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APPLICATION OF KHARRAT-TOMA TRANSFORM FOR
SOLVING LINEAR VOLTERRA INTEGRAL EQUATIONS

NIHAN GUNGOR

ABSTRACT. In this paper, a new integral transform, called Kharrat-Toma
transform is used for solving convolution type linear Volterra integral equations
of the first kind and also convolution type linear Volterra integral equation of
the second kind. Some applications are given to explain the procedure of
solution of linear Volterra integral equations using Kharrat-Toma transform.

1. INTRODUCTION

Integral equations have used for the solution of several problems in engineering,
applied mathematics and mathematical physics since the 18th century. The inte-
gral equations have begun to enter the problems of engineering and other fields
because of the relationship with differential equations which have wide range of
applications and so their importance has increased in recent years. One can find
relevant terminology related to integral equations in [11, 15, 16, 17].

The linear Volterra integral equation of the second kind has the form

y<x>:f<x>+A/K<x,t>y<t>dt
0

where K (x,t) is the kernel of the equation and X is a parameter. Here f () and
K (z,t) are specified functions but y (x) is an unknown funciton that needs to be
determined. The linear Volterra integral equation of the first kind is given by

f@) = [K @ty
0

There are numerous integral transforms to solve integral equations, the most
widely used of these transforms is Laplace transform. Asiru [7] demonstrated in
solving convolution type integral equations by using Sumudu transform. Song and
Kim [14] checked the Volterra integral equations of the second kind with an in-
tegral of the form of a convolution by using Elzaki transform. Haarsa [9] solved
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on Volterra integral equations of the first kind using Elzaki transform. Abdallah
and Shama [1] solved the applications of differential transform method to integral
equations. Aggarwal et al. [2, 3, 4, 5, 6] applied Aboodh, Kamal, Mahgoub and
Shehu transforms for solving linear Volterra integral equations. Senthil Kumar et
al. [12, 13] obtained the exact results of Mohand transforms for solving linear
Volterra integro-differential equations and linear Volterra integral equations of first
kind. Gnanavel et al. [8] applied Tarig transform for solving linear Volterra integral
equations of first kind.

Kharrat and Toma [10] defined a new integral transform which is called Kharrat-
Toma transform. They presented some properties of this transform and so they are
provided a new mathematical tool to solve ordinary differential equation of variable
and constant coefficients with initial conditions. The aim of this paper is to give
exact solutions for convoluiton type linear Volterra integral equation of the first kind
and also the second kind by using new integral transform:Kharrat-Toma transform
without large computational work.

2. PRELIMINARIES

In this section, we will give some necessary information about the new integral
transform: Kharrat-Toma Transform.

Definition 2.1. If there exits a positive number M that satisfying
If (z)] < Me*®) M >0, a >0, Yo >0

then the function f (z) is said to have exponential order on every finite interval in
[0, +00) [10].

Definition 2.2. The Kharrat-Toma integral transform and inversion is defined by

BIf (2)] = G (S) =s3/f(x)e%§dx, 2> 0.
0

f2)=BGS) =B |5 / (@) e d
0

The B integral transform states that, if f (x) is piecewise continuous on [0, 400)
and has exponential order. The B~! will be the inverse of the B integral transform
[10].

Kharrat-Toma transforms and inverse of Kharrat-Toma transforms of some func-
tions are given the follows:
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f(z) Blf(x)] =G (s) G(s) | f(z)=B"[G(S)]
1 s° s° 1
x 87 57 €T
g n!82n+5 n!82n+5 "
- 5 5 =
ekl : Sk§2 ljk§2 elm
sin (kz) 1—@@% lfkﬁ sin (kx)
cos (kx) @W H_‘Zﬁ cos (kx)
sinh (kx) 1f,€7“284 17’279254 sinh (kx)
cos (kx) | =f=at T | cos (kx)
Kharrat-Toma Transforms of Some Standart Result Inverse Kharrat-Toma Transforms of Some Standart Result

Theorem 2.3 (Linearity property). Let B[f1 ()] = G1(s), B[f1 (z)] =G1(s),...,
Blfn ()] = Gy (s) and the constants ci,ca, ..., Cy, then

B

> erf (17)] =Y aB[fi(2)] [10].
k=1 k=1

Theorem 2.4 (Convolution Theorem). Let B[f (x)] = M (s),B[g(xz)] = N (s),
then

BIf () g (@)] = M () N (s) [10].
Here, the convolution of two functions f (xz) and g (x) is defined by f (z) x g (z) =
{f(ac—t)g(t)dt.

Theorem 2.5 (Kharrat-Toma transform of ™ f (x) , n>1). If B[f (x)] = G (s),
then
3daG 3
Blas@) = S0 3ea
5 d?G 3 -dG 3
7 dsQ(S) -7 ds(S) +75°G ) 10l

Bl (@) -

3. KHARRAT-TOMA TRANSFORM FOR SOLVING TO CONVOLUTION TYPE
LINEAR VOLTERRA INTEGRAL EQUATIONS

In this work, we deal with the kernel K (z,t) as a convolution type kernel that
can be expressed by the difference (x —t). The convolution type linear Volterra
integral equation of the second kind with the form of

y<x>=f<x>+A/K<x—t>y<t>dt
0

and the convolution type linear Volterra integral equation of the first kind with the
form of

f@) = [E@-ty@)d.
/
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Theorem 3.1. The solution of Volterra integral equation of the first kind

/
is expressed by
83 x
y(z) =BG (s)] = B! [BBE(;);]}

where K is the kernel and B [y (z)] = G (s)
Proof. Let taking the Kharrat-Toma transform to both sides of VIEFK (3.1), we

have
/K(m—t)y(t)dt]
0

Blf(z)] = BI[K(z)*y(x)].
Using convolution theorem of Kharrat-Toma transform, we find
1
Blf(2)] = SBI[K(2)]Bly(z)]

s’B[f (z)]
BK (z)]
Operating inverse Kharrat-Toma transform on both sides of (3.2), we get

- 4]

which is the required solution of (3.1). O

Blf(x)] = B

(3.2) Bly(z)] =

Theorem 3.2. The solution of Volterra integral equation of the second kind

(3.3) y(x)zf(x)—l—)\/K(w—t)y(t)dt
0
is expressed by
_ p-1 _ p-1 Bf (z)]
y(@) =BG =B | ;B[K@)]]

where K is the kernel and By (x)] = G (s).

Proof. Applying the Kharrat-Toma transform to both sides of VIESK (3.3), we
have

Bly(x)] = B[f<x>+A/K<x—t>y<t>dt]
0

/K(:c—t)y(t)dt]

Bly(2)] = Blf(x)]+B[K (z) xy(z)].

sy
<’
—~

8
=

Il

Bf(z)]+ B
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Using convolution theorem of Kharrat-Toma transform, we find

Bly() = BIf @)+ 3BIK @) Bly@)
(3.4 Bl@) = g

Operating inverse Kharrat-Toma transform on both sides of (3.4), we get

B[f (2)] ]

V@) =B TS B K @)

which is the required solution of (3.3). O

4. APPLICATIONS

In this section, some applications are given to explain the procedure of the
solution of convolution type linear Volterra integral equations using Kharrat-Toma
transform.

Example 4.1. Solve the following convolution type Volterra integral equation of
the first kind

x

o /e(’”_t)y (t)dt
0

by using Kharrat-Toma transform method.
Let us write B[y (z)] = G (s). Apply the Kharrat-Toma transform

xT

B2?| =B /e(zft)y (t)dt
0

Using convolution theorem of above integral equation, we write

1 xT

s2.21 = S—SB[e | Bly (2)]
1 s

289 = ngmG (S) .

Hence, we find
Bly(z)] =G (s) =2s" (1-5%).
Operating inverse Kharrat-Toma transform, we get
y(z)=B""[2s" —25°] =22 —2”.

Therefore, we have the answer

y () =22 — 2°.

Example 4.2. Solve the following convolution type Volterra integral equation of
the second kind

x

y(z):cosx7/(:cft)cos(x7t)y(t)dt

0
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by using Kharrat-Toma transform method.
Let us write B[y (z)] = G (s). Let applying the Kharrat-Toma transform

By ()]

x

B |cosx — [ (x—t)cos(z—t)y(t)dt
[

Bcosz] — B /(:Eft)cos(xft)y(t)dt
0
Bcosz] — Bz cos(z) xy ()]

Using convolution theorem of above integral equation, we have

1
G(s) = Bjcosz]— 8—33 [ cos (2)] B[y (z)]
s 1 sjm,%g s° G (s)
1+st 3 2 (14 s%) 2 1+ s
5 1 7 _ 11
- 5 2 3752 G (s)
L+st 53| (14 %)
5 4_ 8
_ S . s*—s )
1+s (14 s%)
Hence, we find
s (1+ 84)2 59+ s°
B G(s) = =
v ()] )= G D s) 15358
_ ls 1 8 8°
T 37 T 314358 1436
— 135 + 2 57
3 31+3st
Operating inverse Kharrat-Toma transform, we get
1, 2 s°
B71 ;] s 2
y (@) hs+31+3&}
1 2 s°
_ *371 5 *371
357 [T+ 3 1131 "
1 2
= 3 + 3 cos (\/§x> .

Therefore, we have the answer

1

3 + gcos (\/ga:) .

y(z)

Example 4.3. Solve the following convolution type Volterra integral equation of

the second kind

x

y(a:):sinx+2/cos(x7t)y(t)dt

0
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by using Kharrat-Toma transform method.

Let us write B[y (z)] = G (s). Let applying the Kharrat-Toma transform

Bly(x)] = B sinx—I—Z/cos(ac—t)y(t)dt

0
T

= Bisinz]+ 2B /cos (x—t)y(t)dt
= Bilsinz]+ 2B[cosx x y (z)]

Using convolution theorem of above integral equation, we have
1

G(s) = Blsinz]+2—-Bcosz| By ()]
s

s7 1 °
1—1—34Jr §3 1+ s4 (s)

s7 52

= +2 G (s)

1+ st 1+ st

Hence, we find
Bly(z)] =G (s) = m

Operating inverse Kharrat-Toma transform, we get

7
s
] = ge®.

y(z)=B" m

Therefore, we have the answer
y (x) = ze®.
Example 4.4. Let us consider the initial value problem
{ y' () — 2y () =3y (z) =0
y(0) =1, y(0)=2.

This equation is equivalent to

y(z) = 1—|—/[3(w—t)+2]y(t)dt
0
Volterra integral equation. We can write the equation as

x x

y(x) = 1+3/(:z:ft)y(t)dtJrZ/y(t)dt.
0 0
If we take Kharrat-Toma transform on both sides, we obtain

Bly(z)] = BJ[1]+3B /(azft)y(t)dt +2B /y(t)dt
0 0

= B[1]+35%B[o:*y(x)]+28%B[1*y(z)].

143
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Let us write By (z)] =
equation, we have

G(s) = 5 +35Ba]Bly@]+ 2B Bly(@)
= §° 435G (s) + 252G (s).
Hence, we find

s° s° 1 s

G (s) and using convolution theorem of above integral

3 s

B[y(:c)]:G(S): 1—2¢2 — 344 = <1+82)(1_352) 711—{-82

Operating inverse Kharrat-Toma transform, we get

y(x) =

+Zl—382'

511 0 3 &
41+s2 41— 3s2

1 s° 3 s°

= -p! Bt ——
4 {1+52}+4 {1—332}
1 3

_ Zefw + Z63:E

Therefore, we have the answer
3
y() = 3o + S

5. CONCLUSION

In this paper, we apply the new integral transform Kharrat-Toma transform to
find the exact solution of convolution type linear Volterra integral equation of first
and also second kind. The given applications are showed the exact solutions of
integral equations that have been obtained by very less computational work and
spending a very little time. Also, the solution of some ordinary differential equations
with constant coefficients are found by Kharrat-Toma transform after converting
them to Volterra integral equations.
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