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Abstract

In the present article, we prove some results concerning the existence of solutions for a class of initial
value problem for nonlinear implicit fractional differential equations with non-instantaneous impulses and
generalized Hilfer fractional derivative in Banach spaces. The results are based on fixed point theorems of
Darbo and Moénch associated with the technique of measure of noncompactness. An example is included to
show the applicability of our results.
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1. Introduction

Fractional derivatives and fractional integrals generalize to noninteger order the derivative and the integral
of a function. There are several kinds of fractional derivatives, such as, the Riemann-Liouville fractional
derivative, the Grunwald-Letnikov fractional derivative, the Caputo derivative, the Marchaud fractional
derivative, the generalized Hilfer derivative, etc. [4), [5, [6, (16, (I7]. There are numerous books and articles
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focused on linear and nonlinear problems for fractional differential equations involving different kinds of
fractional derivatives, see, for example, [3], [7, 8 10, 11} 13].

The class of problems for fractional differential equations with abrupt and instantaneous impulses is
vastly studied, and different topics on the existence and qualitative properties of solutions are considered,
[15, (18], 28]. In pharmacotherapy, instantaneous impulses cannot describe the dynamics of certain evolution
processes. For example, when one considers the hemodynamic equilibrium of a person, the introduction
of drugs into the bloodstream and the consequent absorption for the body are a gradual and continuous
process. In [Il 2, [9] the authors studied some new classes of abstract impulsive differential equations with
not instantaneous impulses.

The stability of functional equations originated from a question by Ulam [27]. Hyers [2I] gave a first
affirmative partial answer to Ulam’s question for Banach spaces. Hyers Theorem was generalized by Rassias
[25] in 1978. Afterwards, many interesting results of the generalized Ulam-Hyers and Ulam-Hyers-Rassias
stability of all kinds of functional equations have been investigated by a number of mathematicians; one
can see the monograph of Abbas et al. [§] and the paper by Rus [26] in which the Ulam-Hyers stability for
operator equations is discussed.

Motivated by the works mentioned above, in this paper, we establish existence results for the initial value
problem of a nonlinear implicit generalized Hilfer-type fractional differential equation with non-instantaneous

impulses,
(’U)?fu) t)=f (t u(t), (”D el >(t)>; tely, k=0,...,m, (1)

u(t) = gr(t,u(t); te I, k=1,...,m, (2)

("727) (@) = 60, 3)

where PD ;B and 7T fo 7 are, respectively, the generalized Hilfer-type fractional derivative of order a € (0,1)

and type B € [0,1] and generalized fractional integral of order 1 —~,(y = a+8—-aB), p >0, ¢ € E ,

I = (Sk,tk_i_ﬂ,k =0,...,m, Ik = (tk,sk},k =1,....ma=8 <t <s1<ta<s3<...<8p-1 <ty <

Sm < tm1 = b < o0, u(tf) = lim+ u(ty 4+ €) and u(t,) = lim wu(ty + €) represent the right and left hand
e—0 e—0~

limits of u(t) at t = ty, f : I, x E x E — E is a given function and g, : Iy x E — E; k=1,...,m, are given

continuous functions such that < j+ gk> (t,u(t)) li=s, = ¢ € E, where (E,| -||) is a real Banach space.

The present paper is organized as follows. In Section 2, some notations are introduced and we recall
some preliminaries about the generalized Hilfer fractional derivative and auxiliary results. In Section 3, two
results for the problem — are presented which are based on the fixed point theorems of Mdnch and
Darbo associated with the technique of measure of noncompactness. In Section 4, we discuss the Ulam-
Hyers-Rassias Stability for the problems. Finally, in the last section, we give an example to illustrate the
applicability of our results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this
paper. Let 0 < a <b,J = [a,b]. Let (E,| -||) be a Banach space.
By C we denote the Banach space of all continuous functions from J into E with the norm

[ulloo = sup{[lu()]| : t € J}.
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Consider the weighted Banach space
tr— PN\
C%p(fk) =qu:lpy—F:t— (pk> u(t) GC([Sk,tk_H],E) s
where 0 <y <1, k=0,...,m, and
cr (L) = {u e O (L) s u™ € Cw(Ik)} n €N,
CY ,(I) = Cy (1)
Also consider the Banach space
PC,,(J) = {u (a,b] = E:u€ Cy (Ul oIy) N C(UP I, B) and there exist
u(ty ), u(ty), u(sy, ), and u(s;) with u(t;) = u(tk)},() <y <1,
and
PC? (J) = {u e PC™ 1) s u™ ¢ PCW,(J)} neN,
PCY (J) = PCy,(J),
with the norm
tr— sf =
ul|pc, , = max max sup u(t , max {sup ||u(t .
lullec,, s e |(55) ] s s o)
By L'(J), we denote the space of Bochner-integrable functions f : J — E with the norm
b
£ = [ s
Definition 2.1. [22] (Generalized fractional integral).
Let a € Ry and g € L*(J). The generalized fractional integral of order « is defined by
t *— P\ g(s)
PT%g)(t) = [ ! ds, t >0
caza= [ (0] B s a0,
where T'(+) is the Euler gamma function defined by T'(a) = fooo te~te=tdt, o > 0.
Definition 2.2. [22/(Generalized fractional derivative).
Let o € Ry \ N and p > 0. The generalized fractional derivative "D, of order o is defined by
("Dgrg) (t) = 6,(" T "g)(t)
d\" [ P —sP\"h g(s)
= (¢—r= [ —2%__ds, t>a,
< dt) | ( p > Fn—a)™ " 71
where n = [a] + 1 and 0, = (tl_p%)n.
Theorem 2.1. [22] Let a > 0,3 > 0,1 <p < 00,0 <a<b<oo. Then, for g€ L'([sg,txs1]),k=0,...,m,

we have

(P72 *720) 0 = (27379 0



A. Salim, et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 332-348. 335

Lemma 2.1. [22, 2] Let « > 0,0 <~y <1 and k =0,...,m. Then, PTS is bounded from C, ,(1Iy) into
k
C’Y:P(Ik)’

Lemma 2.2. [2]] Let 0 <a<b<oo,a>0,0<vy<1,ueC,,(Iy) and k=0,...,m. If a > 1 —r, then
PT%u € C([sg,trt1], F) and
Sk

("T2u) (s1) = i, (rg2u) ) =o0.

Lemma 2.3. [12] Let t > s,k =0,...,m. Then, for « > 0 and § > 0, we have

o (8~ sg>ﬁ—1 T (tf’ —~ s,f;>a+5—1
[pjsﬁ < p D=tarm\ > ’
sP— P\
”DO‘+< ’f) ](t)zO, 0<a<l.

Lemma 2.4. [2]] Let a > 0,0 <y < 1,k=0,...,m, and g € Cy ,(I},). Then,

(”DS; %‘59) (t)=g(t), forall tel,k=0,...,m.

Lemma 2.5. [Z]] Let 0 < a <1,0<v<1,k=0,...,m. If g € C, ,(I;;) and pjslz_o‘g € CJ ,(Iy), then for
allt € I, k=0,...,m,

(pjs‘;‘: ppgzg> () = g(t) - <pjslzrjj)> (sk) <tp TO SZ)OC_l.

Definition 2.3. [2]|] Let order o and type 5 satisfyn —1 < a < n and 0 < f < 1, with n € N, and
k =0,...,m. The generalized Hilfer-type fractional derivative, with p > 0 of a function g € C ,(Iy), s
defined by

o n—o S d\" —B)(n—a
(s2%9) (= (2= (w2 ) v

Sk

— (Pjsé‘_("—a)ég pjs(g—ﬁ)(”—a)g> (t).

In this paper we consider the case n =1 only, because 0 < a < 1.

Property 2.2. [2]]] The operator pD?kjrB can be written as

oD% = g s, 0 g = g DL v =at f-afk=0,....m.
k k k k

k

Property 2.3. [2]] The fractional derivative pD:f s an interpolator of the following fractional derivatives:

Hilfer (p — 1), Hilfer—Hadamard (p — 07), generalized (8 = 0), Caputo—type (8 = 1), Riemann—Liouville
(8=0,p— 1), Hadamard (8 = 0,p — 01), Caputo (8 = 1,p — 1), Caputo—Hadamard (8 = 1,p — 0T),
Liouwville (8 =0,p — 1,a =0) and Weyl (8 =0,p — 1,a = —00).

Consider the following parameters «, 5,y satisfying

y=a+—-af, 0<a,fB,v<]1.
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We define the spaces
ey = {ue i), DPue €yt
and

C,’;’p(fk) = {u S C%p(fk), pDZ;:u S C%p(fk)} s

where £ =0,...,m.
Since Dy = p 7117 D7, 4, it follows from Lemma [2.1] that
Sk Sk Sk
CY ,(Ix) C CLP(Ix) C Cyp(Ik).
Also,

PC’lp(J) = {u i (a,b) > E:ue€ Cg’p( e olk) ﬁC’(U’,?:lfk,E)}.

Lemma 2.6. [2]] Let 0 < a<1,0<B<1,y=a+B—af and k=0,...,m. Ifu e CJ ,(I;), then
v Yo — a.B
°TL PDLu =g *Dfu,
and
1—
D), PT%u = pDi( .
k k k

Definition 2.4. ([1j]) let X be a Banach space and let Qx be the family of bounded subsets of X. The
Kuratowski measure of noncompactness is the map p: Qx — [0,00) defined by

w(M) =inf{e >0: M C 6 M;, diam(Mj) < €},
j=1
where M € Qx. The map p satisfies the following properties :
o u(M) =0+ M is compact (M is relatively compact).
o u(M) = u(31).
o My C My = p(My) < u(Ms).
o p(My+ M) < p(B1) + pu(Ba).

u(eM) = lelu(M), ¢ € .

o u(convM) = u(M).

Lemma 2.7. ({19]) Let D C PC, ,(J) be a bounded and equicontinuous set, then
(i) the function t — p(D(t)) is continuous on J, and

P — P\
ppe,, = max] max {supp ( k) ut) ) 4, max {suppu(u(e)}
) k=0,...m | ter, P k=1,...m tel,

(ii) (/abu(s)ds ‘u€ D) < /ab,u(D(s))ds, where

D(t) = {u(t): t € D}, teJ.
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Lemma 2.8. Let [ : I, x E — E be a function such that f(-,u(-),ijZ’rﬂu()) € C(Ix, E),k=0,...,m, for
any u € Cy ,(I). Then u € CF ,(I1,) is a solution of the differential equation, for 0 < a <1, 0 < g <1,

(Ppafu) (t) = f(t, u(t),"D*Pu(t)), for each, t € Iy, k=0,...,m, (4)
Sk Sk

if and only if u satisfies the following Volterra integral equation,

PJ”u)w*) .
u(t)( gy - tp—sﬁyl

N T(y) A\ )
+ﬁ fstk (tp—ps/’>a Sp*lf(s,u(s),ppiiﬂu(s))dsj
where v = a + 3 — af.
Proof. Assume u € C7,,(Iy) satisfies the equation () where k = 0,...,m. We prove that u is a solution to

the equation . From the definition of the space CJ ,(I)) and by using Lemma and Definition we
have

(P75 70) (€ o) and D00 = (3,275 70 () € €.
k k k
By the definition of the space C ,(Ij), we obtain
(ijg%) (t) € CL (I1).
Hence, Lemma implies that for all ¢t € I,k =0,...,m,

(v #D3) (1) = ) - (pjlr:;) = (= Siy_l.

Using Lemma [2.6] we have

Sk Sk Sk Sk

(
(P2 165, PD2F ) ) 0

Then,

(”J;;FZ:)) (sk) <tp /—O S£>7—1 . <p%%f(37u(3)7ppjiﬁu(8))> (t),

where t € I, k = 0,...,m, that is, u satisfies the equation .
Conversely, let u € CJ ,(I)) satisfy the equation (5) where k = 0,...,m. We prove that u is a solution
to the equation |D Apply operator pD} on both sides of || where k = 0,...,m. Then, from Lemma
k

and Lemma we obtain

u(t) =

(pD;%u)(t) = <PD§§1a)f(g,u(s),PD?iﬁu(s))> (t). (6)

Since u € C7 (1) and by definition of CJ ,(Ix), we have pDZ:u € C, (1), then (@ implies that

("D u)(t) = <5p Pj;gﬁ“*“) f> (t) = (f’Dﬁ(la) f) (t) € Cy p(I1). (7)

+
Sk
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As f(-,u(-),pDajrﬁu(-)) € C(I, F) and from Lemma it follows that
Sk

(pjl ﬁ - a)f) E C%p(‘[k)a k = 07 ttt ’m’ (8)

From (7), (8) and by the definition of the space CY ,(Ix), we obtain

(ﬂj;ﬁ“‘“)o €Cl,(It),k=0,...,m
k

Applying operator pjﬁ(lfa) on both sides of and using Lemma , Lemma and Property we
k

have
GD%%>@>=PJ%1” CDl“>@>
Sk Sk Sk
= f(t,u(t), DI u(®))
(PJI P ) (50) g o BO—a)1
- (=)
L1 —a)) p
= f(ta u( )a p,DaJrIBu(t))?
Sk

that is, holds. This completes the proof. O

Theorem 2.4. (Mdnch’s fized point Theorem ([23])). Let D be a closed, bounded and convezr subset of a
Banach space X such that 0 € D, and let T be a continuous mapping of D into itself. If the implication

V =convT(V), or V=T(V)U{0}= u(V)=0, 9)
holds for every subset V' of D, then T has a fixed point.

Theorem 2.5. (Darbo’s fized point Theorem ([20])). Let D be a non-empty, closed, bounded and convez
subset of a Banach space X, and let T be a continuous mapping of D into itself such that for any non-empty
subset C of D,

w(T(C)) < ku(C), (10)

where 0 < k < 1, and p is the Kuratowski measure of noncompactness on X. Then T has a fized point in D.

Now, we consider the Ulam stability for problem — that will be used in Section 4. Let uw € PCy ,(J),
e>0,7>0and 9: (a,b] — [0,00) be a continuous function. We consider the following inequality :

(o) @0 1 (rato), (72370) )

lu(t) — gu(t,u(®))|| < ert € I k=1,...,m

Definition 2.5. Problem (1))— () is Ulam-Hyers-Rassias (U-H-R) stable with respect to (9,7) if there exists
a real number ayy > 0 such that for each € > 0 and for each solution v € PC, ,(J) of inequality there
exists a solution w € PC,, ,(J) of (1)—(3) with

lu(t) = w(t)]| < cazo(@®) +7), te ..

Remark 2.1. A function v € PC,, ,(J) is a solution of inequality if and only if there exist o € PC, ,(J)
and a sequence o, k=0,...,m, such that

L lo@)|| <edt), t eI, k=0,...,m, and |jog|| <er,t eIy, k=1,...,m,
2. (pD?gBu) t)=f (t,u(t), (ﬂpjﬁ) (t)) tot), tel, k=0,...,m,

<ed(t),t € I, k=0,...,m
(11)

3. u(t) = gp(t,u(t)) +op, t €Iy, k=1,....m
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3. Existence of Solutions

We consider the following linear fractional differential equation

(W)‘%’fu) (t)=v(t), tely, k=0,...,m, (12)

where 0 < a < 1,0 < 8 <1,p > 0, with the conditions
u(t) = gr(t,u(t), telp, k=1,...,m, (13)
("727u) (@) = é0. (14)

where v = a+  — af and ¢o € E, and let ¢* = max{||¢x| : £ =0,...,m}. The following theorem shows
that the problem f has a unique solution given by

—1
@5 (55 + ((T3v) @, tenk=0m,
u(t) = g (15)

ge(t,ut), tel,, k=1,...,m.

Theorem 3.1. Let vy =a+ 8 —af, where 0 < a <1l and 0 < B < 1. If¢Y: I, - E.k=0,...,m, is
a function such that (-) € C(Iy, E), then u € PC] ,(J) satisfies the problem f if and only if it

satisfies .
Proof. Assume u satisfies f. If t € Iy, then
("Dpu) (1) = w(e),

Lemma [2.§ implies we have the solution can be written as

u(t) = (pj;;;l;) " (tp ;apy_l * r(lco /at <tp ; Sp>a_1 ()ds.

If t € I}, then we have u(t) = g1 (t, u(t)).
If ¢t € I, then Lemma implies

ult) = (7)o (“ ST)H s t (“ 3p>a_1 s Ly(s)ds

L'(v) p

= lj?}y) <tﬂ I_O s’f)Vl N <pj80%1/}) (t).

If t € I, then we have u(t) = go(t, u(t)).
If t € I, then Lemma implies

u(t) = (pj::)) (52) = )’” b | t (“ Sp>a_1 S p(s)ds
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Repeating the process in this way, the solution w(t) for ¢ € (a,b] can be written as

s (””ﬁ)%1 n (Pj%zb) (t), tely k=0,...,m,

ge(t,u(t)), tely, k=1,...,m.

Conversely, for t € Iy, applying pjalf'y on both sides of and using Lemma and Theorem , we
get

(P7w) () = b0+ (PT7"0) (), (16)
Next, taking the limit as t — a™ of and using Lemma with 1 — vy <1 —+v 4 «, we obtain
(P757w) (a%) = 60, (17)

which shows that the initial condition (pjjf7u> (a™) = ¢, is satisfied. Next, for t € I,k =0, ..., m, apply
p ’y . .
operator Ds_’: on both sides of 1| Then, from Lemma and Lemma we obtain

eor 0 = (D) 0 (18)
Since u € C7 ,(I;) and by definition of C7 ,(I}), we have pDZ:u € C, ,(Ix), and then implies that
DL a0 = (3,770 ) (0 = (DY) () € € (19)
As Y(+) € C(I, E) and from Lemma [2.1] it follows that
(ﬂ S}“*“‘“w) e (Ix), k=0,...,m. (20)
From , and by the definition of the space C7 p(I k), we obtain

<PJ1:B“““)¢> €Cl (Iy), k=0,...,m.
Sk )

Applying operator pjs’i(l_a) on both sides of 1) and using Lemma Lemma and Property 2.2 we
k
have

(”D‘“f “> (1) = P77 (p%“) (t)

Sk

T(A(1 - ) (tp - sg>ﬁ(1a)1

that is, holds. )
Also, we have easily for u € C(Iy, F),

u(t) = gr(t,u(ty)), t€ Iy, k=1,...,m.

This completes the proof. O
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As a consequence of Theorem we have the following result:

Lemma 3.1. Lety=a+—af where 0 <a<1,0< <1, andk=0,....m,let f: [, x EXE — F,
be a function such that f(-,u(-),w(:)) € C(Iy, E), for any u,w € PC, ,(J). If u € PCJ ,(J), then u satisfies
the problem — if and only if uw is the fired point of the operator V : PC,, ,(J) — PC, ,(J) defined by

&C”‘sz)%l (PTan) ). tel k=0
T'(v) P + :73; ( )7 k> y ooy MY

Yu(t) = (21)
gtu®), tely, k=1,...,m.
where h € C(I, E), k=0,...,m is a function satisfying the functional equation
h(t) = f(t,u(t), h(t)).
Also, by Lemma 2.1} Yu € PC, ,(J).
The following hypotheses will be used in the sequel:

(Az1) The function ¢t — f(f,u,w) is measurable on Iy, k = 0,...,m, for each u,w € E, and the functions
ur f(t,u,w) and w — f(t,u,w) are continuous on E for a.e. t € I,k =0,...,m, and

FCu(),w()) € CEO=) (1) for any u,w € PC,,(J).
(Az2) There exists a continuous function p : [a,b] — [0, 00) such that
|| f(t, u,w)| < p(t), for a.e. t € I,k =0,...,m, and for each u,w € E.
(Az3) For each bounded set B C F and for each ¢t € I,k =0, ..., m, we have
u(f(t. B, ("D B))) < p(t)u(B),

where PD??"BB = {pDS‘kfw :w € B}.

(Az4) The functions gi € C’(fk, E),k=1,...,m, and there exists [* > 0 such that

llgr(t,w)|| < I*||u]] for each u € E\k=1,...,m.

(Az5) For each bounded set B C E and for each t € I,k = 1,...,m, we have

w(ge(t,B)) < l*u(B),k=1,...,m.

Set p* = sup p(t).
t€la,b]

We are now in a position to state and prove our existence result for the problem — based on Monch’s
fixed point theorem.

Theorem 3.2. Assume (Ax1)—(Ax5) hold. If

L = mazx {l*, I?(Ol:r% (WT‘ﬂ)a} <1, (22)

then the problem (1)—(3) has at least one solution in PCy ,(J).
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Proof. Consider the operator ¥ : PC,, ,(J) — PC, ,(J) defined in and the ball Bg := B(0,R) = {w €
PC, ,(J) : [lw|lpc,,, < R}, such that

o p* b — P\t
R e )

For any v € By, and each t € Iy, k =0,...,m, we have

nwwm<wm(”;if1+0@wmwom

< o (tp ; sZ)vl T (p%%(l)) (t).

By Lemma we have

* * 1—v+a

< ¢ n P <t” — SZ) B
L(y) Tla+1)\ »p

* * b — af 1—v+a

¢" P < a > '
P

And for t € I,k = 1,...,m, we have
[(Wu) (@) < Fflu)]] < I°R.

Hence,

Cb* p* bP — af 1—v+a
v <I'R < R.
Wllre,, < PR+ o5+ g :
This proves that ¥ transforms the ball By into itself. We shall show that the operator ¥ : Br — Bp satisfies
all the assumptions of Theorem [2.4] The rest of the proof will be given in several steps.
Step 1: ¥ : B — Bp is continuous. Let {u,} be a sequence such that u, — u in PC, ,(J). Then for each
tel, k=0,...,m, we have,

tP—st) ) 1=y

| = o) (55) 7 | < (55) 7 (T linGs) - nel) o

where hy,,h € C(I, E);k =0,...,m, such that

hn(t) = f(t, un(t)7 hn(t))v
h(t) = f(t,u(t),h(t)).

For each ¢t € I,k = 1,...,m, we have,

1((Wun) () — (Pu) @) < [[(gx(t, un(t)) — gr(t, u(®)))]l -

Since u,, — u, then we get hy(t) — h(t) as n — oo for each ¢t € (a,b], and since f and g are continuous,
then we have
|Wu, — Yullpc, , — 0 as n — oc.

Step 2: W(Bpg) is bounded and equicontinuous.
Since W(BpR) C Bg and Bp is bounded, then ¥(Bpg) is bounded.
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Next, let €1, ez € I,k =0,...,m, €, < €, and let u € Br. Then

(555)"7 o (454) ™
(@)1_7 (pn]]j:h(ﬂ) (e1) — (%)1_7 (p"]]?:hm) (c2)
< (55)7 (232 ) (@2) + iy S = H ()|

where H(1) = {(6?{)82)1’7 (ef—Tﬂ’)aﬂ B (eg;sz)lﬂ (65;7p>a—1} ‘

Then by Lemma we have

S ’

p_gP\ 1= p_p\ 1=
(55)" wape - (555) " (i)
* el —sP 1—v PP\ . e PP v—1
< I‘({)Jra) ( 2p k) (%) +p fskl (Tk) dT?
and for each t € I,k =1,...,m, we have

[(Tu)(er) — (Wu)(e) || < [[(grer; uler))) — (grlez, ulea)))]l -

As €1 — €9, the right-hand side of the above inequality tends to zero. Hence, W(Bpg) is bounded and
equicontinuous.

Step 3: The implication @ of Theorem holds. -

Now let D be an equicontinuous subset of Bg such that D C ¥(D) U {0}, therefore the function ¢ —
d(t) = p(D(t)) are continuous on J. By (Az3), (Az5) and the properties of the measure p, for each
teli,k=0,...,m, we have

H ()

(55) T < w((55) @pwuo)
< 1((55)7 wp)
< (”;si)”l (T2 (D)) )
< p* (bP;aﬂ) - (pjs:d(s)) ()

p
[ff(cfm (bp_Tap> a} ldllpc, ,-

IN

And for each t € I,k =1,...,m, we have
d(t) < p(ge(t, D(t))) < 1*d(t).
Thus for each t € (a,b], we have

ldlipc,,, < Llldlpc, ,-

From , we get ||d||pc,, = 0, that is, d(t) = u(D(t)) = 0, for each t € (a,b], and then D(t) is relatively
compact in E. In view of the Ascoli-Arzela Theorem, D is relatively compact in Bg. Applying now Theorem
, we conclude that ¥ has a fixed point v* € PC, ,(J), which is solution of the problem —.

Step 4: We show that such a fixed point u* € PC, ,(J) is actually in PCY ,(J).

Since u* is the unique fixed point of operator ¥ in PC, ,(J), then for each t € J, we have

%<w;sg)w1+ (pj;;:h) (), tely k=0,...,m,

Vu*(t) =
gk(t7U*(t))7 tejk‘a ]{‘,:1,...777’1,.
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where h € C(I, E);k =0,...,m, such that

h(t) = f(t,u"(t), h(t)).
. — . oY .
Fort e I;k=0,...,m, applying Dsz to both sides and by Lemma and Lemma we have

ppgzu*(t) = PDg: Pj%f(s,u*(s),h(s») (t)
D s (30,5 ) 1)

Since v > a, by (Azl), the right hand side is in C, ,(I}) and thus pDZ;u* € C, ,(Ix) which implies that

u* € C7,(I). And since g, € C(Iy, E);k = 1,...,m, then u* € PCJ,(J). As a consequence of Steps 1
to 4 together with Theorem we can conclude that the problem — has at least one solution in
PC, ,(J). O

Our second existence result for the problem — is based on Darbo’s fixed point theorem.

Theorem 3.3. Assume (Ax1)-(Ax5) hold. If

L = max{l*, I{)(*(SJ(;L)) <bp;ap>a} <1,

then the problem (1)—(3) has at least one solution in PC, ,(J).

Proof. Consider the operator ¥ defined in . We know that ¥ : B — Bp is bounded and continuous
and that ¥(Bpg) is equicontinuous. We need to prove that the operator ¥ is an L-contraction.
Let D C Bgand t € I,k =0,...,m. Then we have

w((55) 7 @) =n ((555) T @ sue p)
< (52) " {(azrutus)) 0.ue ).

By Lemma [2.3] we have for t € I,k =0,...,m,

u ((t = (\IJD)(t)) <

And for each t € fk,k =1,...,m, we have

p((ED)(1)) < p(gr(t, D)) < T (D(1)) .-

pT(y) (b —a”\”
T(a+7) < p > ]HPC””’(D)'

Hence, for each t € (a, b], we have
wpc.,,, (YD) < Lupc, ,(D).

So, by , the operator ¥ is an L-contraction. As consequence of Theorem and using Step 4 of the last
result, we deduce that ¥ has a fixed point which is a solution of the problem — O
4. Ulam-Hyers-Rassias (U-H-R) Stability

First, we are concerned with the Ulam-Hyers-Rassias (U-H-R) stability of our problem (I))—(3).

Theorem 4.1. Assume that in addition to (Ax1)-(Ax5) and (29), the following hypotheses hold.
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(Ax6) There exist a nondecreasing function ¥ : (a,b] — [0,00) and Ay > 0 such that for each t € Iy, k =

0,...,m, we have
(p%%ﬂ)(t) < \t(t).
m
(AxT7) There exists a continuous function x : U [Skytkr1] — [0,00) such that for each t € I,k =0,...,m,
k=1
we have

p(t) < x(8)d(t).
Then problem (1))-(3) is U-H-R stable with respect to (9,7).

Proof. Consider the operator ¥ defined in . Let u € PC, ,(J) be a solution of inequality , and let
us assume that w is the unique solution of the problem

(ppafw) (t)=rf (ta w(t), (pDo‘fw> (t)) tely, k=0,...,m,
Sk Sk
w(t) = gr(t,w(ty)); t € I, k=1,...,m,

(PJ%{’MU) (8;:) = <pk751;:—’yu> (3;:) = ¢k’7 k = 0, ceey M.

By Lemma we obtain for each ¢ € (a, b]

%Cp;sg)v—l_i_(pj%h) (t) iftely, k=0,...,m,

w(t) =
g(t,w(t)) iftel,k=1,...,m,

where h € C(I, E),k =0,...,m, is a function satisfying the functional equation
h(t) = f(t, w(t), h(t)).
Since w is a solution of the inequality (11)), by Remark we have
(PD‘%;%) (t)=f <t,u(t), (PD;}%) (t)) +o(t),t €l k=0,...,m, 23)

u(t) = gr(t,u(t)) + og, t € fk, k=1,...,m.
Clearly, the solution of is given by

o (S8 (rT729) 0+ (PT20) (), te k=1 im,

u(t) =
gk(t7u(t))+aka tejkv k=1,...,m,
where g : I, — F,k=0,...,m, is a function satisfying the functional equation
g(t) = f(t,u(t),g(t)).
Hence, for each t € I, k=0,...,m, we have
[u(t) —w(@®) < ("Txg(s) = h(s)Il) (t) + (”I7a“+HU(S)H)
t o —s? \ T 2x ()9t
< )+ [l (152) s
< Apd(t) + 2 (PTLD) (t)
< (e+2x7)A0()
< (14 2 ) ge(r +9(1)),
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where
X" = max sup  x(t) ¢ .
k=0,....m €[5k thst]
For each t € I}, k =1,...,m, we have
[u(t) —w®)l < gt u®) = gr(t, w)] + llok|
< llut) —w(t)|| + e,
and then by ,
[u(t) —w®)]| < 15F < 5= (7 +9(1)).
Then for each ¢ € (a, b], we have
[u(t) = w(t)]| < age(r + V(1))
where o )
ay = max < (14 X A9, ——= ¢ -
€ 1-—1*
Hence, problem ([I)—(3) is U-H-R stable with respect to (¢, 7). O]
5. Example
Let
oo
E=10'= {v = (vl,vg,...,vn,...),z lun| < oo}
n=1
be the Banach space with the norm
oo
loll =" lval-
n=1
Consider the following initial value problem with non-instantaneous impulses
Lo l’o
<1D§Z u> t)=f <t,u(t), <1DS} u> (t)) e (1,2]U (e, 3],k € {0,1} (24)
u(t) = g(ta u(t))v le (2) 6]) (25)
1
(t7ta) 0t =0, (26)

where
a=ty=sp=1<t1=2<s1=e<ty=3=0,

U= (U1, U2,y ... , Up,-...),
f:(f17f2a'-'7fn>"')7
1y3:0 1y3:0 130 1y3:0
Ds+u:(Ds+u1,..., DS+U2,..., Ds:un,...),
k k k

g = (917927"')9717"‘)7

0 (23 + 5e72) |un(2)|

Fulten ), (1050 ) () = -

183e~t3(1 + |lu(t)| + || <1D

with t € (1,2] U (e, 3], k € {0,1}, n € N, and

gn(t,un(t)) _ ’un(t)’

= — 2 .
105e—t55 £ 1’ te(2,e,neN

«) )
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We have

P02 ((1,2]) = c ={h:(1,2] » E: (Vt—DheC([1,2,E)},
and

CPU=) ((e,3]) = c ={h:(e,3] = E:(Vt—e)heO(e,3],E)},
withy=a=1,p=18=0andk € {O7 1}. Clearly, the continuous function f € C%l ((1,2]) UC’;1 ((e,3]).

Hence the condition (Az7) is satisfied.
For each u,w € E and t € (1,2] U (e, 3],

2t° + be
< — .
7wl < H25E
Hence condition (Az2) is satisfied with
(t) = 2t° + be
PR = gget13
and
. 94+ 5e~2
TR
And for each w € E and t € (2, e] we have
Il
t - -
ot 0l < oe—s,
and so the condition (Az4) is satisfied with [* = Wle“

The condition of Theorem [3.2] n is satisfied, for

* P aP\®
L = max {z* rT) <b a4 > } ~ (0.7489295248 < 1.
[(a+7) p

1 1
Let Q be a bounded set in E where 1D8'€LOQ = {1D82+’OU HONS Q} ,k € {0,1}. Then by the properties of the
k k

Kuratowski measure of noncompactness, for each u € Q and t € (1,2] U (e, 3], we have

u (0. D200) ) < oo,

and for each t € (2, ¢,
p(g(t, Q) < 1" p().

Hence conditions (Az8) and (Az5) are satisfied. Then the problem (24)—(26]) has at least one solution in

PCy ([1.3)).
Also, hypothesis (Az8) is satisfied with 7 = 1 and

and Ay = /7. Indeed, for each ¢ € (1,2], we get

1 ™
Cahom = vis Y
and for each t € (e, 3], we get
N3
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Let the function x : [1,2] U [e, 3] — [0, 00) be defined by

(2t3 + 5e2) /T — s,
x(t) = [830-1+3 ke {0,1}.

Then, for each ¢ € (1,2] U (e, 3], we have

p(t) = x(8)(t),

with x* = p*. Hence, the condition (Az9) is satisfied. Consequently, Theorem implies that the problem
f is U-H-R stable.
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