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ABSTRACT. In this paper, we present the duality theory for general weighted space of vector functions. We mention
that a characterization of the dual of a weighted space of vector functions in the particular case V' C CH(X) is
mentioned by J. B. Prolla in [6]. Also, we extend de Branges lemma in this new setting for convex cones of a weighted
spaces of vector functions (Theorem 4.2). Using this theorem, we find various approximations results for weighted
spaces of vector functions: Theorems 4.2-4.6 as well as Corollary 4.3. We mention also that a brief version of this paper,
in the particular case V. C Ct(X), is presented in [3], Chapter 2, subparagraph 2.5.

Keywords: Nachbin family, weighted space of vector functions, p—Radon measure, polar set, extreme point, convex
cone, antialgebraic set with respect to a pair (M, C).

2020 Mathematics Subject Classification: 41A10, 46]10.

Dedicated to Professor Francesco Altomare on the occasion of his 70th birthday.

1. INTRODUCTION

The weighted spaces of scalar functions was introduced and studied by L. Nachbin in [4] (see
also [5]). We recall that if V' is a Nachbin family of upper semi-continuous functions on the
locally compact spaces X, then the weighted space associated to V, denoted by CV;(X), is the
set of all continuous functions f on X such that the function f-v vanishes at infinity. Any weight
v € V generate a seminorm p,, : CVy(X) — R4 defined by p,(f) = sup{v(z) - | f(z)| : = € X}.
The locally convex topology defined by this family of seminorms is denoted by wy and it will
be called the weighted topology on C'V;(X). For some specific families of weights V, some
different classes of continuous functions on a locally compact space are obtained, namely the
functions with compact support, bounded functions, the functions vanishing at infinity, the
rapidly decreasing functions at infinity and so on. A characterization of the dual space of the
locally convex spaces (C'Vy(X),wy ) was obtained by W. H. Summers in [7]. More precisely,
he showed that if V' < C*(X) then, the dual space [CV(X)]* is isomorphic with the space
V - My(X), where M;,(X) is the space of all bounded Radon measure on X. A similar result
for weighted spaces of vector functions, in the particular case V' C C*(X), is mentioned by
J. B. Prolla in [6]. In Theorem 3.1 of this paper, we obtain a characterization of the dual of a
weighted space of vector functions in the general case of the upper semi-continuous weights.
The key to getting this result is a new result of Measure Theory, namely Proposition 2.1, in
which it is proved that if U : K(X, E) — R is a p—Radon measure, then there exists a smallest
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positive Radon measure on X, denoted by |U|, such that

U(f)] < /podeUWfE K(X, E).

Using two fundamental tools in functional analysis: Hahn-Banach and Krein —Milman theo-
rems, in 1959, Louis de Branges [1] give a nice proof of Stone-Weierstrass theorem on algebras
of real continuous functions on a compact Hausdorff space. Some generalizations of de Branges
lemma for weighted space of scalar functions was obtained in [2]. In the last part of this paper,
we present a generalization of de Branges lemma for a convex cone in a weighted spaces of
vector functions (Theorem 4.2). Using this theorem, we obtain various approximations results
for weighted spaces of vector functions: Theorems 4.2-4.6 as well as Corollary 4.3.

2. WEIGHTED SPACES OF VECTOR FUNCTIONS

Let X be a locally compact Hausdorff space, let I/ be a locally convex complete space en-
dowed with a family P of seminorms of E. We denote by C(X, E) the set of all continuous
functions f : X — E and by Cy(X, E) respectively K(X, E), the set of continuous functions
vanishing at infinity, respectively having compact support. We recall that a function f : X — E
vanishes at infinity if Ilgrgof(x) =0, 1ie, forany p € P and any ¢ > 0, there exists a compact
subset K. , of X such that

plf(z)] <e, Vo e X\K.p.
Further, we shall denote by F, (X, E) the set of all functions f : X — E vanishing at infinity.

Definition 2.1. A family V' of upper semi-continuous, non-negative functions on X such that for any
vi,v2 € Vand any A € R, XA > 0 there exists w € V such that

vi(x) <A w(x), Ve e X,i=1,2
will be called a Nachbin family on X. Any element of V will be called a weight.
If V is a Nachbin family of weights on X, we denote by
CV(X,E)={feC(X,E); v- feCy(X,E), VveV}.

We endow this linear space with so called the weighted topology wvp, given by the family of
seminorms ||-[[, , or |||, defined by

1Fllp, = 171, , = sup{o(z) - p[f(2)], Vo € X}, Vf € CV(X, E).
A base of neighborhoods of the origin in C'Vy (X, E) is the family (B,,;,),cy ,cp 8iven by

By = {1 € CVo(X, E): |Ifll,,, <1}

Further, the space CVy(X, E) endowed with the weighted topology wy.p will be called the
weighted space of vector functions. As in the scalar case, one can see that K(X, E) is a dense
subset of C'V,(X, E) with respect to the weighted topology wy p. For any p € P and any f €
K(X, E), we denote

[£1l, = supp[f()].
reX
Obviously, || f||, < cosince p: E — R, is a continuous function on the locally compact space
E and f(X) = f(Ky) U {0} is a compact subset of E, where K; denotes the support of f. If
we endow K(X, E) with the family of seminorms (|||| p) o then K(X, E) becomes a locally
pe

convex space and we shall denote by 7p the topology given by these seminorms (H |l p)pep.
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Definition 2.2. A linear map U : K(X,E) — R is called a p—Radon measure, where p € P, if for
any compact subset K C X there exists a positive number oy such that forany f € K(X,E), f =0
on X\ K, we have

U< ax -],
If agc does not depend of the compact K, then U is called a p— bounded Radon measure. The smallest
a € Ry, such that [U(f)| < - || f||,, will be denoted by ||U|,,.

Proposition 2.1. If U : K(X, E) — R is a p—Radon measure, then there exists a smallest positive
Radon measure on X, denoted by |U|, such that

U< [pofdUl, vf € K(X.E),
Moreover, for any function ¢ € K(X,R) , the map U : K(X, E) — R given by

eUY) =U(p-9¥), VY € K(X, E)
is a p— bounded Radon measure and we have
a) [|pU|l, = U] (1) and generally |U||, = |U| (1) if U is p— bounded,
b |eUl =1le|- U], lleUll, = U (1) = (l¢] - U 1) = [ || d|U].

Proof. Passing to a factorization, we may suppose that p is a norm on X. We consider a rela-
tively compact open subset D of the locally compact space X and for any ¢ € K(X,R), ¢ > 0
and suppy C D, we put by definition

Ul () =sup{U(¥); ¥ € K(X,E), potp <} =sup{|U()|:¢ € K(X, E), potp < ¢}
Since D is compact and (x) = 0, if ¢(z) = 0, we deduce that 1) = 0 outside D and therefore
there exists a € Ry such that [U(¢)| < a- [[¢]|, < a - |l¢]l, where [|¢]| is the uniform norm of ¢
on X. Hence |U|(¢) < a - ||¢| for all ¢ € K(X,R), ¢ > 0 and suppy C D. We show now that
for any ¢; € K(X,R), ¢; > 0, suppy; C D, i = 1,2, we have

U (o1 + 2) = [Ul (¢1) + U] (p2)-

The inequality |U| (¢1 + w2) > U] (1) + |U| (¢2) follows just from the definition. Let ¢ €
K(X,E), p(v) < @1 + p2. For any n € N*, we consider the functions ¢; € K(X, E) given by

Pi .
Y= ——— i =1,2.
P14+ 02+ =
Obviously, we have successively
p(¥) ,
)= — <y, i=1,2,

p(wz) ¥ ©1 +S02 +% Pi

1 Y
Y — (1 + ) = —

nogr 4o+

1 Y
p (Y — (1 +2)) < ”.p<901+902+i>7

v v v
Supp<¢1+902+,1l) <D p<<P1+%02+,1l) = U(SO1+<P2+,1L>' =
U@) = Ur) = Ulya)| < =, UW) < UG+ UWa) +
UW) < U] (1) + U] (p2) 4+, Wn € N,

U) < |U[ (1) + U] (p2), [Ul (1 + 2) = sup{U(¥); ¢ € K(X, E), p(¢) < @1+ 2},
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Ul (p1 4+ @2) < [U[ (1) + U] (#2), U] (o1 + @2) = [U| (1) + [U] (¢2)-
Obviously, we have
[UT(A- @) = A-|Ul (), VA e Ry
and the map |U| : K (X,R) — Ry is a positive Radon measure on X. Just from the definition,
we have

U < Ul (p(¥)), V¢ € K(X, E).
On the other hand, taking a positive Radon measure x on X such that |U(y)| < [ p(¢)dp then
for any ¢ € K(X,R), ¢ > 0, we have

/wdu > /p(w)du, Vi € K(X, E), p(¥) < ¢,
[ edu= 0@, 0 € KX E), pl0) <.

/wdu > U] (¢), |U] < on K*(X,R).

a) For any ¢ € K(X,R), the map ¢U : K(X, E) — R defined by U () = U(y - ¢) is linear and
we have

[PUW)| < ax - llo-¥ll, < ax - llell - 141, ,
where K = suppy and therefore ¢U is a p— bounded Radon measure on K(X, E). Further, we
have

19U (1) = / 1V

:sup{/hd|<pU|; 0<h<1, hGK(X,]R)}

= sup {(U) (¥); ¥ € K(X,R), p(¢) <1}
= lleUll,
(In fact, for any p— bounded Radon measure U’ : K(X, E) — R we have, using the definition
of |U']:
o, = 1) = [ ap,
b) The inequality |U| < |¢| - |U| follows immediately. Indeed, if h € K(X,R), h > 0 then,
eU| (h) = sup{U(p - ¥); p(¢)) < h}
< sup{|U| (p(¢ - ¥); p(¢)) < h}
=sup{(l¢| - [U]) (p()); p(¥)) < h}
= (Il - [U) (h).

Hence |oU| (h) < |¢| - |U|(h) for any h € K(X,R), h > 0. For the converse inequality, we
restrict ourself to the case ¢ > 0. Let us consider ¢y € K(X, E) such that p(¢)) < h - ¢ and for
any n € N*, we consider the function f,, € K(X, E) defined by

Y

fn - m

Obviously, p(f,) < h and therefore

QU (h) > U(p- fn), (- fn) <h-@, p(—¢- fn) < —-p(h).

S|
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Since 1) = 0 outside K = suppyp, we have

1
ARl 1T @ = fa)l < axc- - 4]

S|

YV—gp-fao=00n X\K,p(tb—¢- fr) <
and therefore

(QUI(h) > Ul f) > UW) —asc - ] - U] (h) > U (W)

But
(@ [U]) (h) = U (¢ - h) = sup{U(¥); ¢ € K(X, E), p(¢)) <h-p}.
From the preceding two lines, we get |@U| (h) > (¢ |U]) (k) and finally |oU| = |¢| - |U]. O

Proposition 2.2. Let U : K(X,E) — E be a p—Radonn measure, f : X — R be an integrable
function with respect to the positive Radon measure |U| (i.e., f € L' (|U|)) and let(yy,),, be a sequence
in K(X,R) such that lim ¢, (x) = f(z),|U| —a.e. on X and such that

n—oo

ti [ 1f = ¢l dIU] = 0.

n— oo
Then, the sequence of p— bounded Radon measures (¢, U),, is convergent to a p— bounded Radon
measure (depending of f only), denoted by fU, ie., lim ||fU — ,U|,, = 0. Moreover, we have

n— oo
[fUl=1f1-1U]
Proof. Since lim [ |f — ¢,|d|U| = 0, we deduce that lim [ |¢, — | d|U| = 0 and there-
n— o0 n,m—oo

fore, using Proposition 2.1, we have

tim_lnU = Ul = lim_ [ on = ol d[U] 0.

n,m—

Hence for any v € K(X, E), the sequence (¢, U(%)),, of real numbers is convergent to a number
denoted fU () and for any ¢ > 0, there exists n. € N* such that

lonU(¥) = emU ()] < llonU = omUll, - 191l < - 19, Vn,m = ne,
fUW) —emU@)| <e-[[¢ll,, ¥m = ne,

U@ < lenU@)| + e 18], < (lemUll, +¢) - 1],
Hence fU is a p— bounded Radon measure on K(X, E), n%gnoo |fU = pmUl||, = 0 (Particularly
if f=0|U]a.e., from the relationnlgrgof |f — on|d|U| =0, we deduce nlgr;of lon|d|U| =0 and
therefore nh_>ngo lenUll, = nh_}rrolof lon| d|U| =0, nh_)n;@ (pnU) (¥) = 0, Vo € K(X, E). This shows
that the element fU, previously defined, depends only on f, does not depend on the choice of

the sequence (py,),, tending to f). Letnow h € K(X,R), 0 < h < 1andlety € K(X, E) be such
that p(¢) < h. We have

FUW) = U @) < U — @uUll, - [9]l, < 17U — @ul]l, ¥n €N,
(QOHU) W) - HfU - @nUHp < fU(¢) < (PnU(w) + HfU - ‘an”pv

[onlU[(h) = IfU = nuUll, < [fUI(R) < [0aU| (h) + | U = ¢nUll,, -
Using Proposition 2.1 b), we deduce that

ol - (U (h) = [[fU = @nUll, < |fUL(R) < |n| - U] (h) + [ fU — @aU]l,,
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/ oul - |U| — | fU = U1, < |FU) (B / (ol - hd U+ [ fU = gaT]l, -

Passing to the limit on n, we get

/|f| hd|U| < U] (h /m hd (U],

£010) = [ 151+ b U] = I£1-10] ()
The last equality holds for 0 < h < 1 and therefore for all h € K(X,R), h > 0, i.e.,
|fUl=fI-10].

3. ON THE DUAL OF WEIGHTED SPACES OF VECTOR FUNCTIONS

Let E,P, X and V as in the preceding section. Forany p € Pand v € V, let
BUvP - {f € CVO(Xa E); pv(f) S 1},

where p,(f) = sup{v(z)-p[f(2)]; Vo € X} = |f[,,, Vf € CVo(X,E). The linear vector
space CVy(X, E) endowed with the family (p,),cp ¢y Of seminorms is a locally convex space
whose fundamental system of neighborhoods of the origin is just the family (B.,;), oy ,ep- We
recall that we have denoted by wyp the weighted topology on C'V; (X, E) given by the family
of seminorms (py),cp ey It is no lost of generality if we suppose that for any real number
o, a>0,wehavea-p € P, a-v e Viforanyp € P and any v € V. So the dual of the locally

convex space (CVy(X, E),wyp) is the set | J By ,, where

={T:CW(X,E) = R; Tlinear, T(f) <1, Vf € By p}.

If we denote by [CVy(X, E)]" this dual, then for any subset M of CV,(X, E) (respectively of
[CVo(X, E)]"), we denote by M? the polar of M i.e.,

M° ={T € [CVo(X, E)]*; T(m) <1, Ym € M}

veV,peP

respectively
M® = {f € CVo(X,E); m(f) <1, ¥m € M}.

The map on CVy (X, E)x[CVo(X, E)]* = R, (f,T) — (f,T) = T(f) is anatural duality between
the linear space CVy(X, E) and [CVy(X, E)]*. The smallest topology on [C'Vy(X, E)]" making
continuous the maps

T = (f,T): [CVo(X, E)]" = R, Vf € CVp(X,R)
is the weak topology on [CVy(X, E)]". Itis known (Alaoglu’s Theorem) that for any (p, v) € P x
V, the set By , is a weakly compact subset of [C'V (X, E)]". We know also that the topological
space [CVy(X, E)]" is a Hausdorff one with respect to this weak topology. Moreover, since
K(X, E) is a dense subset of C'V;(X, E') with respect to the weighted topology wy p, we deduce
that
1) any continuous linear functional L : CVy(X, E) — R is completely determined by its restric-
tion to K(X, E),
2) the smallest topology on [CV;(X, E)]" making continuous all linear functionals

T = (f,T): [CV(X,E)]" = R, Vf € K(X,R)

is also a Hausdorff one and therefore its restriction to Bg’v coincides with the restriction to B;OM;
of the weak topology on [CV, (X, E)]™.
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We conclude that any element of the dual of the locally convex space (K(X, E), wyp |K(X, E))
may be uniquely extended to an element of [CV; (X, E)]*. The following assertion characterizes
the elements of [CV, (X, E)]" in terms of Radon measures on K(X, E). With the above notations,
we have

Theorem 3.1. For any (p,v) € P x V, we have

a) The restriction of any element T € B, to K(X, E) is a p—Radon measure on K(X, E) such that the
function L is integrable with respect to the positive Radon measure |T)| on X.

Moreover, the following relation holds:

[ 171 =171, = sup (T(): £ € By

b) For any p—Radon measure U on K(X, E) such that the function L is |U| — integrable, there exists
T € B, such that U is the restriction of T to K(X, E).

Proof. a) Let T € BY , and let K be a compact subset of X. Since v : X — [0,00) is an upper
semi-continuous function, its upper bound ax on K is finite. Let ¢ € K(X, E) such that p =0
on X\ K. We have

sup {v(z) - p(p(2)) : © € X} <ax -sup{p(p(z)): € X} =ak - |¢l,,

T—%¥
ak - [l

i.e., the restriction of T' to K(X, E), denoted also by T, is a p—Radon measure. We have

1T, = sup {T(f), f € CVo(X, E), puo(f) <1}
= sup {T(f)a f € K(X7 E)7 pv(f) < 1}

— sup {T<f>, f €KX, B). plf) < 1}

v
1
:/fd|T|.
v

b) Let U be a p—Radon measure on K(X, E) such that the function 1 is |U| — integrable. Then,

we have
1
50 > /fd|U|
v

L4 B

— € <1, |T(p)| < ak -
g - H@Hp P,V ’ | (@)' HW”pa

sup{/¢d|U|; peK(X,R), 0< < i}
= sup {U(¥); ¥ € K(X, E), p(y) < ¢}

1
<3

sup {U(0)s v € KX, B). p(v) < 1}

— sup {U(¥); ¥ € K(X, B), v(x) - plp(x)) < 1}
— v

po

O

Remark 3.1. From the above considerations, we deduce that:
The elements T € BY , are p—Radon measure on K(X, E) such that the function X is |T| — integrable
and |||, = [ 1d|T| <1.
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Proposition 3.3. Let T be a p— Radon measure, T € B, . If f € CVy(X, E), then

pv

()| < / p(f)d|T] .

Proof. Let (¢n), be a sequence in K(X, E) such that lim [[f —y|,, = 0. We know that
n—00 ’
T ()| < [p(hp)d|T| and T(f) = 1i_>m T (). On the other hand

1f = ¥nll,,,
v

p(f —n) < on X

1
[pte = vz s = vl [ A <17 =l

9

J1oth = pwl (T < [ o = 0| < 1f =,
/ p(HAIT) = lim [ pv)d[1].

()| = Jim ()| < tin [ p)a (7= [p(ralT].

Hence

Corollary 3.1. If T € BY), and f € CVy(X, E) is such that f = 0 on supp |T'|, then T(f) = 0.

4. LEMMA DE BRANGES AND APPROXIMATION RESULTS
In this section, we preserve all notations used in the preceding paragraphs. For any subset
A C CVy(X, E), we denote by AY the polar of 4, i.e.,
A ={T € [OVo(X,E)]*; T(a) <1, Ya € A}.
If C is a convex cone of the real vector space C'V;(X, E) then, one can see that
C'={T € [CVo(X,E)]*; T(c) <0, Vee C}.

Theorem 4.2. Let C be a convex cone in CVy(X,E),p € P,v e Vandlet L € B) ,NC° L # 0be
an extreme point of the convex and compact subset B) , N C°. If h € C(X, [0, 1]) is such for any ¢ € C,
we have h-c|o(|L|) € Clo(|L]) and (1 —h)-c|o(|L|) € Clo(|L]), then h is constant on o(|L|)— the
support of the positive Radon measure |L| on X.

Proof. Since L # 0 and L is an extreme point of the subset B) , N C?, we have 1L, = [La|L].
If h is an arbitrary element inC'(X, [0, 1]), then the map hL : K(X, E) — R, given by hL(¢) =
L(h - ), is a p—Radon measure on K(X, E). It is not so difficult to show, using the definition,
that |hL| = || |L|. Obviously, the function 1 is |h| - |L| — integrable and using Remark 3.1 and

the relations . " )
nl,.. = [ o= [ 2airi< [ Laizi <1,
’ v v v

we get hL € BY),. Analogously, the map (1 — h)L : K(X,E) — R given by (1 — h)L(¢)) =
L((1 —h) - (¢)) is a p—Radon measure and
1—h 1 o
= mLl,, = [ 2L < [ it =1 0 -nLe B,

If we denote v = |[RL|l,, = [2d|L|, p=|(1—h)L||,, = [*52d|L|, we have o + 3 =
1

[ Ld|L] = 1. We remark also that the function + is strictly positive on X. If a = 0, then
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h =0 |L| a.e. on o(|L]). Since the function h is continuous, it results that h = 0 on o(|L]),
i.e., his constant on o(|L|). Analogously, if 5 = 0, we obtain h = 1 on o(|L|), i.e., h is constant
on o(|L|). We suppose further o # 0, 8 # 0 and we denote
1 1
Li=—-hL, Ly=—-(1-h)L.
1 o ) 2 B ( )

Obviously, ||Li||p,v =1, i=1,2anda- L, + B Ly = L. We show now that L; € C°, i = 1,2,
if for any ¢ € C there exist ¢1,¢2 € Csuch thath-c = c¢1, (1 —h)-¢ = ce2 ono(|L]). Since the
functions h - ¢, (1 — h) - ¢, ¢1, cg belong to CVo(X, E) and h - ¢ = ¢ on o(|L]), respectively
(1—h)-c=cy ono(|L]), using Corollary 3.1, we get

L(h-c) = L(c1) <0, L((1 = h) - ¢) = L(cz) <0,

1 1 1 1
L =—-Lh-¢c)=—-L <0, L =—-L((1—h)-¢)=—=-L <0.
1(e) =~ L(h-¢) = —- L(ex) <0, La(c) 3 (1=nh)-c) 3 (c2) <
Hence L1, L, belong to the set B) ,NC% and since L = «- L1+ 3- Ly, we get Ly = Ly = L. Hence
|L1| = |L|, i.e., the measures 2 - |L| and |L| coincide and therefore 2 = 1 almost everywhere on
o(|L]). But h is continuous and hence h = a on o(|L]). O

Definition 4.3. A subset M C C(X,|0,1]) is called complemented, if for any h € M, the function
1—hbelongs to M. If C C C'Vy(X, E) is a convex cone and M C C(X, [0, 1]) is a complemented family,
then a subset S C X is called antialgebraic with respect to the pair (M, C) (or simpler (M, C)—
antialgebraic), if any h € M such that the restriction to S of the functions h - c and (1 — h) - ¢ belong
to the restriction of C to S (i.e., h-c|S € C|S, (1 —h)-c|S € C|S) forany c € C, is a constant
function on S.

We can reformulate de Branges lemma (Theorem 4.2) as follows:

Corollary 4.2. For any extreme point L of B , N C, the support o (|L|) of the positive Radon measure
|L| on X is an antialgebraic subset with respect to the pair (C(X,[0,1]), C). Further, we denote by S
the family of all subsets of X antialgebraic with respect to the pair (M, C).

The following assertions are almost obvious.
iy{z} €S, Ve e X,

ii)Sl,SQ GS, SlmSQ#qS:}SlUSQ €S,
iii)Se€S=S5¢€S,

iv) For any upper directed family (S ),.; from S, we have (J S, € S.

acl
If for any = € X, we denote by S, = U{S; S €S,z € S}, then we have

S, =5, €S, 5,nS, =6 if S, #85,.

acl

The family (S,),¢ x is a partition of X and for any S € S there exists z € X such that S C 5.
For the general theory of duality, we have for any convex cone C, C C CVy(X, E), the closure
C in CVy(X, E) with respect to the weighted topology we - coincides with the bipolar of C i.e.,
C = C%. In the our special case, we have the following general approximation theorem.

Theorem 4.3. If C C CVy(X, E) is a convex cone, then the closure of C in (CVy(X, E), wp v) is
given by

C= {f € CVo(X, E); flo(|L]) € Clo(|L]), VL € Eaxt (B, NC%), Yo eV, Vp e P}.
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Proof. We show only that for any function g € CVy(X, E)\C there exist p € P, v € V and
L € Ext (B),NC% such that glo(|L|) ¢ Clo(p). Indeed, using Hahn-Banach separation
theorem, there exists T' € [CVy(X, E)]* such that T € C° and T'(g) > 0. Letp € Pand v € V
be such that [T(f)| < ||fl,,, Vf € CVo(X,E) ie, |T| (L) < 1. Hence T € By, N C°. Since
Bj, N C%is a compact convex subset of [CV(X, E)]* with respect to the weak topology and
T(g) > 0, it follows from Krein-Milman theorem that there exists L € Eut (BJ, N C°) such

that L(g) > 0. Since L € C° we deduce that [d|L| < 0 for any ¢ € C|o (|L]). Hence

g|o(IL]) ¢ Clo(|L]) - O

Letnow M C C(X, [0,1]) be a complemented family and for any « € X let S, be the greatest
(M, C)— antialgebraic subset of X containing x.

Theorem 4.4. If C C CVy(X, E) is a convex cone, then the closure of C in (CVy(X, E), wp,v) is
given by

C= {f € OVo(X, E); f|Ss € C|S,, Va € X}.
Proof. For any p € P,v € V and any extreme point L of the compact convex subset By , N C°,
the support o (|L|) is a (M, C)— antialgebraic subset of X. If we choose a point = € o (|L|), then

o (|L]) € S, and therefore if f|S, € C|S,, we have also f |0(L) € C|o(L). Further, we may
use Theorem 4.3. O

Theorem 4.5. If M C C(X, [0,1)) is a complemented family and the convex cone C C CVy(X, E) is
stable with respect to the multiplication of M (i.e., ¢ - m € C,Vc € C,m € M), then we have

C={/ € CYW(X.B); f|lalw € CTTalu, Yo X |,
where for any x € X we denote [z]m = {y € X; m(y) = m(z), Ym € M}.

Proof. Using just the definitions and previous notations, we deduce that for any = € X we have
[x]m = Sz. Further, we use Theorem 4.4. O

The following assertion needs to define so called “section in C” by the points of X, namely
to consider the following convex cone C(z) in E given by

Clz) = {c(x); ce C}

and also its closure C(z) in E. Certainly the starting convex cone C in CV;(X, E) may be a
linear subspace and in this case C(z) is a linear subspace in E.

Theorem 4.6. If M C C(X,[0,1]) is a complemented family and the convex cone C C CVy(X, E) is
stable with respect to the multiplication with elements of M and M separates the points of X, i.e., for any
x,y € X there exists m € M such that m(x) # m(y), then we have

C={f e V(X B); /() eCw), Vo € X }.
Indeed, in this case, for any z € X, we have [z]y = {z} and we close the proof applying

Theorem 4.5.

Corollary 4.3. If M C C(X,|0,1]) is a complemented family, separating the points of X and W C
CVo(X, E) is a linear subspace which is stable with respect to the multiplication with elements of M
and for any « € X the section W(z) is a dense subset of the locally convex space (E, P), then

W = CVy(X, E).
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Remark 4.2. For the scalar case E = R, the density of W(x) in R is automatically fulfilled unless the
case where W(x) = {0} for the points x of a closed subset ' C X. In this case, we have

W= {feCVy(X); f=0o0nF}.

Even this assertion may be drown from Theorem 4.6 as a particular case where there exists F' C X such
that the section of C by x is trivial for all x € Fi.e., C(z) = {0g}, Yo € F. Anyway Theorem 4.6 may
be used in different manners to obtain density results.
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