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Abstract: Gear dynamics is one of the most critical subjects in gear design because of its remarkable effect
on vibration levels, load-carrying capacity, and noise. The tip relief modification is known as a simple
method to decrease dynamic loads in the industry. The primary goal of this study is to understand the
influence of tip relief modification on the dynamic performance of the spurs gears. In this paper, the
meshing process and gear mesh stiffness calculation method are defined. A dynamic model with two-
degree-of-freedom is created to find the dynamic response of the spur gear pair. The simulations are carried
out with standard and different tip modified spur gear pairs. It is observed that the tip relief modification
has an excellent effect on the gear dynamic response. However, this effect is restricted until a certain amount
of tip relief modification. After the optimum amount of tip relief modification, the dynamic loads are
increased considerably. Thus, a computer program is developed to find the optimum amount of tip relief
modification in MATLAB® for the gear designers. The program outputs are given for two different case
studies. As a result of the study, the dynamic factor behaves like a “V form” according to the tip relief
modification, and the dynamic force decreased approximately 25% for optimum profile modification.
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Dogrusal Profil Modifikasyonlarinin Bir Diiz Disli Carkin Dinamik Yiiklenmesi Uzerine Etkisi

Oz: Disli dinamigi; titresim seviyeleri, yiik tasima kapasitesi ve giiriiltii iizerindeki dikkat cekici etkileri
sebebi ile disli ¢ark tasarimindaki en kritik unsurlardan bir tanesidir. Disli ¢ark u¢ modifikasyonu endiistride
disli ¢arklar tizerindeki dinamik kuvvetleri azaltmak igin kullanilan bir yontem olarak bilinmektedir. Bu
¢aligmanin amaci; disli u¢ modifikasyonunun diiz disli ¢arklarin dinamik performans: tizerindeki etkilerinin
anlasilmasidir. Bu kapsamda, diiz disli ¢arklarin kavrama siirecine ve kavrama rijitliginin hesaplamasina
yonelik bir yontem tanimlanmistir. Disli ¢ark ¢iftinin dinamik cevabinin bulunmasi igin iki serbestlik
dereceli bir dinamik model gelistirilmistir. Digli u¢ modifikasyonun disli ¢arklarin dinamik performansi
tizerindeki etkilerinin incelenmesi i¢in niimerik simiilasyonlar hem standart hem de u¢ modifikasyonu
uygulanmis disli ¢ark ciftleri i¢cin gerceklestirilmistir. U¢ modifikasyonu uygulamasmin disli ¢arklarin
dinamik cevab1 iizerinde mitkemmel bir etkisi oldugu tespit edilmistir. Ancak, belirtilen bu pozitif etkinin
de belirli bir optimum deger ile sinirlt oldugu gorilmiistiir. Optimum disli u¢ modifikasyonu miktari
agildiktan sonra disli c¢ark iizerindeki dinamik yiikler ciddi bir sekilde artmaktadir. Bu g¢aligmada,
MATLAB® ortaminda disli ¢ark tasarimcilarinin optimum ug¢ modifikasyonu miktarin1 hesaplamasina
olanak saglayacak bir bilgisayar programi gelistirilmistir. Program ¢iktilar1 iki farkli vaka ¢aligmasi igin
degerlendirilerek sunulmugtur. Sonug olarak, dinamik faktoriin profil modifikasyonu ile birlikte V formda

degistigi ve optimum modifikasyon degerinde yaklagik olarak %25 azaldig1 tespit edilmistir.
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1. INTRODUCTION

Gears are one of the most critical transmission elements in machinery systems. Due to the
high load capacity, durability, constant reduction ratio, etc., they are used in many industries, such
as automotive, energy, and aerospace industries. With the increasing demand for alternative
energy sources such as wind energy, especially wind turbines, the gears become more critical
with their load-carrying capacity and vibration levels. Thus, gear design has become an essential
issue for designers. Moreover, the demanding performance from gearboxes is increasing day by
day because demanding power and speed values are increased too. Therefore, wind turbine
gearboxes need to satisfy these conditions for being appropriate to today’s requirements by
meeting features such as dynamic loads, vibration, and noise problems.

During the design process of the gearboxes, the resonance frequencies should also be known,
and the vibration levels and dynamics forces should be detected for the most suitable design.
Furthermore, the dynamic loads, vibrations levels, and noise should be minimized. For these aims,
many researchers studied on dynamic analysis of gear systems in the literature. Karpat et al.
(2008) developed a dynamic model for asymmetric gears. The effects of drive side pressure angle
on the dynamic response of the spur gears were investigated numerically. As a result of the study,
it is observed that when the pressure angle increases, the dynamic teeth loads are increasing too.
Lin et al. (1990a, 1990b) studied gear dynamics with a 4-DOF gear dynamic model. The effects
of rotating speed, applied load, damping factor, and gear inertia on gear dynamic response are
investigated, and the results are compared with AGMA empirical formula and previous studies.
Marques et al. (2016) also developed a 4-DOF dynamic model to understand the effect of gear
dynamics and gear geometry on power loss. Ozguven (1991) developed a 6-DOF nonlinear
semidefinite gear dynamic model to understand the effect of the shaft and bearing dynamics on
the whole gearbox dynamics.

A wind turbine is a complex system in which design is a matter of constant tradeoff between
the competing demands of lower cost, better energy production, increased lifetime, reliability and
durability, and maintenance cost. The gearbox is a crucial and expensive wind turbine component
and has experienced higher than expected failure rates caused by the dynamic loads. Thus, the
importance of the dynamic behavior of the wind turbine gearboxes investigated in the literature
(Alemayehu and Ekwaro-Osire, 2014; Wei et al., 2015; Ding et al., 2018; Guerine et al., 2017).

The primary goal for the designers is to decrease dynamic tooth loads. In the literature,
different ways are used to decrease dynamic loads. The contact ratio has a significant effect on
dynamic loads. Liou et al. (1996) developed 4-DOF dynamic model and investigated the effect
of contact ratio on gear dynamic response with no modification. It is obtained that when the
contact ratio increase, the dynamic loads also decrease considerably. Karpat et al. (2008)
investigated the dynamic performances of the high contact ratio spur gears with asymmetric teeth.
A mathematical model and a computer program were created for the calculation of dynamic
contact loads. As a result of the study, it is observed that the dynamic performance of the
asymmetric HCR spur gears is better than the symmetric spur gears. Tooth stiffness, which
constantly varies during the meshing process, is one of the most influential factors affecting gear
dynamic behavior. Karpat et al. (2020) developed an experimental methodology to measure the
single tooth stiffness of both symmetric and asymmetric spur gears. Moreover, the results
obtained are verified with the finite element method. It is observed that the asymmetric spur gears
performed better than symmetric spur gears in terms of single tooth stiffness.

Tip relief modification is also a powerful method to minimize the dynamic loads in gearboxes.
The tip relief modification is defined as; extracting material from the tip region. The tip relief
modification is preferred in the literature for different purposes. Markovi¢ et al. (2011)
investigated the effect of tip relief profile modification on spur gear contact stress. As a result,
Hertzian contact stress suddenly changes when the single tooth contact starts in the unmodified
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gear pair. However, with tip relief modification, the stress changes more slightly. The researchers
also studied the influence of tip relief modification on tooth root and flank stresses (Markovi¢ and
Vrcan, 2016). Palmer et al. (2012) investigated the effects of tip relief on transmission error,
stress, and gear noise by using numerical methods for both low contact ratio and high contact
ratio spur gears. Shanmugasundaram et al. (2014) studied the effect of tip relief modification and
pressure angle on the life of gear systems. Karpat et al. (2008) investigated the effects of tip relief
modification on symmetric and asymmetric spur gears wear. A 2-DOF dynamic model was
created, and the tooth wear analysis was done. When the amount of tip relief modification
increases, the wear depths decrease. However, if the amount of modification increases too much,
wear is also increased.

The amount of tip relief modification is also a critical issue for designers. After a certain
amount of tip relief modification, the advantages of tip relief modification turn into disadvantages,
and dynamic loads increase. Therefore, an optimization study is needed to define the optimum
amount of tip relief modification.

Hu et al. (2016) investigated the effect of different tooth profile modifications on the dynamic
response of the high-speed gear systems. A mathematical dynamic model was created for the
definition of dynamic response. Short and long profile modifications were applied to the gear
system. It is obtained that the dynamic response of the gears with the short profile modification
is better than the gears with the long profile modification. However, after a certain amount of
short profile modification, the dynamic performance of the gear system gets worse. Liu et al.
(2016) developed a 10-DOF dynamic model, including different modification lengths and types;
with the increase of modification amount, the dynamic factor follows the “V” type pattern. The
optimum modification amount was defined with the optimization process. Yoon et al. (1996) used
a new cubic spline profile to minimize static transmission error. The authors develop a 4-DOF
dynamic model and analyzed standard and modified spur gear dynamic performances. As a result
of the study, it can be said that the cubic spine gear tooth profile is very suitable for the dynamic
response of the gear systems. Moreover, there are many studies in the literature about the
optimization process of the tip relief modification; different optimization methods are discussed
in the following studies (Tharmakulasingam et al., 2008; Tharmakulasingam, 2009; Lin et al.,
1994).

Although there are many analytical and numerical studies in the literature, there are few
experimental studies. Thus experimental studies need comprehensive and complicated setups like
back to back. Kahraman et al. (1999) investigated the effects of tip relief on the dynamic behavior
of spur gear pairs by using experimental tests. Linear involute tip relief modification is conducted
for the test gears. The amount of dynamic transmission error was measured from the experimental
test setup, and frequency response curves were given for each system. Baud et al. (2002) validated
their numerical finite element code with experimental test data for the one-stage spur and helical
gear systems. Besides, the influence of tip relief was investigated with both methods. Yildirim et
al. (1999) were developed as an approach for relief design for LCR and HCR spur gears. The
effect of tip relief modification was investigated experimentally. The advantages of HCR gear
concerning transmission error are discussed.

In this paper, the effects of short linear tip relief on dynamic tooth loads and frequency
response regarding two different cases are investigated. The gear mesh stiffness is calculated by
using the finite element method. Besides, the dynamic tooth loads are calculated with a dynamic
model in MATLAB® (MathWorks Inc., MA, USA) for both cases. A computer program is created
to find minimum dynamic forces and the optimum amount of tip relief.

2. MATERIALS AND METHODS
2.1. Mesh Analysis of Low Contact Ratio Spur Gears and Mesh Stiffness

Gear mesh stiffness is one of the most crucial parameters for the dynamic analysis of spur
gear systems. In the literature, there are different ways presented for the calculation of gear mesh
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stiffness. The single tooth stiffness values for each point are calculated according to Karpat et al.
(2017) by Eq. (1-4).

ki1 = F 1)
11 11
kyq = F 2
21 X211
kip = F (3)
L2 X2,2
kyp = F (4)
22 X2,2

where,

P = applied load on the tooth profile, (N)

x = total deformation on the tooth geometry, (mm)

ki, k2 = single tooth stiffness of the pinion and gear, (N/mm)

The meshing process of the spur gears starts at the point of “A” in Figure 1. Also, a second
gear pair is in contact at the point of “D.” The region is named the double tooth pair contact
region. When the first gear pair reached point “B,” the second gear pair contact ends. Thus, this
point is specifically named the Lowest Point of Single Tooth Contact (LPSTC). The radii of
LPSTC can be calculated with Eq. (5). After point “B,” one tooth pair continues to contact until
point “D.” The region between B — D is defined as the single tooth contact region. Also, the point
“D” is named as the Highest Point of Single Tooth Contact (HPSTC). The radii of HPSTC can be
calculated with Eq. (6). After the HPSTC, the meshing process continues with two gear pairs until
the end of the contact point “E.”

Single
PINION
Figure 1:
Meshing process of the low contact ratio spur gears
05 0.5
TLpsTC = [rgl + ((rgl —14)  —mm, cos ao) ] 5)
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705
0.5
TypsTCc = [r,fl + ((rb1 +1pp)tan—(1% —15,) 4 mm, cosag ] (6)

where,

m, = normal module of the gears, (mm)

ra1, ra2 = addendum circles of pinion and gear, (mm)
I'o1, o2 = base circles of the pinion and gear, (mm)
ao = pressure angle, (deg)

Equivalent stiffness between the first pair of teeth:

k2 1k1 1
K =——— 7
Y kg ke ()
Equivalent stiffness between the second pair of teeth:
k2 2k1 2
Ky, = —=—=—
2" kyp ke ®)

If the contact between B — D in the single tooth region:
Ki#0and K;=0
If the contact between A — B or D — E, in the double tooth contact region:

KiZ0and Ky #0
2.2. Tip Relief Modification

Tip relief modification is commonly referred to as decrease dynamic loads, noise, and
vibration. The tip relief modification is done by removing material from the top of the gear tooth.
Moreover, the tip relief modification can be achieved in various ways, such as linear, parabolic,
short, or long. In this study, linear short tip relief modification is performed for the gear profiles.
Figure 2 shows a modified and unmodified involute profile of spur gears for linear short tip relief.
The tip relief modification has two design parameters. 4/ is defined as the amount of tip relief,
and “L” is defined as the length of the relief. The tip relief begins at the point “D,” HPSTC, and
ends at the point “E” on the addendum circle of the gear.

Real involute
Modified profile
Proﬁle‘x\\ Al

HPSTC
CIRCLE

PITCH
CIRCLE

Figure 2:
Tip relief modification on a tooth
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2.3. Dynamic Model of Spur Gear Pair

Due to the vibration of the gears, the torque transmission is not stable, and the dynamic forces
occur on the gear teeth. A parametric dynamic model is developed to calculate dynamic forces.
In the literature, there is a various number of the dynamic model available. In this study, the two-
degree-of-freedom dynamic model is proposed. The equations of motions are derived from using
the free body diagram of spur gear teeth pair in Figure 3.

02

The line of contact

01
Figure 3:
Free body diagram of engaging spur gear teeth and radius of curvature at the contact point
]191 = Pi1p1 —1p1(P1 + Py) P1,1M1 P £ P12 Py 9)
]zéz =1p2(Py + P;) — Py & P2,1M1P1 £ pa o1 Pp (10)

where,

601, 6> = angular displacements, (rad)

J1, J> = polar mass moment of inertias of pinion and gear, (kgm?)
w1, 12 = coefficient of friction, (-)

p1, p2 = radius of curvature pinion and gear, (mm)

In the equation of motion, J1 and J; are the polar mass moment of inertia of pinion and gear.
P1 and P, are the dynamic forces between gear teeth. p; and p, are the radii of curvature, x1 and
w2 are the coefficients of friction which varies according to the contact point. ry; and ry; are the
base circles of the pinion and gear; thus, the P1ry; and Pary; are defined as the transmitted torque.

The equations of motions are derived according to the angular positions of the gear. The
linear positions of the gears are preferred to make solutions easy.

X1 = Tp10; (11)

Xy = Tp20; (12)
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The relative expressions of the displacement, speed, accelerations are defined as:

x,, = x1 - xZ (13)
UT‘ = .X'l - )‘CZ (14)
Xy = X1 — X, (15)
The friction factors are defined as:
P1,1M1
f1,1 =1t—— (16)
Tp1
P1,2H2
f1,2 =1+t—— (17)
Tp1
P2,111
f2,1 =1xt——— (18)
b2
P2212
fa =11~ (19)
b2

where,
f1, f, = friction factors, (-)

If the above expressions are written in the Eq. (9) and Eq. (10) and these equations subtract
each other, the new equation of motions is obtained as:

1
K (fl,lmZ + f2,1m1) + K, (f1,2m2 + f2,2m1) /2

i+ 2 e £x,
+ K1(f1,1m2 + f2,1m1) + K, (fz,zmz + f2,2m1) x, (20)
mymy
_ (mymy)F; + K eq (51,1m2 + 52,1"11) + Kzez(sl,zmz + 52,2m1)
mpmy
where,

&= damping ratio (taken 0.17 according to the ref [8])

The equations of motions are solved by using the fourth-order Runge-Kutta method in
MATLAB®. The ODE (Ordinary Differential Equations) functions of the MATLAB® are not used
for the solution process, and the Runge-Kutta method is directly written by the authors. The
flowchart of the study is given in Figure 4.
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Figure 4:

Flowchart of the study

3. RESULTS AND DISCUSSION

In this study, the effects of linear short tip relief on gear dynamic loads are investigated
numerically. In case 1, the ordinary gearbox conditions are simulated. Moreover, in case 2, awind
turbine application is simulated, according to Frazer et al. (2010). The gear properties of case
studies are given in Table 1. All gear properties are taken constantly during the dynamic analysis
except the amount of tip relief modification. The amount of tip relief modification is varied from
0 — 18 um for case 1 and from 0 — 35 pm for case 2.

Table 1. Gear data

Parameters Unit Case 1 Case 2
Module (my) mm 3.18 7
Pinion teeth number (z1) - 25 25
Gear teeth number (z2) - 25 116
Tooth face width (b) mm 25.4 200
Pressure angle (ao) deg 20 20
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Mass of pinion (mp) kg 0.8113 108
Mass of gear (myg) kg 0.8113 500
Amount of tip modification pum 0-5-10-15-18 0-10-20-28-35

Pinion profile shifting factor (Xp) - 0 0
Gear profile shifting factor (Xq) - 0 0

Addendum (ha) mm 1*m, 1*m,

Dedendum (hy) mm 1.25*m, 1.25*mj
Damping ratio (¢) - 0.17 0.17
Material - Steel Steel

The mesh forces between two teeth are taken into consideration to see the effect of the
amount of tip relief modification. Furthermore, the frequency response of the gear system is
evaluated. 1600 and 1000 rpm are defined to see the mesh forces for both two cases. Mesh forces
cannot be obtained clearly in the high operation speed of the pinion. According to the contact
position of the line of contact, the change of mesh forces is presented in Figure 5 and Figure 6 for
case 1 and case 2, respectively. The mesh forces are not stable due to the vibration of the gears.
The mesh forces are lower in the double teeth pair region when it is compared to the single tooth
pair region. When the contact reaches the single tooth pair region at the point “B,” the dynamic
forces make a pick, and maximum contact forces appear. The dynamic factor of the gearboxes is
calculated by using this pick load. The dynamic factor can be calculated by using Eq. (21).

DFmax _ FDynamic max (21)

E static

3.1. Case Studies

The maximum dynamic loads are determined for gears with no tip relief modification in both
cases. Until 15 um in case 1 and 28 um in case 2, the dynamic factor is continuously decreased,
as can be seen from Figure 5a, b, ¢, d and Figure 6a, b, ¢, d. After 15 um tip relief modification,
the dynamic forces increase for case 1, and the same results are also observed for case 2 in 28
pum. In gears with no tip relief modification, the dynamic factor is defined as 1.25 for both cases,
as presented in Figure 5a and Figure 6a. For 1600 rpm, the minimum dynamic factor is obtained
in 15 um tip relief modification; the dynamic factor is nearly 1 in this situation (Figure 5d).
However, after 15 pum tip relief modification in case 1, the dynamic loads begin to increase.
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Figure 5:

1.4

1.2

Dynamic Factor

I = 51 tip modification

Dymamic Factor

100 200 300 400
Contact Points on the Line of Action

[ ——15u tip modification

160 200 300 400
Contact Poina on the Line of Action

d.

Dynamic mesh loads for 1600 rpm pinion speed with different tip relief modifications for case 1

a.Oumb.5umc. 10 umd. 15 um and e. 18 um tip modification

Similarly, for 1000 rpm, the minimum dynamic factor is obtained in 28 pum tip relief
modification in case 2 (Figure 6d). After 28 um tip relief modification, the dynamic loads also
begin to increase. Thus, the amount of modification value should not be above a particular value.
The frequency response of the gearboxes should be known to find this particular value.
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Figure 6:
Dynamic mesh loads for 1000 rpm pinion speed with different tip relief modifications for case 2
a.0umb. 10 umc. 20 um d. 28 um and e. 35 um tip modification

In this study, the range of 400 to 20000 rpm (case 1) and 300 to 5000 rpm (case 2) is defined
as the frequency response interval. Starting from 400 rpm and similarly from 300 rpm, for case 1
and case 2, the pinion revolution speed is increased by 60 rpm each step, and the maximum
dynamic factor is recorded. Thus, the frequency response curves of the gear system are created.
Figure 7a and Figure 7b show that the frequency response curves are given according to the
amount of tip relief modification. There, two resonance regions are defined. The first resonance
speed has observed at about 7500 rpm for case 1 and 1400 rpm for case 2. In the first resonance
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region, the maximum dynamic factor is defined as 1.3 for case 1, while it is defined as 1.32 for
case 2 with no tip relief modification.

For case 1, the minimum dynamic factor is defined as 1.03 for a 15 um tip relief modified
gear pair. The second resonance region is detected at about 15000 rpm pinion speed. The second
resonance region can be interpreted as being more dangerous than the first resonance region. The
maximum dynamic factor is defined as 1.48 for 0 um tip relief modification. The minimum
dynamic factor is defined as 1.16 for 15 um tip relief modification. After 15 pm, the dynamic
factor increased.

Moreover, the maximum dynamic factor is defined as 1.32 for O pum tip relief modification
for case 2. The minimum dynamic factor is defined as 1.017 for a 28 pm tip relief modified gear
pair. After 28 um, the dynamic factor increased.

— 0p tip modification

1502 =5y tip modification | 14
10u tip modification
14} === 15y tip modification | 13+
| — 18y tip modification |
| [ 12+
1.3} N
5 g 14
®
m1.2 e
E E 1
g 1.1 g
3 So09f I |
e R DN =] ——— Oy tip modification
1F K 08 |7~ 10y tip modification |
A : 20y tip modification
N = 28 tip modification
09 0.7 | —— 35y tip modification |
0.8 | | | 06! . . . . )
0 0.5 1 15 2 0 1000 2000 3000 4000 5000
Pinion Speed (rpm) %10* Pinion Speed (rpm)
a. b.
Figure 7:

The frequency response of the gearboxes with different tip relief modifications
a. Case 1 b. Case 2

Due to the behavior of the dynamic factor, an optimization study is needed to find the
optimum amount of tip relief modification. In this study, the graphical optimization technique is
used to find the optimum amount of tip relief modification. The frequency response curves are
used to find the maximum dynamic factor. Maximum dynamic factor values are calculated.

In Figure 8, dynamic factor variation is given according to the amount of tip relief
modification. The minimum dynamic factor is observed with tip relief modification values of 15
um for case 1 and 28 um for case 2. After these values, the dynamic loads begin to increase for
both cases. Thus, the designers should know the optimum value of the amount of tip relief
modification for designing minimum dynamic loads, lower noise, and minimum vibration.
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Dynamic Factor
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.
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Figure 8:
Graphical optimization curve for the different amount of tip modification
a. Case 1 b. Case 2

4. CONCLUSIONS

Tip relief modification is a powerful way to decrease dynamic loads, noise, and vibration of
gear systems. In this study, the effects of linear short tip relief modification on dynamic loads are
investigated numerically. The single tooth stiffness is calculated by using the finite element
method, and gear equivalent mesh stiffness is calculated. A two-degree-of-freedom dynamic
model is developed to find the dynamic loads. The equations of motions are solved by using the
fourth-order Runge-Kutta method. Thus, dynamic loads are obtained for one cycle gear mesh
position. Different amount of tip relief modifications is applied to the gears as the case studies.
The results are gained for 1600 and 1000 rpm and between 400 — 20000 rpm and 300 — 5000 rpm,
respectively, for case studies as the frequency response. Both results show that, until a certain
amount of tip relief modification, the dynamic loads continuously decrease. However, after the
15 pm tip relief modification for case 1 and 28 um tip relief modification for case 2, the dynamic
loads begin to increase. Thus, an optimization study is needed to find the optimum amount of tip
relief modification. To achieve this aim, the graphical optimization method is used. The maximum
dynamic factors are recorded for each amount of tip relief modification, and the minimum level
of dynamic factor can be obtained easily. The dynamic factor behaves like a “V form” according
to the tip relief modification. It can be concluded that the written computer program could be a
considerable alternative for wind turbine gearbox designers in the future.
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