn. (3) for a moving curve can be rewritten as

K, =—2K7—KT,,

KSS
T, =KkK, —2tT +| == | .
K s

(®)
In order to study the harmonic evolute surfaces of Hasimoto surfaces, first let’s recall the Gaussian
and the mean curvatues of these surfaces in terms of the cuvature and torsion of moving curve:

Corollary 1. [9] Let r = r(s,t) be a Hasimoto surface in Euclidean 3-space. Then its the

Gaussian curvature K and the mean the curvature A are given by

kol _-x,

= = 9
EG-F* « ©)
and
H:lEg—2Ff-|;Ge:L &_Kz_z_z , (10
2 EG-F 2\ K

where K # 0 and 7 are the curvature and torsion of moving curve respectively.

Secondly, we would like to give some characterizations of parametric curves of Hasimoto

surfaces in Euclidean 3-spaces.
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Theorem 1. Let r = r(s,t) be a Hasimoto surface in Euclidean 3-spaces such that
r =r(s,t) is a curve parametrized by arc-length for all 7. Then s-parameter curves of the

Hasimoto surface are

e geodesic,
e asymptotic if and only if x =0.
Proof. Assume that r = r(s,t) is a Hasimoto surface in E°. Thus by considering the

tangent vector of 7, we have . =7, = kN . So the binormal component of 7, is zero. From

which, we conclude that s — parameter curves of the Hasimoto surfaces are geodesics.

On the other hand, as we know that 7 = kN, the normal component of 7, is zero if and

only if k¥ =0 which shows that s — parameter curves of the Hasimoto surfaces are asymptotic

ones if and only if x =0.

Theorem 2. Let r = r(s,t) be a Hasimoto surface in Euclidean 3-spaces such that

r =r(s,t) is a curve parametrized by arc-length for all #. Then ¢ —parameter curves of 7 are
e geodesic if and only if 2x 7 +x7 =0,

e asymptotic if and only if Ko = 7.
K

Proof. The proof can be exactly done by similar way of the proof of previous Theorem.

Theorem 3. Let r = r(s,t) be a Hasimoto surface in Euclidean 3-spaces such that
r =r(s,t) is a curve parametrized by arc-length for all #. Then, parameter curves of 7 are lines

of curvature if and only if. k7 = 0.

Proof. From Eqn. (6), we have ' =0 and f = k7. Thus we conclude that these curves

of the Hasimoto surfaces are lines of curvature if and only if k7 = 0.
3. Harmonic Evolute Surfaces of Hasimoto Surfaces

In this section, inspired by data from Section 2, we aimed to investigate the harmonic
evolute surfaces of the Hasimoto surfaces whose mean curvature does not vanish. Let us assume
that the Hasimoto surface r = r(s, t) is not a minimal surface. Then we have harmonic evolute

surface of the Hasimoto surface defined as
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u(s,t), (1D

where H(S,t)zzi(&—lcz—fzj with Kk #0 and u(s,t)z—N(S,t) are the mean
K\ K

curvature and the normal vector of Hasimoto surface, respectively. By considering Eqn. (2) and
Eqn. (10) with Eqn. (11), we have

hs(s,z):(nﬁjT—(lj N-LB,

H) \H) H

ht(s,t):gT—[ij N+[K‘—l]B,
H \H) H

where &, ) are given in Eqn. (7). So, the normal vector field of the harmonic evolute surface is

found as

«_ honh_ AT+AN+AB
hs /\hz” \/ﬂ,lz-l-ﬂzz +132

(12)

such that

) il

Moreover, the coefficients first fundamental form of the harmonic evolute surface, h(s,t)in

Euclidean 3-space are found by

E"=(hh,) =(1+%j2 +((%l 2 +(%j2,
S eI T A
oton)) ()] (<5

On the other hand, the second order derivative formulas of the harmonic evolute surface defined

in Eqn. (11) are
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ol ) G e
(G )

By considering last equations with Eqn. (12), we could find the coefficients of second

fundamental form of the harmonic evolute surface 4 (S, t) as

Al oA G ) )

AT+ A+ A7

2 3

L ) R L ) ) G G v v

J&Z+42+42

(15)
From the equations Eqn. (13) and Eqn. (15), the Gaussian curvature X and the mean curvature

H" of the harmonic evolute surface can be obtained as following
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[rtmar-aal) o) |(Gnoa) o)
(ate b Jleateon- () )
oL apr)- (;)7} (z(;);jz

()i et
] [W (ye-+ xa)- (;j)i
| @; Wﬂ{p
Tl eI -
(bl s Gl ) )

and
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()]
1( Ko+t Tj H), H), H
-2 " +£an+ﬂ+’(a—(l] jﬂz
)2 o
H)\H ), B-r, (1Y) (1
(o) 2]

~—
+
A
|
Soll I
S—,
+
N\
|~
1
N—

t

(17

Corollary 2. The harmonic evolute surface h(s,t) of the Hasimoto surface r(s,t) is

neither a developed surface nor a minimal surface.

Let’s give some theorems about geometric interpretation of parametric curves of the

harmonic evolute surface of the Hasimoto surface.

Theorem 4. If we assume that h(s,t) is a harmonic evolute surface of the Hasimoto

surface r (s, t) in Euclidean 3-space, then s — parameter curves of / (s,t) are

e geodesic if and only if 7 i | E =0,
H A H S
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. . K 1 7’
e asymptotic ifand only if x| 1+ — |-| — | +—=0.
H H) 6 H

Proof. Let us assume that 2=/ (s,t) is a harmonic evolute surface of a Hasimoto surface

in Euclidean 3-space. Then by considering the first expression in Eqn. (14), we have the binormal

component of /_ is r(ij +(lj . From which, we conclude that s — parameter curves of
B H

SS N

the harmonic evolute surfaces are geodesics if and only if T(éj + [ij =0.

H),

On the other hand, by considering the first expression in Eqn. (14), we have the normal

2
component of /_ is x 1+ |- L +T—, which means that s — parameter curves of the
H H), H

2
Hasimoto surfaces are asymptotics if and only if K(l + %j - [ij + L= 0.

H H

Theorem 5. If we assume that h(s,t) is a harmonic evolute surface of the Hasimoto

surface r (s, t) in Euclidean 3-space, then t-parameter curves of /4 (s, t) are

e geodesic if and only if %—y i + K—lj =0,
H H ), H),

2
. . 1 4

e asymptotic if and only if — — (—] — (K - _j =0,

H H), r

K —KT’
where o = —x7, f=kK, and y = —— are defined as in Eqn. (8).
K

Proof. Let us assume that 2=/ (s,t) is a harmonic evolute surface of a Hasimoto surface
in Euclidean 3-space. Then by considering the last expression in Eqn. (14), we have the binormal

component of /, is %— y[ij +(K—%j . From which, we conclude that s — parameter
t t

H

curves of the harmonic evolute surfaces are geodesics if and only if

D[] +(x-L) =o.
H "\H) H),
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On the other hand, by considering the last expression in Eqn. (14), we have the normal

2
component of £, is a__(i] - ;/[K—l], which means that s-parameter curves of the
H \H), H

2
Hasimoto surfaces are asymptotics if and only if e _ (ij - 7/( K— lj =0.
H \H), H

Corollary 3. Let / (s, t) be a harmonic evolute surface of Hasimoto surface 7 (s, t ) Then

the following statements are satisfied;

e while there is no conditions for the s — parameter curves of the Hasimoto surface to be

geodesic, the s — parameter curves of the harmonic evolute surfaces are geodesic under

the condition is 7 i + £ =0.
H S5 H S

e the f—parameter curves of the Hasimoto surfaces are geodesic under the condition

that 2%, 7 +x7 =0, while the # —parameter curves of the harmonic evolute surfaces

are geodesic under the condition is. % -y i + ( K— 2= 0.
H H ), H),

Theorem 9. Let h(s,t) be a harmonic evolute surface of the Hasimoto surface r(s,t).

The parameter curves of harmonic evolute surface are lines of curvature if and only if 7 =0 and

K 1S a non-zero constant.

Proof. The parameter curves of the harmonic evolute surface £ (s, t) are lines of curvature

if and only if F" and f " being the coefficients of the first and second fundamental form,

respectively, must be vanish. From the equations Eqn. (13) and Eqn. (15), we yield F~ = f =0

,if =0 and x is a non-zero constant. Thus the proof is completed.

4. Example

Now, we give and plot a nice example related with the Hasimoto surface satisfying the Eqn.

(1) and also its harmonic evolute surface. For this, if one take x = 2sech (S) and 7 = Osuch that

they satisfy the Eqn. (8), then the Hasimoto surface r (s, t) (see in Fig. 1) is expressed as follows

r(s, t) = (S —2tanh (S) ,—2sech (s)cos (t) ,—2sech (s)sin (t))
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Figure 1: The Hasimoto surface (s, t) with s € (—4,4) and t € (0,27)
So, the normal vector field and the mean curvature of the Hasimoto surface r are given by,

respectively,

2. [sech (S2 )tanh (s),%cos (t)(—3 +cosh (2s))sech (5)/sech (Sz ),

) —(—3 +cosh (2s))sech (s)y/sech (S2 )Sin (t)

and

1
H =—sech(s (—5+sinh s’ )
+sech(s)(-5+sinh(s7)
Thus from Eqn. (11), we obtain the parametrization of the harmonic evolute surface 4 (S, t) (see

in Fig. 2) as
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2sin (t) —sech (s) +

8,fsech(s*Jsinh(s) dranh(s),

-5+ sinh(sz)

(—3 +cosh (2s)) sech (sz)

=5+ sinh (S2 )

(—3 +cosh (25)) sech(sz)

—5+sinh <s2 )

s |-

Figure 2: The harmonic evolute surface / (s, t) with se (—4,4) and t € (0,27)
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