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Abstract

In this work, we consider the Hahn-Sturm-Liouville boundary value problem defined by

(Ly) (%) = g [~47'D g1 41 (P (1) Dogy (x)) +v (x)y (v)]

0.1)
=Ay(x), xEJg,O’a ={x:ix=wmy+(a—wy)q",n=1,2,...}
with the boundary conditions
y(@o) —h1p(@0)D_gyg-1 41y () =0,
0.2)

y(a)+hap (h (@) D_gym1 41y(a) =0,

where g € (0,1), @ > 0, hy,hy >0, A is a complex eigenvalue parameter, p,v,r are real-valued continuous functions at @, defined on
Janh1(a) and p(x) >0, 7(x) >0, v(x) >0, x € Sy j-1(a) hla)=qg Y a—o)>a h™ " (o) = @y, Jaya = {x:x =+ (a—ax)q",
n=0,1,2...} U{my}. The existence of a countably infinite set of eigenvalues and eigenfunctions is proved and a uniformly convergent
expansion formula in the eigenfunctions is established.
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1. Introduction

In 1910, F. H. Jackson [22] introduced the quantum difference operator Dy . It is defined by

flax) = f ()

Pal 0= g

7x#07

where g € (0, 1). Later Wolfgang Hahn extends this operator to his quantum difference operator Dy, 4 defined by

f(@+g9)—f ()

Da).qf(x): (D‘F(Q*l)x

where g € (0,1) and @ > 0 (see [16], [17]). It has important applications in the construction of families of orthogonal polynomials,
approximation problems [4],[12], [26], [27], [33], [8]. In [1], [5], a proper inverse of Dy 4 and the associated integral calculus was given.
Clearly, the Hahn difference operator Dy 4 is also generalized to the forward difference operator (see [23], [24]). In [18], Hamza et al.
established the theory of linear Hahn difference equations. They also investigate the existence and uniqueness of solution for the initial value
problems for Hahn difference equations in addition, they proved Gronwall’s and Bernoulli’s inequalities with respect to the Hahn difference
operator and investigated the mean value theorems for this calculus. Later, Hamza and Makharesh [19] studied Leibniz’s rule and Fubini’s
theorem associated with Hahn difference operator. Sitthiwirattham [34] investigated the nonlocal boundary value problem for nonlinear
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Hahn difference equation. In [7], the authors introduce a couple of sampling theorems of Lagrange-type interpolation for ®,g—integral
transforms, whose kernels are either solutions or Green’s function of the @,g—Hahn-Sturm-Liouville problem.

On the other hand, spectral expansions theorems play an important role in the study of partial differential equation because if we solve a partial
differential equation by the Fourier method then we consider the problem of expanding an arbitrary function as a series of eigenfunctions.
Hence it has been extensively studied by many authors with various methods (see [39, 38, 30, 9, 32, 10, 14, 15, 13, 20, 2, 3, 21, 31, 40,
41, 28, 36, 37, 35, 11, 29] ). In [35], Steklov established uniformly convergent eigenfunction expansions for the regular Sturm-Liouville
problem. In [13], the authors studied an uniformly convergent eigenfunction expansions for the Sturm-Liouville problem with impulse. In
[15] and [20], the authors established uniformly convergent eigenfunction expansions for the Sturm-Liouville problem on time scales.
Sturm-Liouville problems play a major role in many physical phenomena. If these problems involve non-differentiable functions, then we
follow different approaches. The Hahn calculus is one of these approaches. Recently, in [6], the regular Hahn-Sturm-Liouville problem

4 'D_ g1 4 1Dw gy (x) + p (X)y (x) = Ay (x),

ary ((00) +a2D7wq*],q*1y(a)0) =0,

bly(b) +b2D—wq*1.q*|y(b) =0,

is studied where @y <x < b, a € C, a;,b; € R := (—o0,00), i = 1,2, and p(.) is a real-valued continuous function at @y defined on [y, b].
Annaby et al. [6] define a Hilbert space of @,g—square summable functions. They discussed the formulation of the self-adjoint operator and
the properties of the eigenvalues and the eigenfunctions. Furthermore, they constructed the Green’s function and gave an eigenfunction
expansion theorem. This yields mean square convergent expansions in eigenfunctions.
However, we note that among the existing literature, no one has studied the uniformity convergence of eigenfunction expansions. In this

paper, we shall study the uniform convergence of generalized Fourier series expansions for the Hahn-Sturm-Liouville boundary value
problem by using Steklov’s method [35, 15, 13].

2. Notation and basic results

In this section, our aim is to present some basic concepts concerning the theory of Hahn calculus. For more details, the reader may want to
consult [5], [16], [17], [6]. Throughout the paper, we let g € (0,1) and @ > 0.
Define @y := @/ (1 — ¢) and let I be a real interval containing a).

Definition 2.1 ([16], [17]). Let f : I — R be a function. The Hahn difference operator is defined by
f(o+gx)—f(x)
Do of (x) = oF(g—T)x X F# ay, @
fwo),  x=ay,
provided that f is differentiable at ay. In this case, we call Dy 4 f, the @,q—derivative of f.

Remark 2.2. The Hahn difference operator unifies two well known operators. When g — 1, we get the forward difference operator, which is
defined by

fl@+0)—fx)

A = R.
(Df(x) ((D‘FX)*X X e
When @ — 0, we get the Jackson q—difference operator, which is defined by
flgx) — f(x)
Dyf(x) = LI I s,
q ( ) (qx) —x

Furthermore, under appropriate conditions, we have

lim Dy 4 f (x) = £ (x).

qg—1

o—0

In what follows, we present some important properties of the @, g—derivative.

Theorem 2.3 ([5]). Let f,g:1— R be ®,q—differentiable at x € I and h(x) := @ + gx, then we have for all x € I
i) Dy g (af +bg) (x) = aDg4f (x) +bDg 48 (x), a,b €1,

ii) Do (f8) (¥) = Dog (f(x) & (x) + f(@+xq) Do 48 (x),

£\ (1 _ Dog(f()8()~F(1)Dagg(x)
1“)D“’=Q<§)(’“>* @y

iv) Do gf (B! (x)) = D_py1 g1 f (%), (%) =q¢ ' (x— o).
The concept of the @, g—integral of the function f can be defined as follows.

Definition 2.4 (Jackson-Norlund Integral [5]). Let f : I — R be a function and a,b, wy € 1. We define w,q—integral of the function f from a
to b by

b b a
7o 5):= [ S5y ()= [ 7 ()dog (),
where
/C:)f(t)dw,q (1) :=((1—¢q)x— co)ng‘oq”f <a)% +xq") xel

provided that the series converges at x = a and x = b. In this case, f is called ®,q—integrable on [a,b].
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The following properties of @,g—integration can be found in [5].

Lemma 2.5 ([6]). Let f,g:1 — R be @,q—integrable on I, a,b,c €1,a < ¢ < b and &, 3 € R. Then the following formulas hold:
D) [ {af (0) +Bg(0)}dog (¥) = @ [ f () dog (x)+B [) g (¥)dag (x),

i) J f (X)da g (x) =0,

iih) 7 f (¥)dog (x) = [ £ (¥)dog (x) + [ f () dog (x).

) [y f () dag () = = [§ f () daog (x).

Next, we present the @, g—integration by parts.

Lemma 2.6 ([5]). Let f,g:1— R be w,q—integrable on 1, a,b € I, and a < b. Then the following formula holds:

b b
| 1 0D0gs (0 dug 9+ [ 8(0+09)Digf (g ()
=1 (B (0)~f @g(a). 2

The next result is the fundamental theorem of Hahn calculus.

Theorem 2.7 ([5]). Let f:1 — R be continuous at ax. Define
X
— [ Fdug (). 51
wy
Then F is continuous at ax. Moreover, Dg 4F (x) exists for every x € I and Dg 4F (x) = f (x). Conversely,
b
[ Dot 0)doy ()= £ (5) - £ (@).
a

Let Lﬁ,_’q((a)o,a),r), @y < a < oo be the space of all complex-valued functions defined on [y, a] such that

1= ([ 170770 " e

where r is a real-valued continuous function at @y defined on [@y,a] and 7 (x) > O for all x € [y, a]. The space L2, 4((0,a),7) is a separable
Hilbert space with the inner product

9= [ F0)20r (W dogr. £.8 € L ((@0.0).)
(see [5]).
The w,g—Wronskian of y(.), z(.) is defined to be
Wo,q (5:2) (%) := ¥ (x) Do g2 (x) = 2(x) Do gy (%), * € [@p, d]. (2.3)

Now, we recall that the following well-known theorems and definition.

Theorem 2.8 (Hilbert-Schmidt). Let A be a compact self-adjoint operator mapping a Hilbert space H into itself. Then there is an
orthonormal system @1, @, ... of eigenvectors of A, with corresponding nonzero eigenvalues Ay, Ay, ..., such that every element x € H has a
unique representation of the form

x= ch(p,, +x,
n

where x' satisfies the condition Ax' = 0. Moreover

Ax = Zlncn(l)m

and

lim A, =0

n—soo
in the case where there are infinitely many nonzero eigenvalues ([25]).
Theorem 2.9 ([31]). If
Y lagl* <o 24
ik=1
then the operator A defined by the formula
Afxit={yi} (e N:=(1,2,3,...),

where
yi= Y agx (i €N) 2.5)
k=1

is compact in the sequence space 2.

Definition 2.10. A complex-valued function M (x,t) of two variables with @y < x,t < a is called the ®,q—Hilbert-Schmidt kernel in the
space L, o((@o,a),r) if

a  ra
[
o J Wp
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3. Main Results
Consider the Hahn-Sturm-Liouville difference equation

(L) (x) = 713 [0 'D g1 g1 (P (%) Daogy (x)) +v (x) y (x)]

3.1)
— Ay (x), x €U0, 4 = [xix =@y + (a— @0)g”, n € N}
with the boundary conditions
)’(w()) _hlp(a)(])Dfa)q*]g*ly(a)O) = 07
3.2)

y(@)+hop (h! () D_gy1 41y (a) =0,

where hy,hy >0, A is a complex eigenvalue parameter, p, v, r are real-valued continuous functions at @y, defined on J o, h1 (a) and p(x) >0,
r(x) >0, v(x) >0, x€Jy h1(0) ' a) =g (a—0)>a h™ " (o)) = 0, Joya = {x:x=wp+ (a—ax)g",n=0,1,2,..} U{awp}.
Next denote by Z the linear set of all functions y € L%,7q(Jab,a, r) such that y and pDg, 4y are continuous functions at ay defined on Jooh1(a)
Lye L%O,q (Jay,a,r) and satisfying the boundary conditions (3.2).

Now we define the operator 7 : 7 C Lﬁ,vq (Jan,as ) = Lﬁ,,q(on’a, r) as follows. The domain of definition of 7' is & and we put Ty = Ly for
ye 9.

Theorem 3.1. Foranyy and z in 9, the following relations hold:

(i) the operator T is self-adjoint,
(ii) the operator T is positive, i.e.,

(Ty,y)>0,y€ 2, y#0.

Proof. (i) For all y,z € 2, it follows from the formula (2.2) that

(Ty2)
= [ [0 Do (0 9Dy () 905 ()| 0 g3
= [ 07D g1 (P3) Doy () g

=g [p (1)) Dogy (1" () 23] 14

+47" [ Doy (@) p (0 Doz @i+ [ vy (020 do g
@ (2]

=g [p (1)) Dogy (1" () 23] [

+~ [y () () Doz ()] [6,

L /a:y(h () Dag (P () Dogz () dogx

ra

+ [ vx)y(x)z(x)depgx

oy

=" 0 0Duzt —p (1 09) Dagy (1! ) 2] fo
0 [ 3@ D ( (17 ) Parge 07T do

Y RCHCEET
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ql{ y () p (" (9) D112 () ] a

(h 1x)D wg! qu(h l(x))ﬁ o
+/ _lmﬂ(x)m] d .
Then by the boundary conditions (3.2), we have
(Ty,z) = (»,Tz). (3.3)

Obviously, the domain & of definition of T is a linear dense subset in L%O,q(JmD_,a, r). Hence we get the desired result.
(i) Fory € 92,y # 0, we have

(Ty,y)

= —q_l /a: Doy [p (h_l (x)) D gy (h_l (x))] mda,,qx

+ [ vy 0P dogr

=47 [p (7' () Doy (K () ¥ [

407 [ P |Dogy P dogrt [ vy 0P dogr

=g "1 |p(@0) Dargy (@0)|* +4 " ha }p (h_l (a)) Dogy (h" (a)) ‘2

07 [P0 |Pagy (0 dogr+ [ 001y (0 dugr >0,
a o)

since 1, hy > 0 and p(x) and v (x) are positive on the set Jgy, 4- O
Let u(x) and x (x) the solutions of the equation T’y = 0 satisfying the initial conditions
u(wp) =hy, p(@)D_gg1 4 1u(wp) =1,

2(@) = =i, p (' (@) Doy 12 (@) = 1.
Lemma 3.2. Zero is not an eigenvalue of the operator T.
Proof. Lety € LY, ,(Joy.a;r) and Ty = 0. Then
47D g1 41 (P (¥) Dargy () +v () y () = O,
and y (x) = cju (x) 4+ cpx (x) . Substituting this in the boundary conditions (3.2) we find that ¢; = ¢ = 0;i.e.,y = 0. O

It follows from Lemma 3.2, there exist the inverse operator 7~!. In order to describe the operator T~! we use the Green’s function method.
Let

b fux@), @<x<t<a
)= pr,q(u,x){ u(t)y(x), w<t<x<a. (34

LetK: Lﬁ,_q(Ja,U#,,7 r)— Lﬁ)yq(JwU’a, r) be the integral operator defined by the formula

/ Ge0)f(O)r () dogt (€13 Uonar))- (3.5)

Then we have
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Theorem 3.3. The Green's function G (x,t) defined by the formula (3.4) is a ®,q—Hilbert-Schmidt kernel.
Proof. By the upper half of the formula (3.4), we have
rd X )
/ P (x)dop g / 1G (1) (1) dap gt < oo,
o) oy !
and by the lower half of (3.4), we have

a
/ dwqx/ G (0,0) 21 (1) dip gt < o0
(O]

since the inner integral exists and is a linear combination of the products u(.)x (.) and these products belong to L%O,q(lab,a,r) X
Lﬁ,ﬁq(lmm r) because each of the factors belongs to L%,_’q(JwO’a7 r). Then, we obtain

[ [ 1660 r@) () dogrdos < 36
wp J Wy

Theorem 3.4. The operator K defined by the formula (3.5) is compact in the space Lﬁ,_’q(‘]ww, r).

Proof. Let ¢; = ¢; (¢) (i € N) be a complete, orthonormal basis of L%M(me7 r). Since G (x,1) is a @, g—Hilbert-Schmidt kernel, one can
define

=00 = [ 70O HDr (1) do gt

5= (.00 = [ £V 80 (0)dogr.

a= [ [ G a8 ()7 @)dogrdo gt (€N,

Then, L%oﬁq (Jay.a,r) is mapped isometrically 12. Consequently, our integral operator transforms into the operator defined by the formula

(2.5) in the space [ by this mapping and the condition (3.6) is translated into the condition (2.4). By Theorem 2.9, this operator is compact.
Therefore, the original operator K is compact. O

It is evident that K = 71, In L%M (Jay.a,r), the completeness of the system of all eigenvectors of T is equivalent to the completeness of
those for K. By virtue of Theorem 2.8, we get the following result.

Theorem 3.5. For the problem (3.1), (3.2), there exists an orthonormal system {y;} eigenvectors corresponding to eigenvalues {;}
(k € N). The system {y} forms an orthonormal basis for the Hilbert space L%),q(fa)g.a, r). Any function f € Lﬁ)yq (Jay,a,r) can be expanded
in eigenfunctions Yy in the form

=Y aw®), (3.7
k=1
where
= [ 7@V r @ dagx
Jay

Thus, we have

lim
N—o0

Z Wi (x

¥)dip.gx =0, (3.8)

i.e., the sum (3.7) converges to the function f in mean square metric of the space Lﬁ)’q (Jan,a,7)- Furthermore, by (3.8), we deduce that

/ [f )P 7 (x) g gx = Z lex|* (3.9)

which is called the Parseval equality.

The main result of this paper is the following statement.
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Theorem 3.6. Let f:Jy, 41 (@~ R be a continuous function at @y, such that it has a continuous ®,g—derivative at @y and satisfying the

boundary conditions (3.2 ). Then the series

=Y v ()
k=1

Ck = / f Wk )dw qu
converges uniformly to the function f on Jg, q-
Proof. Consider the functional
_ 2
S() =g "h|p(@) Do gy (@)
2
472 |p (17 (@) Doy (17 (@) )
-1 a 2
+q p (x) ‘Da),qy (x)‘ dco,qx

+/ ()| do g¢

so that we have S(y) > 0. Substituting

N
=Y v (x)
k=1

into (3.11), we obtain

(o)

2
=q ' [p(wo)Dw,qf(ah) Y ckp (@) Doy g Wi (@)

+q¢ 'm

2
x {p (@) Dot (7 @) = L s (p (17 @) Dy (a))]
2
+‘]71/C:p( )(quf ZCkDa)qu( )) dg gx

a N 2
v <f(X) -Yaw <x>> dogv

=g [p(@0) Dogf (@) 471 [p (17! (@) Dogs (17! @)]°

o —h1p (@) Do g.f (@) Doy g Wi (@) o
2 ch{ hap (h 1(a))Daqu(h-'(a)q)Dw,qwkw)} a

« i e { —h1p (@) De.q Wi (@) p (@D g Wi (20)) }
L —h p( l(a))Da),qllfk (“)P(}fl (@) Dgy.qWim (a))

40 [ D0 (Daas (P dogit [ v (3) g
N a
—247! Z Ck |:/l00 P (x)Dg.gf (x) Do g W (%) dqux}

2% [ [0 0 e )]

k=1 (2]

- Z Ckcm/ P Dw,ql//k( )qull/m( )dwqx
k,m=1

+ Z cka/ Wk( )Wm (x)da),qx~

k,m=1

(3.10)

(3.11)
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Applications of (3.2) and w,g—integration by parts yield

o' " p(¥) Dog Vi (x) Do g f () dio g
Wy

+/ X)dg X
—q7'p (h—l (a))Dw,qwk (7'(@) £ @—a""p (@) Dog¥i (@) f (@)

_q71/ f —og g ()waqu(x))dqux

+/ x) dep g%

= ¢ 'hp (h*l (a)) D_g1 g1 £(@)p (h7 (@) D_ngr 41 Vi (@)
fq‘lhnp(%)D_wq—l,q—lf(wo)p(wo)Dw,qwk(wo)

+ / ) [0 D g1 g1 (P () Do g W () +v (x) Wi ()] g
——hog”'p (ir1 (@) Doagr g1 £ (@) p (K (@) D_ g1 g1 ¥ ()

—h1g ™" p(@0) D_ g1 41f (@) p(@0) Doy g Wi (@) + A,

and

a
q71 /CUO p (x) Da),qu ()C) Dw,q Ym (x) da),qx

+/ x)dg,gx

—q'p (h*l <a>) Dog¥in (" (@) vi (@)

~q~"' P (@) Do Win (@0) Wi ()

L W) [0 D11 (00 Do g () +/(3) i ()] g
= ¢ (@) p (h (@) D_g1 g1 ¥ (@)

—q~ Wi (@0) p(@0) D_ g1 g1 Wi (@0)

[0 Yo ()2

="' hp (17 @) D_agr 1 W @) p (K (@) D_ng1 g1 Y (@)

_qithP (wO)Dfa)q*' ' Yk (w())P (CO()) waq*' g ¥m ((OO) + Ak St

where
S o 1, ifk=m
k=00, ifk#£m.

Thus, we have

N
S <f(x) AL (X)>
=1

=41 [p(00) Do (o) +4~ 1o [p (1 (@) Dy (17! (@))]

+q / x) (Dogf (x da,qx—l—/ X)dpgx—q~ Zlkck
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Since the functional S is nonnegative for all N, we obtain the inequality

2
A‘kck

D18

k=1

< [p(@0) Do f @)+ [p (" (@) Dogf (' @)

+ / x) (Do gf (x)*dwgx+q / uV(X)fZ (x)de gx- (3.12)
Jay

Therefore, the convergence of the series

oo

Y hicq

k=1

follows.
Now, we shall show that the series

lex Wi ()] (3.13)

TPe

is uniformly convergent on Jyy, . Since Ty = Ay, we have

Wi (0) = (T~ w) (x)

2 [ Gt Y () (1)t
Jan
If we rewrite the series (3.13), we get
Y v @)=Y Alex Xy (x)], (3.14)
k=1 k=1
where
Y (x) = /wo G (x, 1) yi (1) r(t)dg gt

This can be regarded as the Fourier coefficients of G (x,¢) as a function of ¢. It follows from (3.12) that

Y A (x)
=1

<mh [p(a)o)waqG(x,a)g)}z +hy [p (ifl (a)) Dy 4G (x,}f1 (a)>]2

+/ D(DqG X t)) da)qt+q/ (x,t)dw"qt.

Obviously, all the functions appearing under the integral sign are bounded. Then we have

Y i) <C
k=1

where C is a constant. Applying the Cauchy-Schwartz inequality to the series (3.14), we deduce that

a+p a+p a+p

Y AlaXe @) < 4| Y Akegy| X A7 ()

k=a k=0 k=a

o+p
<VC,| Y Met (3.15)
k=a

By virtue of (3.12) and (3.15), we conclude that the series (3.13) is uniformly convergent on Jg, . Since

8

Z LW (x

Z Wi (x
k=1
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the series (3.10) is also uniformly convergent on Jy, 4.
Let

A=Y cvrx). (3.16)
k=1
Since the series (3.16) is uniformly convergent on Jg, 4, We obtain

/ AW ) () dogr = o (ke N).
Jay

Consequently, the Fourier coefficients of f and f] are the same. Applying the Parseval equality (3.9) to the function f — fi, we obtain
f— f1 =0, since the Fourier coefficients of the function f — f] are zero. This finishes the proof. O
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