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Highlights
* The aim of this study is to obtain new results regarding the fixed point.
* Reich type y-contraction and Kannan type y-contraction are introduced.
» Some new results are proved in non-Archimedean spaces.
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a more general contraction than the Banach contraction that took its name and later Reich
generalized this contraction further in metric spaces. In this paper, we have introduced some

Keywords new contractions called Reich type y-contraction and Kannan type y-contraction which are
Reich type y-contraction generalization of y-contraction and we have obtained some fixed point results for Reich type
Kannan type y- y-contraction in non-Archimedean fuzzy metric spaces. We have presented a result about
contraction Kannan type-contraction. Furtermore, we have established an example about our main result.

Fuzzy metric

1. INTRODUCTION

In 1922, with Banach’s important introduction to the issue of fixed point theory, this issue became the
focus of interest for the authors [1]. They generalized the Banach contraction theorem and produced
new contractions, found new generalizations, and proved new theorems. There are many important
studies in this area, and there are some contractions that we are inspired by. In 1968, Kannan defined a
new contraction in metric spaces by generalizing the Banach contraction theorem [2]. Later, in 1971,
Reich described a different and new contraction that is more general and has obtained new results
regarding the fixed point theory issue [3].

On the other hand, Zadeh was the first to discover fuzzy metric space, which is one of the studied areas
of fixed point theory [4]. The concept of a fuzzy metric space was introduced in different ways by some
authors [5, 6]. Also, Istritescu [7] obtained a new form, based on the triangle inequality in the definition
of fuzzy metric space. Later, the author defined a new space he obtained with this form as a non-
Archimedean fuzzy metric space. Afterward, Banach type contraction theorem was proved and
generalized in fuzzy metric spaces just like in metric spaces [8-22].

First of all, in this work we introduced a new contraction called Reich type y-contraction and we prove
a theorem regarding this contraction in non-Arcimedean fuzzy metric spaces. Next, we introduced a new
contraction called Kannan type y-contraction. We showed that these contractions we produce are a
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generalization of the y-contraction done earlier. We proved some results and presented an example to
show the validity of our theorem.

Now, we present some definitions we will use in our theorems.

Definition 1.1. [5] A binary operation = : [0, 1] x [0, 1] —[0, 1] is called a continuous triangular norm
(in short, continuous t—norm) if it satisfies the following conditions:

1. * is commutative and associative,

2.  Is continuous,

3. *(a, 1) = a for every a € [0,1],

4. =(a, b) < *(c, d) whenevera <c,b <dand a, b, c, d €[0, 1].

Definition 1.2. [6] Let Q is a nonempty set, * is a continuous t-norm and M is a fuzzy set on Q2 x (0, o),
satisfying the following conditions, for all w,v,9 € Q, s,t > 0:

M(w,v,t) > 0,

M(w,v,t) = 1lifand only if @™ = v,

M(w,v,t) = M(v, ©, 1),

M(®,9,t + s) = M(m,v, t) * M(v, 9, s),

M(®,y,"): (0,00) — (0,1] is continuous.

PR

If (NA) M(w®,9, max{t,s}) = M(w,v,t) * M(v,9,s) is taken instead of the inequality (4), or
equivalently,

M(®,9,t) = M(w,v,t) * M(v,9,t)
forall w,y,9 € Q, s,t > 0, then (Q, M,*) is called a non-Archimedean fuzzy metric space [7].
Definition 1.3. Let (Q, M,*) be a fuzzy metric space (or non-Arcimedean fuzzy metric space). Then

1. Asequence {w,} in Q is said to converge to @ in (), denoted by @, — @, if and only if
lim M(®,,®,t) = 1 forall t > 0 [11, 16].
n—oo

2. A sequence {wm,} is a Cauchy sequence if and only if for all € € (0,1) and t > 0, there
exists n, € N such that M(w,, @, t) > 1 — & forall m,n > n, [6, 16].

3. Ifevery Cauchy sequence is convergent, the fuzzy metric space (or the non-Archimedean
fuzzy metric space) is said to be complete.

Definition 1.4. [22] Lety: [0,1) — R be a strictly increasing, continuous mapping and for each sequence
{aphen Of positive numbers lima, = 1 if and only if limy(a,) = +oo. Let T is the family of all y
n—oo n—oo

functions. A mapping H: Q — Q is said to be a y —contraction if there exists a § € (0,1) such that
M(Hw, Hy,s) < 1 = y(M(Hw, Ty, s)) = y(M(w,v,s)) + 6
forallm,veX,s>0andy €.

Example 1.5. Let y € I'. Some examples for the y mapping are as follows:

1. —
2. —+w®
(0]
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1
T 1-w
1

Z
Vi-w

for all w € [0,1).

2. MAIN RESULTS

Our aim in this section, is to present our new definitions and main result.

Definition 2.1. Let H: Q — Q be a mapping. If there existsa 6 € (0,1) and y € I such that for all ©,v €
Q and s > 0 the following holds:

M(Hwm,Hv,s) < 1=
y(M(Hw, Hy, s))
> y(aM(w, v, s) + BM(w, Hwm, s) + {(M(v,Hv,s)) + 6 Q)

where a + 3+ ¢ = 1and { # 1, then H is called a Reich type y —contraction.

Theorem 2.2. Let H: Q — Q be a Reich type y-contraction in a hon-Archimedean fuzzy metric space.
Then H has a unique fixed point.

Proof. Let @, € Q be arbitrary and fixed point. Define sequence {w,} by
Hwm, = w,44 foralln € NU{0}.
If ©, = @y, then @, is a fixed point of H then the result is proved. Let M, = M(®,,, @1, S) for

all n € N U {0}. We suppose that @,, # @, for all n € NU{0}. Therefore by
inequality (1), we have

y(Mp)

= Yy(M(®@p, @p+1,5)) = Y(M(H®,_4, Hoy, 5))

= y(aM(wy_1, @y, S) + pM(®,_1, Hoy_1,5) + (M (@, Hoy, 5)) + 6
= Y(aM(wn—limn' S) + BM(mn—l'mn! S) + ZM(’(D'n,G)'n_'_l, S)) + 8
=y((a+ B)My_q + M, ) + 8.

Since vy is a strictly increasing, we have

Mp > (a+ B)My_g + My
and hence

(1 —=9OMp > (ax+ )My
foralln € N.Sincea+ B+ ¢=1and { # 1, we get

Mp > My
for all n € N. Then, we obtain

Y(Mp) 2 Y(Mp_q) + 6. )
By repeating the above process, we get

Y(Mp) =2 Y(Mp-1) + 6 =2 y(Mo) + nd 3)
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for all n € N. Letting n — oo, from the inequality (3) we have
limy(M,) = +oo.
n—-oo

Then, we have
lim M, = lim M(®,, @W,4+1,5) = 1.
n—-oo

n—-oo

(4)

Now, we assume that {w,} is not a Cauchy sequence. Then, there are & € (0,1) and sy > 0 such that

for all p € N there exist n(p), m(p) € N with m(p) > n(p) = p and

M(Gjn(p),wm(p),SO) <1-=s

Assume that m(p) is the least integer exceeding n(p) satisfying the inequality (5). Equivalently

M(wm(p)_l,mn(p),so) >1-—c¢
and so, for all p € N, we get

l—¢e=> M(wn(p),wm(p),so)
= M(wm(p)—l;mm(p); SO) * M(wm(p)—llmn(p)l SO)
= M(wm(p)—l:wm(p)'so) * (1 - 8)-

By taking limit as p — oo in (7) and using (4), we deduce that

lim M(®p,(p), @m(p) So) = 1 — &

p—

From (NA), we get
M(mm(p)+1: Wn(p)+1s So) = M(mm(p)+1vmm(p)' So)
* M(®m(p), Dn(p), So)

* M(wn(p)' Wn(p)+1/ So)-

Letting p — o in (9), we get

lim M(wn(p)+1,wm(p)+1,so) =>1-—c¢

p—)OO
By applying the inequality (1) with @ = @) and v = @y p
Y (M(wn(p)+1, Dm(p)+1» 50))

= Y(aM(mn(p):wm(p): SO) + BM(mn(p)'wn(p)+1' SO)
+ZM(wm(p):wm(p)+1r SO)) + 8.

(5)

(6)

(")

(8)

(9)

(10)

(11)

Taking the limit as p — oo in (11), by using the continuity of y, applying (1), from (8), (10), we obtain

y(l—¢)=vy(a(l—¢€)+ B+ 7 +0o.

Since vy is a strictly increasing, we have

1-a)(1-g)>B+C
Sincea+ B+ ¢=1andl+ 1, we get

1—e>1.
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This is a contradiction. Thus {w,} is a Cauchy sequence. Since () is complete, there exists z €  such
that

lim®, =z

n—-oo

Now we need to show that the point z is a fixed point of H. Suppose the contrary, that is z # Hz. So,
there exists n, € N and a subsequence {mnp} of {m,} such that M(Hmnp, Hz,s) < 1forall n, = n,. It

follows from (1), property of vy,
YM(@n, +1,Hz,5)) = y(M(H®, ,Hz,5))
2 y(aM(®y, , 2,5) + BM(wy , Hoy , 5) + IM(z, Hz,5)) + 8
= y(aM(w@y,z,5) + PM(®y, ), Wy, +1,5) + (M(z, Hz,5)) + 6.

Since property of y, we obtain
M(wnp+1, Hz,s) > aM(wnp,Z, s) + BM(wnp,wnp+1,s) + (M(z, Hz, s). (12)
for all n € N. Letting n — oo in (12), we have
(1 -9M(z,Hz,s) > o+ B.
Sincea+ B+ ¢=1and =+ 1, we get
M(z, Hz,s) > 1

which is a contradiction. Hence, z = Hz. Uniqueness: Let z,, z, be two fixed points of H. Suppose that
Z1 # Z,, then we get Hz, # Hz,. From (1), we have

Y(M(ZlJ Z3, S)) = Y(M(Hzl' HZZJ S))
> v(aM(zq, 25, S) + BM(z4,Hz,,s) + (M(z,, Hz,,8)) + 6
= y(aM(zy,23,5) + BM(Z1,24,8) + (M(23,2,5)) + &
= y(aM(zq,22,8) + B+ Q) + 6.

Since vy is a strictly increasing, we have
M(Zli Zy, S) > aM(ZI!ZZ! S) + S + Z
Then, we have
(1 —a)M(zq4,25,5) > B+
Sincea+B+¢=1andl+ 1, we get
M(zq,23,8) > 1

That is a contradiction. Hence, M(z4, z,,s) = 1, that is, z; = z,.

Corollary 2.3. Let H: Q — Q be y-contraction in a non-Archimedean fuzzy metric space. Then H has a
unique fixed point.

Proof. If we take 8, ¢ = 0 in the proof of Theorem 2.2, the proof of Corollary 2.3 is completed.

Remark 2.4. Corollary 2.3 is an result in the paper [17]. That is, Theorem 2.2 is a generalization of
Corollary 2.3.
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Definition 2.5. Let H: Q — Q be a mapping. If there existsa § € (0,1) and y € T such that for all @, v €
Q and s > 0 the following holds:

M(Hwm, Hy,s) < 1 = y(M(Hw, Hy, s)) = y(BM(w, Hw, s) + {((M(v, Hv,s)) + &
where B+ ¢ =1 and ¢ # 1, then H is called a Kannan type y-contraction.

Corollary 2.6. Let H: Q — Q be a Kannan type y-contraction in a non-Archimedean fuzzy metric space.
Then H has a unique fixed point.

Proof. By taking a = 0 in Theorem 2.2, the proof of Theorem 2.2 is complete.

Example 2.7. LetQ = Q; U Q, where Q; = {1,2,3}, Q, = [4,6] and a * b = min{a, b},

M(w,v,s) = {1/(1 + max{w,v}) , W*V,
1 , W=V,
for all s > 0. Consider y: [0,1) = R such that y(®) = —_forallw e 0,1) and define H: Q@ — Q by

V1i-w?

(1, mely,
H(w)_{z , wE N,

Now, we have to show that H is a Reich type y-contraction. Let M(Hw, Hv, s) < 1, so for all © € Q;
and v € Q,, we have the following equations:

1 1 1
M(Hw, H =~ - ==
(Hw, Hy, s) 1+max{HwHv} 1+2 3’
1 1
M(®,v,s) = — = —
(@, v,s) 1+max{w,v} 1+V
1 1
M(w,Ho,s) = ——— = —
(@, S) 1+max{wHw} 1+@
1
M(v,Hy,s) = ——— =

1+max{u,Hv} _ 14V’
Now we must show that the inequality (1) is satisfied
Y(M(Hw, Hy, s)) = y(aM(w, v, s) + BM(w, Hm, s) + {(M(v, Hv,s)) + 6
is equivalent to
M(Hwm, Hy, s)) > aM(®, v, s) + BM(w, Hw, s) + {(M(v, Hv, s)).

By choosing o = g B= %and (= % we have

1 1 1 1
—>a—+B—+{—
3 1+v 1+® 1+v

is equivalent to

1 1 1
§> (O(+<)m+ BE
For min{w} = 1 and min{v} = 4, we get

19
80

[SSH
Vv
[N RN}
Ul =
+

@ |-
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So, there exists a § € (0,1) such that for all © € Q, and v € Q, the inequality (1) is satisfied. Hence,
all the conditions of Theorem 2.2 hold, that is, @ = 1 is the unique fixed point of H .
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